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ABSTRACT

This paper investigates the presence of non-linear dependence in daily stock returns in
several Stock Exchanges. Although daily returns seem to be uncorrelated, the rejection
of linear models suggests the return cannot be seen as an independent increment
'p_rocess. This leads to the rejection of the random walk model. Models of return-
generating that empirically fit the data best are processes with conditional
heterosceaastic innovations. Particularly, the generalized autoregressive conditional

heteroscedastic GARCH(I,l) process turns out to be the best in most.cases.

I.  INTRODUCTION

Knowledge of the distribution of security returns is important for both theoretical and
empirical studies in finance. For instance, the distributional characteristics of stock
returns have important implications for mean-variance portfolio theory, theoretical
models of capital asset pricing, and valuation of contingent claims. Moreover, empirical
tests of asset pricing models and the efficient market hypothesis make statistical
inferences based on distributional assumptions of stock returns, and estimation of the
variance is essential in the Black-Scholes option pricing formula.

A standard assumption implicit in many studies is that the stock returns are normally
distributed. This is convenient in that the normal distribution can be fully described by

its mean and standard deviation and that the distributions of all relevant test statistics are




well known. Tests 'of normality hypothesis were first reported by Osborne (1964).
Other studies,. however, questioned the normality assumption and showed that
distribution of stock returns have fatter tails and are more peaked than the normal
distribution. Mandelbrot (1963) observed that the family of stable Paretian distributions
whose members exhibit heavy tails, conforms better to the distribution of stock returns.
Fama (1965) contributed further evidence supporting Mandelbrot's hypothesis.

Since then there has been many models of stock returns describing processes that could.
generate distributions having heavier tails than normal distributions. For instance,
Paretz (1972), Blattberg and Gonedes (1974) showed that the scaled-t distribution,
which can be derived as a continuous variance mixture of normal distributions, fits
better daily stock returns than infinite variance stable Paretian distributions. Other
models using different mixtures of normal to generate distributions that would account
for the higher magnitude of kurtosis, are, among others, the Poisson mixtures of Press
(1967) and the discrete mixtures of Kon (1984). Furthermore, Clark (1973), Epps and
Epps (1976), Merton (1982_)‘ar'1d_Tauchen and Pitts (1983) pﬁt‘forward models where
the distribution of variance 1s a function of the arrival of the information rate, the
trading acdvity and the trading volume. Such models are, however, too complex to be
used in empirical applications.

There is yet no unanimity regarding the best stochastic return gencraiing model. The
general conclusion, however, seems to be that stock returns are approximately
uncorrelated, but not independent, and described by distributions witﬁ fatter tails. One
of the most recent proposed class of return genefaﬁng process in the literature that can
capture the temporal dependence of stock return series is the class of autoregressive
conditional heteroscedastic processes introduced by Engle (1982) and its generalized
version by Bollerslev (1986). According to these processes the conditional error is
normally distributed with conditional variance defined as a Hinear function of past

square errors and lagged conditional variance. They allow for volatility clustering, that



is, large changes are followed by large changes, and small by small, which has long
been recognized as an important feature of stock returns behaviour. Empirical studies
showed indeed that such processes are successful in modelling various time series.
See, for example, French, Schwert and Stambaugh (1987), Baillie and Bollerslev
(1989), Hsieh (1989) and Baillie and De Gennaro (1990).

As far as stock markets are concerned, rthis class of models has been mainly applied to
American stock markets, Our contribution in this paper is to show whether such models
can adequately describe stock price behaviour of other capital markets which are much
smaller and thinner than the American ones. To that end, we have selected nine
countries throughout the world. The study of stock price behaviour in these markets is
interesting for that it can provide further evidence in favour of or against the use of this
type of models for describing stock price behaviour.

The structure of the paper is the following. After some preliminaries, sections two and
three present the data and examine the statistical properties of the return distributions. In
the fc.)urth section we determine, using ARMA models, which return generating process
fits the data best for the various countries in our sample. The fifth se_ctioh is then
devoted to the presentation and the estimation of autoregressive conditional

heteroscedastic processes. *

II. THEDATA

For this study, we have selected the indices of nine major stock markets representing

three geographical areas: North America, Europe and the Far East. The daily market

indices were collected from DATASTREAM for the period 1/1/1980 to 30/9/1990. '
They are value weighted indices for the U.S. (Standard & Poor's Composite), Canada

(Toronto Composite), the U.K. (FT" All-Shares), France (CAC General), Italy (Milan
Banca), Japan (Nikkei Down Jones), Australia (All Ordinary Shares), Singapore

(Stfaits Timeé) and South Korea (Composite). The daily returns of these market

indices, 2803 observations for the whole period, are continuously compounded




returns. They are calculated as the difference in natural logarithm of the index value for

two consecutive days, Ry=log(Py)- log(Pt.l)

111, Statistical Analysis

This section contains a detailed anaiysis of the distributional and time-series properties
of the stock market indices returns in the sample. A range of descriptive statistics are
presented in table I, as well as the maximised likelihood function value when a normal
distribution is imposed on data. The results confirm the well known fact that daily stock
returns are not normally distributed, but are leptokurtic and skewed, whatever the
country concerned. All distributions are negatively highly skewed, indicating that they
are non—symmetric;:‘and they all exhibit high level of kurtosis meaning they are more
peaked and have fatte—r tails than normal distributions.

