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E1(M)
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E2(M)
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M
m �4./3	�
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D(M)

�'�"�T���&./#$./ &14=	�
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S(M)
M�uvI

��@O�<P��(�w����1l5L�9:	��h4� ["��%<����./� %�5��	./�	��XY3	�o�l5S��3	 "��I(I��a�'�F�� &�2%'���D:4��3�P ���	�"��#ih4I(���'m
# 5L�(�D��IN���w�o1b./�"�&�(h4I(��:�@B5��"�&�(8��	�� G�K%s=l5�XY3	�

∇ ∈ CM

3	�	�?h	� ["��%'�&�(./� I��(�	;�5��( "�

L∇ : S(M) → D(M).
G �'�"���+h	� ["��%'�&�(./�2�'�"��%'./�	�"�& &3	�{���+:	�+I(5D# 5L�	�(>' &�x�"3	��6L5��F�&��M �G.���./�4����./34��:N@ 5�hb./ ":
XY3	�T%�./#$#E�

E1(M)⊗SlT ∗M
���w�W3	�?k	h	 &;R5��"�&.H%��(;T�

P 1M
m7./�-1b��34�W;'�&���	:4 &�

Ip5Z:	;� "��6L5L�&�(./� %�.76L5� &�(5��F���
∇

5�3�P �"��%'�&�(./�4�0:	�r%'�Eklh4 &;�MxjQ�s5��F�i:4./�	�	;r34�	�
�&�'%'����./�

γ ∈ Γ∞(E1(M) ⊗ SlT ∗M)
ml./�Z%�.��	�"�& &3	�{�o5LI(./ "�

∇sγ ∈ Γ∞(E1(M) ⊗ Sl+1T ∗M)
���J1�./�&5��F�

(∇sγ)(X1, . . . , Xl+1) =
1

(l + 1)!

∑

ν

(∇Xν(1)
γ)(Xν(2), . . . , Xν(l+1)).

z 1l5� w���� 9:	�2I(�4m�.��J%'./�	�w�� &34���*3	�4�2XH3	5��F����k	%C5L�&�(./� �'�J1b./�&5��F�*1�.�3	 D��./3��

S ∈ Sk(M)

(L∇S)(f) = 〈S,∇k
sf〉, ∀f ∈ Γ∞(E1(M)),

 	S�
.SR

〈., .〉
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L : CM × S(M) 7→ D(M)
:	;'k	�	�(�G1l5�  	S�+���w�*5�1	1b��I�;�� +.-�/103254 6879/1254 " 0 � 2 /10 � /1@�� . IJ@ %'� 7�@ 4�IJ254 " 0 ��- " @��1@ %� 2 /10 � /1@�� . ./3^���	%'./ &� +.-�/1032:4 6879/1254 " 0 � %�� 4 7�=0 ;�@ "�� 4 7�� � G �<�&�&�E5L1	1	I(��%C5L�&�(./�
���w�a�	5L��3	 "��I�I(���<�

L∇

���w�G3	�	�-XY3l5��F���{kl%C5L�&�(./�Z1b./3	 D�&./34�
∇ ∈ CM

M
) .�3	 x���' &#$�(�	�' x%'�'�&�&�D�&�'%'�&�(./��mL �5�141��'I(./�	� Ip5o:4;'kl�	�{����./�0:	�9XH34��I(XY3	�'�Q���'��f

�&�'3	 &�R:	�G%�./3	 "h	3	 "�G%'Ip5��"�&��XH34����M B��$:	;��"�(8/�	�G1l5� �2 % 0 � % - @�� % 7 " -=@  -=@ % :�@O3	�	�
:	;� "��6L5L�&�(./�K%�.76L5� "�p5��F���

∇ ∈ CM

I��a%s=l5L#E1E:	�G�&���	�"��3	 "�
R
�"3	 

M
:	;'k	�	��1	5� 

R(X, Y )Z = ∇X∇Y Z −∇Y ∇XZ −∇[X,Y ]Z,
1�.�3	 E�&./34�

X, Y, Z ∈ Vect(M)
MD,�5 25@ /=7 % trR

:	�c%'�'�&�&�c%�.�3	 &h	34 &�c�<�rI(�
2 % 0 � % -=@�� %�� 4 7'7�4 Ric

�&./�F�*I����D%s=l5L#E1	�9:	�o���'�	�&�'3	 &���"3	 
M

:	;<kl�	�(�* "���"1��'%<f
���{6/��#$���F��1l5L 

trR(X, Y ) = tr(. 7→ R(X, Y ).),
�'��1l5L 

Ric(X, Y ) = tr(. 7→ R(Y, .)X).
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QM : CM × S(E1(M), E2(M)) → D(E1(M), E2(M)),
���'I(I(�oXH34�

