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with P = ∂x ; Q = x .

Problems : It depends on the order
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2
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preserves the principal symbol

• @Q : Q(Φ∗S) = Φ∗Q(S) ∀ local di�eomorphism Φ

@Q : Q(LXS) = LXQ(S) ∀ vector �eld X
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"Flat" case :

• ∃Q : Q(Φ∗gS) = Φ∗gQ(S) ∀g ∈ G

∃Q : Q(Lh∗S) = Lh∗Q(S) ∀h ∈ g

• PGL(m + 1,R) acts on RPm

X ∈ sl(m + 1,R) 7→ X ∗ vector �eld on Rm

∃Q : LXQ(S) = Q(LXS) ∀X ∈ sl(m + 1,R)



Natural and
projectively
equivariant

quantizations

Fabian Radoux

Introduction

Cartan �ber
bundles and
connections

The case of the
densities

Other di�erential
operators

"Flat" case :

• ∃Q : Q(Φ∗gS) = Φ∗gQ(S) ∀g ∈ G

∃Q : Q(Lh∗S) = Lh∗Q(S) ∀h ∈ g

• PGL(m + 1,R) acts on RPm

X ∈ sl(m + 1,R) 7→ X ∗ vector �eld on Rm

∃Q : LXQ(S) = Q(LXS) ∀X ∈ sl(m + 1,R)



Natural and
projectively
equivariant

quantizations

Fabian Radoux

Introduction

Cartan �ber
bundles and
connections

The case of the
densities

Other di�erential
operators

"Flat" case :

• ∃Q : Q(Φ∗gS) = Φ∗gQ(S) ∀g ∈ G

∃Q : Q(Lh∗S) = Lh∗Q(S) ∀h ∈ g

• PGL(m + 1,R) acts on RPm

X ∈ sl(m + 1,R) 7→ X ∗ vector �eld on Rm

∃Q : LXQ(S) = Q(LXS) ∀X ∈ sl(m + 1,R)



Natural and
projectively
equivariant

quantizations

Fabian Radoux

Introduction

Cartan �ber
bundles and
connections

The case of the
densities

Other di�erential
operators

"Flat" case :

• ∃Q : Q(Φ∗gS) = Φ∗gQ(S) ∀g ∈ G

∃Q : Q(Lh∗S) = Lh∗Q(S) ∀h ∈ g

• PGL(m + 1,R) acts on RPm

X ∈ sl(m + 1,R) 7→ X ∗ vector �eld on Rm

∃Q : LXQ(S) = Q(LXS) ∀X ∈ sl(m + 1,R)



Natural and
projectively
equivariant

quantizations

Fabian Radoux

Introduction

Cartan �ber
bundles and
connections

The case of the
densities

Other di�erential
operators

"Flat" case :

• ∃Q : Q(Φ∗gS) = Φ∗gQ(S) ∀g ∈ G

∃Q : Q(Lh∗S) = Lh∗Q(S) ∀h ∈ g

• PGL(m + 1,R) acts on RPm

X ∈ sl(m + 1,R) 7→ X ∗ vector �eld on Rm

∃Q : LXQ(S) = Q(LXS) ∀X ∈ sl(m + 1,R)



Natural and
projectively
equivariant

quantizations

Fabian Radoux

Introduction

Cartan �ber
bundles and
connections

The case of the
densities

Other di�erential
operators

• Method of the Casimir operator :

C : S(Rm) 7→ S(Rm) ; C : D(Rm) 7→ D(Rm)

Condition : ∃Q such that if C (S) = αS , then

C(Q(S)) = αQ(S) and σ(Q(S)) = S
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•Q(∇) : S3(M) 7→ D3(M)

Q(∇) = Q(∇′) if ∇′ = ∇+ α ∨ id
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•Cartan �ber bundles and connections

[∇]→ P 7→ M

[∇]→ ω : TP 7→ g

ωu : TuP 7→ g bijection ∀u ∈ P

T → p∗T ∈ C∞(P,V )H

with H = G0 o G1, h = g0 ⊕ g1

g = g−1 ⊕ h, g−1 ∼= Rm

ω → ∇ω(ei ) = Lω−1(ei ), ei ∈ g−1

f G0-equivariant⇒ ∇ωf
G0-equivariant

f G1-equivariant; ∇ωf
G1-equivariant
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•The case of the densities (P. Mathonet, R.) :

S → p∗S ∈ C∞(P, Skδ (Rm))H

f → p∗f ∈ C∞(P,∆λ(Rm))H

ω → Divω =
∑

i i(ε
i )Lω−1(ei )

Condition : Lh∗Q(p∗S)(p∗f ) = 0 ∀h ∈ g1

〈p∗S ,∇ωk

s p∗f 〉 not G1-equivariant !

One adds terms of lower orders in p∗f ...

One �nds then :

QM(∇, S)(f ) = p∗
−1

(
∑k

l=0
Ck,l 〈Divω

l

p∗S ,∇ωk−l

s p∗f 〉),

with Ck,l =
(λ+ k−1

m+1
)···(λ+ k−l

m+1
)

γ2k−1···γ2k−l

(
k

l

)
,∀l ≥ 1, Ck,0 = 1
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•Other di�erential operators (P. Mathonet, R.) : method of

the Casimir operator :

"Flat" case "Curved" case

A�ne quantization QA� : "A�ne" quantization Qω :

∂i Lω−1(ei )

Application γ : Application γ :

LXhQA� (S)(f ) = Lh∗Qω(S)(f ) =

QA� ((LXh + γ(h))S)(f ) Qω((Lh∗ + γ(h))S)(f ), h ∈ g1

Casimirs C and C �Casimirs� Cω and Cω
∂i Lω−1(ei )
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Quantization : Quantization :

QA� (Q(S)), Q(S) such that Qω(Q(S)), Q(S) such that

if C (S) = αS , then if Cω(S) = αS , then

C(Q(S)) = αQ(S) and Cω(Q(S)) = αQ(S) and

�head� of Q(S) = S �head� of Q(S) = S

Then : Then :

L ◦ Q = Q ◦ L (Lh∗ + γ(h)) ◦ Q = Q ◦ Lh∗

because because [Cω, Lh∗ + γ(h)] = 0

[C,L] = 0 and [C , L] = 0 and [Cω, Lh∗ ] = 0

•Conclusion : "Flat" case "Curved" case

∂i Lω−1(ei )
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