In order to test the hypothesis whether returns are strict white noise, i.e. random walk,
the Box-Pierce test statistics up to lag 25 is calculated and présented in the table. This is |
a joint test that the first k autocorrelation coefficients aré zero. Under the null
ﬁ‘ypothesis, that the sample autocorrelations are net asymptotically correlated, the Box-
Pierce statistic, Q;nZ};lp(i)% has chi-square distribution with k degrees of freedom,
where p(i) is thé i-th autocorrelation. The values of Q are all significant at the five pcr.
cent level but that of the US. This implies that the null hypothesis of strict white noise
is rejected for eight countries, reflecting a rather long range of dependency in the
returns series. However, it can be questioned whether this test accounts for the full
probability distribution of the returns series since heteroscedasticity can lead to the
underestimation of the standard error, V1/n, of each sample, and therefore to the
overestimation of the t- and y2-statistics. Diebold (1987) provides a heteroscedasticity-

consistent estimate of the standard error for the i-th sample autocorrelation coefficient:

-
SG) = %(HTR;)J (1)
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where 7R2(i) is the i-th sample autocovariance of the square data and © is the sample
standard deviation of the data. These aﬂjusted standard errors are presented in the table '
I under their respective autocorrelation coefficient. It can be seen that oﬁly few
autocorreléﬁon coefficients are statistically different from zero. |

| Using these adjusted standard errors, Diebold proposed an adjusted Box-Pierce
statistic:

k .
Q* = 2 (paS®) ‘ @)
i=1

which is asymptotically chi-square distributed with k degrees of freedom, under the
null hypothesis of no serial correlation in th_e data. The values of Q* which are
presented in table I are much lower ihan the non adjusted ones. They are significant at
five per cent level for France and Italy only. So, even after adjusting for
heteroscedasticity, there remains some sighificant autocorrelations in the series of
 returns for these two countries. .

A comparisdn between the values of Q and Q* suggests that the rejection of serial
independence using Q, which is based on the standard testing procedure, is due to- the
presence of heteroscedasticity in the returns series. The presence of significant values
of Q" in the French and Italian returns indices indicates, however, that these returns
series are not strict white noise processes. Furthermore, the fact that the first lag
autocorrelation is significant for seven countries implies the rejection of white noise,
1.e. uncorrelated process. Therefore, we have to eliminate the serial correlation in the
return series before searching for appropriate models that could account for

heteroscedasticity in the returns, One way to do this is to apply Autoregressive Moving

Average (ARMA) models.



IV. ARMA MODELS
The class of univariate ARMA models might adequately represent the behaviour of the
stock returns. Therefore, several ARMA models were applied to the returns series. An
AR(1) model appears to fit returns series best.
Ri=¢0+¢1 R+ g : &)

The-estimates of the above regression model for each country are presented in table IL
In order to observe whether the residuals €, obtained frorﬁ equaﬁon {3) are
uncorrelated, we applied the same tests for normality and serial correlation as for the
returns series. As before, the values of the autocorrelation coefficients and their
respective standard errors adjusted for heteroscedasticity are presented in table Ii. The
first order autocorrelation coefficient for all countries is not significantly different from
- Zero. Furthermdre, the results indicate that the AR(1) transformation of the returns
provides an uncorrelated series of residuals.
The estimate of ¢ is statistically significant, except for the US. The Dickcy;Fuller test
for unit roots indicates that ¢, is significantly less than one. The series of returns appear

to follow a stationary random walk. As far as the assumption of normality of the
residuals is concerned, it can be rejected. The residual series appear to be leptokurtic
and skewed. Moreover, again a comparison between values of Q and Q* 'mdicates. that
the residuals series still exhibit heteroscedasticity.
The presence of heteroscedasticity in stock prices and in the market model has been
documentéd by, for example, Morgan (1976) and Giaccoto and Ali (1982). But while
they focused on unconditional heteroscedasticity, in this paper we use Engle's
Autoregressive Conditional Heteroscedastic (ARCH) model which focuses on
conditional volatility movements. It is interesting to note that, according to Diebold et
al. (1988), the presence of ARCH effect appears to be generally independent of
unconditional heteroscedasticity. Excess .kurtosis observed in both returns and residuals

series can be related to conditional heteroscedasticity, that is, its presence can be due to
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a time varying pattern of the volatility. ARCH models and its extensions have been
successfully applied, for instance, in foreign exchange markets by Baillie and
Bollerslev (1989) and Hsieh (1989), and in stock rﬁarkets by Akgiray (1989) and
Baillie and De Gennaro (1990),