� QM
���"�80J/12:-=@ %�# . �tMO��MSXY3	�*1b./3	 �&./34�x:	�(��;�./#$./ "1	=	�(�"#E�TI�.�%�5�I φ : M →

N
ml�(IN6H�(�'�F�

QM
(φ∗∇)(φ

∗S) = φ∗(QN
∇(S)),

1b./3	 *��./34�
∇ ∈ CN

�<�
S ∈ S(E1(N), E2(N)).
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QM
∇ = QM

∇′
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∇
�'�
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� QM
∇ : S(E1(M), E2(M)) → D(E1(M), E2(M))
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∇ ∈ CM
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+.-�/103254 6879/1254 " 0 � slm+1
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���J%�./�4�&�(�w��3	�-3	�4�?8�;��	;' �5�I��(��5S���(.���M

,��21	I(.��	8/��#$���F�*14 &.S["�'%'���{d
slm+1

:	�
sl(m + 1, R)

���w��3	�	�-�&./34�wf�5LI(8/>'h	 &�
:	���o%s=l5�#$1	��:	�?6/��%<���'3	 &�-�&34 

R
m
MNjTI�I(�?���w�2���	8����	:	 ";��!1l5L oI(�'�o%s=l5L#E1	�o:	�

6/�'%'���'3	 &�

∂i, xi∂i, et xjxi∂i.j+I(I(� ���w� ���&./#$./ "1	=	�Q�
sl(m+1, R)

�'���'�"��#E5SP��(#E5�I(�W:l5��	��Iy@ 5LI(8/>'h	 &�
Vect∗(R

m):	����%s=l5L#E1	��:	�26���%'�&��3	 "�o1b./I()H�	.�#E�(5�3�PE�&3	 
Rm

M
B��c:	;'�&�(8��	�01l5L +.-�/1032:4 6879/1254 " 0 slm+1

H 4?03>$/1@ 45/1032 % 1�./34 oI(�'�aklh4 &;��G6/�'%<f
��./ "�(�'I(�

E1

�<�
E2

3	�	�-XY3l5��F���{kl%C5S���(.��

Q : S(Rm) → D(Rm)
��5L�&�(�wd 5��(�&5��F�

LXQ = 0, ∀X ∈ slm+1.
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f
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Q
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�(�F6L5� &�(5��F���G�'�9�&�
φ
 &�'1	 &;'�&���F�&�2I(���	.��D:�@O3	� %s=l5L#E1r:4�a6/�'%'�&��3	 "�

X
5�1	1l5� w���gf

�l5��F�G�
slm+1

ml��IN6H�(�'�Y�G�'�A���N�<� /

φ∗
t Q(∇0)(S) = Q(φ∗

t∇
0)(φ∗

t S)
1�.�3	 E�&./34�

t ∈ R
mR1�./34 ��./3��r� )H#ihb./I��

S
m��"�

∇0 :4;��&��8/�	�cI(5 :	;' &�{6�5S���(.��
%�.76L5� &�(5��F���J1	Ip5S���J%C5��	.��	�(XY3	�A:	�

Rm
M9) 5� :	;<kl�	�{���(.���:	�AIp5^:	;� "��6/;'�c:�@O3	�

%s=l5�#$1-:	�+�����4�&��34 &��m �"�FIt@O./�-1l5� "6H�����F�W�*:	;�#$./�F�� "�� �XY3	�
φ∗

t

1	 &;'�&�� w6/��Ip5D%�I(5��&�"�
1	 &. ["��%'�&��6���:	�

∇0 1�.�3	 R�&./34� t
m4./� 5L3	 �5?;�8F5�I���#$���F�D14 &./346�;�XY3	�

Q(∇0)
���w�

3	�	�GXY3l5��F���{kl%C5L�&�(./�
slm+1

fv;'XH34��6L5� &�(5��F���Lm/1l5� TIt@O�(�F6L5� "�p5��	%'�*1	 &. ["��%'�&��6��a:	�
Q
M

,���d 5����9XY3	�-Ip5i%�I(5��&�"�21	 &. ["��%'�&��6��?:4�
∇0 �&./�{�*1	 ";��&�' "6�;��?1l5� *It@B5�%<���(.��r:	3

:	�(��;�.�#E./ "1	=	���&#$�
φt

���w�G:��V�!I(5K14 &./1b./1	 "�(;'�&;��&34��6L5��F��� /

LX∇
0 = α ∨ id

�&�
X

��@O;�%' &���
Ai∂i + Ai

jx
j∂i + α(x)xi∂i,

.1RcI(�'�
Ai

�<��I����
Ai

j

�"./�F�2:l5��	�
R�'��.SR

α ∈ R
m∗ M j+�J� ���'��ml�&� Y, Z ∈ Vect(Rm)

ml�(I�6������F�

(LX∇
0)(Y, Z) = [X,∇0

Y Z] −∇0
[X,Y ]Z −∇0

Y [X, Z]

= Y iZr∂irX
j∂j

= α(Y )Z + α(Z)Y

5�1	 ">���:	;'6���I�./1	1b��#$���F���'M �a>��GI(./ "��m

d

ds
(φ∗

s∇
0)x = (φ∗

s(α ∨ id))x

1�.�3	 0��.�34�
s ∈ R

mQ1�.�3	 i��./3��
x ∈ Rm

M ��5��4�$%'���K%�.��	:	���&�(./�4��m
φ∗

s∇
0 ���w�

1	 &. ["��%'�&��6���#$���F��;'XH34��6L5�I(�'�F�2�
∇0 6H�p5$Ip5 	 f de./ "#E� β

:	;<kl�	�(�|:	�0I(5$#E5��	��>� "�
�&3	�{6L5��F���0/

βx(Yx) :=

∫ s

0

(φ∗
uα)x(Yx) du,

.SR
Y ∈ Vect(Rm)

m
x ∈ Rm

M
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G
3	�V8� &./3	1b�?:	�0,����?�<�

H
3	�V�"./3	��fv8/ "./3	1b�?de�' &#$;?:4�

G
M��o;��"�{f

8/�	./�4�a1l5L 
g
�<�

h
I(�'�o5LI(8/>'h	 &�'�a:	�0,��(�-%�./ " &�'�&1b./�	:l5��F�&����M�]�./�{�

P → M
3	�

H
f k	h	 &;�1	 "�(�	%'�(1l5�I4�&3	 

M
mY���'IlXH34�

dim M � dim G/H
MS�a�	�G%�./�4�	�<P��(.�� :	�

G 5� "��5��r�"3	 
P
���w�*3	�	� 	 f de./ "#E�

ω
�&34 

P
�|6L5�I(�'3	 &��:l5��	�

g
XH34�N��5S���(�wd 5����RI����

1	 &.�1	 &��;'��;'�*�&3	�{6L5��F����� /
� R∗

aω = Ad(a−1)ω
1b./3	 D�&./34�

a ∈ H
m

� ω(h∗) = h
1b./3	 D��.�34�

h ∈ H
m

� ∀u ∈ P, ωu : TuP → g
���w�a34�	�-h	� ["�'%'����./� I(���	;C5L�( &�LM

,�5|%�.��	�	�<P���./�r:	� G 5� "��5��
ω
1b�� "#E�<�9:	.��	%o:	�G�� &5��	�"de.� &#$�� RI(����;�I�;�#$���F����:	�
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g
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P
M �a.��&./�	� XH34�D�&�

h ∈ h
m

ω−1(h)
�'�"�r;<6H�(:	�'#E#$���F�E;�8F5�IG�

h∗ 8� ��%'�V� Ip5^:	��3�P���>�#$�V1	 "./1	 &��;'�&;J:4���
%�./�4�	�<P��(.��	�a:4� G 5L "�s5L��MJ�0@ 5L34�� "�|1l5L "�CmlIy@B�'�&1l5L%��-6/��%<��./ "�(�'I

g
�&�?:	;'%�./#$1�.��&�

%�./#$#$���&3	�{� /

g = g−1 ⊕ h,

g−1

;'��5��F�+3	�K�&./34�wfv�'�&1l5L%��D6/�'%'�&./ &����I	:	�
g
���&./#$./ "1	=	�D�

g/h
M G ��I(5�;'��5��F�+:	����m

�	./3	�o1�./3�6/./�	�o�(�F�� ".�:	34�( &�?Ip5E &��#E5� "XH34�0�&34��6L5��F���iXY3	� �&�' �5 �� ">��234�&�(I��|:l5L�	�
Ip5i�"3	���&�0/

������� 	���� 4
h ∈ h % 2 � 4 X ∈ g−1 .

/ #&" @ �

[h∗, ω−1(X)] = ω−1([h, X]).