V. CONDITIONAL HETEROSCEDASTIC MODELS

The ARCH process imposes an autoregressive structure on the conditional variance
which permits volatility shocks to persist over time. In this process, the conditional
error distribution is normal, with a conditional variance that is a linear function of past

squared innovations. The model, denoted by ARCH(p), is the following:

€ilyi-1 ~ N(G,hy)

h=ag+ ) & aiel “

with p>0; a0, i=0,...,p, and where i is the information set of ail information
through time t, and the €; are obtained fron a linear regression model.

An i:ﬁportant extension of the ARCH model is the Generalized Autoregressive
Conditional Heteroscedasticity (GARCH) process of Bollersley (1986), denoted by
GARCH(p,q). In this model, the linear function of the conditional variance includes
lagged conditional variances as well. The equation (4) in the case of a GARCH model
becomes: |

h=og+ ) 2 oied+ Y3 Bin )

where also q 2 0 and B> 0, j=1,...,q.

The parameters of a (G)ARCH model are obtained through a maximum likelihood -
estimation, Giveri the return series and initial values of g1 and hy, for 1=0,...,r and with

r=max(p,q), the Jog-likelihood function we have to maximise for a normal distribution
is the following;:
2
_a[

L@Ip.) = -1 T In2m) + 2, 1n[\l—%) CXP[Z—hJ ©)
L




where T is the number of observations;

h;, the conditional variance, isv defined by equations (4) and (5) for the ARCH
and GARCH models respectively; - '
e% are the residuais obtained from the appropriate linear regression model
according to the country in consideration.

As the values of p and g have to be prespecified in the model, we tested several
combinations of p and q. The values of the maximised likelihood functions for all pairs
of pand q are presen_ted in table ITl. We also calculatéd the generalized likelihood ratio
LR=-2{L(¢n)-L{¢2)} of the maximised likelihood functions under the null hypothesis,
i.e., the normal distribution, and the various alternate hypothesis. Under the null
hypothesis LR is chi-square distributed with degrees of freedom equal to the difference
in the number of parameters under the two hypotheses. Table III gives the values of the
LR test for each model. It can be observed that the valﬁe of the LR test for all’
(G)ARCH models is statistically significant at the one percent level, which means that |

~all of these models fit the data more likely than does the normal distribution. In order to
distinguish between an improvement fn the likelihood funcﬁ‘on.due to a better fit and an
improvement due to an increase in the number. of parameters, we also calculated

Schwarz's order selection criterion, SIC=-2L(¢)+(InT)K, where K is the number of
parameters in the model. According to this criterion, the model with the lowest SIC
value fits the data best. The SIC values are reported in table III. The GARCH(],1)
model has the lowest SIC values for all countries except France. For the latter no
GARCH model converged and ARCH(3) is the best.

Table IV contains the results of the best model fitting the series of returns for each
country. The sum of Z?:l“i“zjilﬁi in the conditional vaﬁancc equations measures
the persistence of the volatility. Engle and Bollerslev (1986) have shown that if this
sum is equal to one, the GARCH process becomes an integrated GARCH or IGARCH

process. Such integrated model implies the persistence of a forecast of the conditional
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variance over all future horizons and also an infinite variance of the unconditional
distribution of ;. We calculated the sum of the parameters 211’=1ai+2§=13j for the
appropriate (G)ARCH models. They are all less than unity, though rather close to one
for some, which indicates a long persistence of shocks in volatility. This means that the

" process is second order stationary and that the second moment exists. The

unconditional variances of residuals, shown in table IV, are respectively
0%:(10/(1-2;11&0 for France and 0%-—-0101(1-0&1-[3 1) for the other countries. As for the

unconditional variances of returns, it is 6g=02/(1-¢2).

VI. CONCLUSIONS

This paper provides empirical support that the class of autoregressive conditional

heteroscedasticity models is generally consistent with the stochastic behaviour of daily

- Stock returns in nine countries. The results show that stock market indices exhibit a
significant level of non linear dependence which cannot be accounted for by ;he random

walk model. Descriptive statistics and normality tests reveal that the distribution of
returns is not normal, whatever the country concerned. It has further been shown that’
~ the residuals obtained after applying an AR(1) model, which accouﬁts for the presence

of autocorrelation in the returns, exhibit non linear dependence and non normality.

Then we tested various models belonging to the class of autoregressive conditi.onal

héteroscedasticity models. The results reveal that this class of models supersedes the

random walk model. And among the different models the GARCH(1,1) fits the data

best for all countries except France for which ARCH(3) fits better.
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