} �
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h∗ /

[h∗, ω−1(X)](u) =
d

dt
Rexp(−th)∗u exp(th)ω

−1(X)u exp(th)|t=0

= ω−1([h, X])(u)
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[v, v′] = 0, [ξ, ξ′] = 0, [U, v] = Uv,
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[ω, ω](X, Y ) = 2[ω(X), ω(Y )], ∀X, Y ∈ TP.
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∗) = h0 ∀h ∈ g0 +g1

mF.1R
h0

���"��Ip521	 ".S["��%<����./�
�&�'I(./�

g0
:	�

h �
� (Ra)

∗(ω−1 + ω0) = (
5L:

a−1)(ω−1 + ω0) ∀a ∈ H
m�.SR 5�:

a−1 ���w�
It@B5�1	14I(�(%�5L����./� :4�

g/g1

:	5��	��I(3	� fv#!	�#$�a���	:	3	�{���21l5L *It@B5�%'�&�(./� 5L:S["./�(�F�&�
5�:

a−1 :	� g
:l5��	�

g �
� ]��

ω−1(X) = 0
ml5�I(.� &�

X
���w�a6��� "�&�(%�5�ItM

]�./�����F�$I(�'�$8� &./3	1b���
G

�<�
H

:4./�F�E��ID���w� XY3	�'�"�&�(./� :l5��	�$Ip5 �"��%'�&�(./� 	
:	�^%��^%s=l5�14���� "��M�,�� ��=	;'./ &>'#E�^�"3	��6L5��F�J;��	.��	%�; :l5��	� ��E ���-1	5�8/� 	 � � ���w�
de./�	:l5L#E�'�Y��5�I /

��� � �������� � � � " 4?2 P
- 0

H
H 6  @'; IJ@ 4?0 7�4�I�/ # � -=@!-=0 % >$/1@ 4 ;�2 ; M � � 4

" 0 � % � " 030 % - 0 %�� H �L" @ �M% ω−1

� >$/ #&% -=@ � � /10 � g−1

� % 7 "$� I " � /1032 %'� ωi

% 2N-=0 % �L" @ �M% ω0

� >$/ #&% - @ � � /10 � g0

� % 7 "$� I " � /1032 %'� ωi
j

+.- 4 � /1254 � �L" 032 #&%'�
� 7 " 0 �14?2:4 " 0 � �M% 03254 " 030 ; %'� IJ@ ;'7'; � %�� �M% 032 % 2 # /!7 " 0 �14?254 " 0 � - I I # ; �M% 032 /14?@ %
� - 4?>$/1032 %	�

dωi = −
∑

ωi
k ∧ ωk,

/ #&" @ � 4 # %�� 4 � 2 % -=0 % -=0345+.- % 7 " 030 %�� 4 " 0 � % � /1@�2 /10 ω = ω−1 +ω0 +ω1
� " 032

# /D7 " - @  -=@ % Ω
� % 7 "$� I " � /1032 %'� (0; Ωi

j; Ωj)
� /12:4 � � /14?2 # /8IJ@ " IJ@ 4 ;�2 ; � -=4?>$/1032 %
�

∑

Ki
jil = 0,

"��
Ωi

j =
∑ 1

2
Ki

jkl ωk ∧ ωl.



� � 	 � � � � �� ����� � �����
� ����� �
��� �
���� T T
��������
� ������
 	�� ]��

u = j2
0f

�'�"�K3	� 1�.��(�F�!:	�
P 2M

�'�$�&�
X

�'�"�$3	�
6/�'%'���'3	 o��5��	8/�'�Y�o�

P 2M
5L3c1�.��(�F�

u
m I(5 �L" @ �M% 79/10 " 0345+.- % θ

:	�
P 2M

���w�
Ip5 	 f de.� &#$���G6�5LI(��34 &�W:l5��	�

R
m⊕gl(m, R)

:4;'kl�	���D5�3|1�.��(�F�
u
:	��Ip5�# 5L�	�(>' &�

�&3	�{6L5��F���0/

θu(X) = (P 1f)−1
∗e (π∗X),

.SR
π
�'�"��Ip521	 &. ["��%'�&�(./�$%C5L�	./�	��XH34�a:	�

P 2M
�"3	 

P 1M
�'�R.SR

e
�'�"��I(�� &�'1�>' &�

���JIt@O./ &��8/�(�4�a:	�
Rm

 &�'1	 &;'�&���F�&;|1l5L GI(5i# 5S�� &��%���uv:NM
�  ��%'���-%'��XH34�	���w��:4���+:l5L�	� �(E �3�tmF.��$1b��3��+6/./�� +XH34�GI(5 	 f de.� &#$�9�&34 R34�	�

�"�& &3	%<��3	 "�o1	 ".S["��%<����6��
P
�?6L5�I���3	 "��:	5��	�

R
m ⊕ gl(m, R)

:	;'k	�	�(�a1l5� 
i∗θ

mY.SR
i
���w�aI��21	I(.��	8/��#$���F��%�5��	./�	��XY3	�2:	�

P
:l5��4�

P 2M
mb�&5L�����"d 5��{�DI����*%�.��	:	���&�(./�4�

:	3c��=4;�./ ">�#$� �4M �|@ 5�14 &>��2%'�! &;'�&3	I{�s5L��mN�(IW�<P����"���03	�	�!3	�	��XY3	�!%�./�4�	�<P��(.�� :	�
G 5� "��5��i�"3	 

P
:	./�F�QI����Q1	 ".S["��%<����./�	�x�"3	 

g−1

�<�
g0

%�. � �	%'�(:	�'�Y�+576���%*%'��I(I���� :	�

i∗θ
�<��XH34�F��5L�&�(�"d 5L����I(5D%�./�4:	���&�(./�2�"3	1	1	I�;�#$���F�s5��� &�+ "��Ip5S����6��+5�3�P2%�./#$1�.���5��F���'�

:	�o�&5i%�./34 &h	3	 "��M �a./3	��6/���4./�	�*:	./�4%�:	��#$./�F�� "�� 9I(5|1	 "./1b./�&�{���(.�� �&34��6L5��F��� /
� � ��� ����� ������
 ����� 0MI % -=2�/ �'� " 7�4 % @�� 7��/ +.- % � 25@ -�7�25- @ % IJ@ "�KL% 7�2:4?> % P- 0 % 7 " 030 %�� 4 " 0 � % � /1@ 2 /10 �M>$/ #&% -=@ � � /10 ��# - / # � ,  @ % � % � 4 % sl(m + 1, R) .7 % 2:2 % / �'� " 7�45/1254 " 0 ;�2 /1032 0J/125- @ %�#?#&%��
,�5G�	5L��3	 &5�I(�{��;+:	�RIt@B5��"�&.H%��p5S���(.��21	 &.76H�(�'�Y� ���|� ���'� :	�RIp5��l5L��34 �5�I�����;x:	�

i∗θ�'�9:	���*1	 "./1	 "�(;'�&;��D#$���F�&�(./�	�4;����9:l5��	�DI��a�&=	;�./ ">�#$� �i5����	�&�bXY3	�2:	��Iy@B34�	�(%'����;
:	�!Ip5r%'./�	�	�gP��(./�^XY3	�+��5S���(�wd 5����oIp5r%'./�	:	�{���(.�� �&3	1	14I(;�#$���F��5��( "�i &�'Ip5L�&��6/�K� I(5
%�./34 &h	3	 "��M���5��	�WIp5��&34�����Lm ./�0:	;'�&��8/�	�� &5a�"�(#$1	I(�'#E�'�Y�W1l5L 

θ
Ip5� &�'�"�� "�(%<���(.��

i∗θ:	�*Ip5�de./ "#E�9%C5��	.��	�(XY3	��:	�
P 2M

�
P
M B��$�	.��&�� �5

θ−1

�'�
θ0

�"���T1	 ".S["��%<���(.��	�
�&�'I(./�

R
m
�'�

gl(m, R)
M

,�5 %�./�	�4�<P��(./� 5��"�&.H%��(;'�$�Z34�	�E�w�� "3	%'�&3	 &�K1	 ".S["��%<����6��
P
���"�|5�141��'I(;��KI(5

%�./�4�	�<P��(.�� 14 &.S["�'%'���{6/� �	.� &#E5�I(�A:	� Ip5\�w�� &34%'��34 &�^1	 &. ["��%'�&��6���M G @O���"�J%'�'�&�&�
%�./�4�	�<P��(.��J:4� G 5L "�s5L�AXY3	�-�	./34�a34�&�(I��(�&�' &./�4�D%�./�4�"�s5L#E#$���F��:l5��4�GI(5i�&3	�{���LM

�+� � ��� � ��
 $�����'	����� $ � $ � ' �#��')$���

�a� ./3����(IGde./�	:l5L#E�'�Y��5�I� "��I(��;c5�3HP %�./�4�	�<P��(.��	� :	� G 5� "��5�� �&34 JI���XY3	�'I

�	./3	�Thl5L�&�� "./�	�R��./34�&���T�	./�R%�.��	�"�& &3	%<���(.��	���'�"��I(�*%'./�	%��'14�D:4�G:4�(��;� &�'�F���p5S���(.��
�(�F6L5� &�(5��F����:	;'6���I(.�1	1�;*:	5��	���QF"�"#=�tM/]�./�{�

P
34�	���"�� "3	%'�&3	 &�*14 &.S["�'%'���{6/�*�<�T�&./�{�

ω
Ip5!%�./�4�	�<P��(.��A1	 ".S["��%<���{6/�-�	./ "# 5�I��25��"�&.H%��(;'��M
��������
� ������
 	 � ]�./�{�

(V, ρ)
34�	�+ &�'1	 &;'�&���F��5L����./�|:4�

H
M7]��
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∇ωf(u)(X) = Lω−1(X)f(u) ∀u ∈ P, ∀X ∈ R
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(∇ωf)(ug) = ρ′(g)−1(∇ωf)(u) ∀u ∈ P, ∀g ∈ G0

⇐⇒

(∇ωf)(ug)(X) = [ρ′(g)−1(∇ωf)(u)](X) ∀u ∈ P, ∀g ∈ G0, ∀X ∈ g−1

⇐⇒

(Lω−1(X)f)(ug) = ρ′(g−1)(Lω−1(ρ′(g)X)f)(u) ∀u ∈ P, ∀g ∈ G0, ∀X ∈ g−1.
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m + 1
.

�a�	�!6L5�I���3	 -:	�
δ
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Divω : C∞(P, Sk
δ (Rm)) → C∞(P, Sk−1

δ (Rm)) : S 7→

m
∑

j=1

i(εj)∇ω
ej

S,
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i
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S ∈ C∞(P, Sk

δ (Rm))G0 .
/ #&" @ � DivωS
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C∞(P, Sk−1

δ (Rm))G0
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DivωS
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∇ωS
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ID : P → R
m ⊗ R

m∗, u 7→
m

∑

j=1

εj ⊗ ej.
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Lh∗

m
1�.�3	 

h ∈ g1

MDjxP45�#$�(�	./�4�E��.�34�r:�@B5�hb./ &: %'�cXY3	� :	./�4�	�c%��V%C5�I�%�3	Ia1�./34 
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������� 	 	 � � " -=@D2 " - 2 S ∈ C∞(P, Sk
δ (Rm))G0 .

0 " - � /1> " 0 �

Lh∗DivωS − DivωLh∗S = (m + 1)γ2k−1i(h)S,
I " - @ 2 " -=2 h ∈ Rm∗ ∼= g1
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η1, . . . , ηk−1 ∈ Rm∗ m	�4./3	�G5C6/./�	�

(Lh∗DivωS)(η1, . . . , ηk−1) = Lh∗(DivωS(η1, . . . , ηk−1))
=

∑m

j=1(Lh∗Lω−1(ej)S(εj, η1, . . . , ηk−1)).
�0@B5�34�� "�-1l5� "��m	:�@B5�1	 ">��G3	�A ";��"3	I���5L��:	3J%s=l5�1	�{�� &��	Hm

[h∗, ω−1(X)] = ω−1([h, X]), ∀h ∈ gl(m, R) ⊕ R
m∗, X ∈ R

m,
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m
∑

j=1

(Lω−1(ej)Lh∗S(εj, η1, . . . , ηk−1) + (L[h,ej ]∗S)(εj, η1, . . . , ηk−1)).

) ./34 �k	�	�( 'm	���J34����I(����5��F�DI(5! &��I(5L����./�  � �<m	.��A./h����(�'�F�

Divω(Lh∗S) − (ρ′
∗([h, ej])S)(εj, η1, . . . , ηk−1)

= Divω(Lh∗S) + (ρ∗(h ⊗ ej + 〈h, ej〉Id)S)(εj, η1, . . . , ηk−1).
,��| ";��&34I��s5S�a14 &.76H�(���F��5�I(./ "�Dd 5�%���I(�'#E�'�Y�G:	�?Ip5K:	;<kl�	���&�(./�J:	�

ρ
�"3	 

Sk
δ (Rm)

M

�

�a.�3	��./h4���'�	./�	���'�	�&3	�{���

� � ��� ����� ������
 	 � � � " - @ 2 " -=2 S ∈ C∞(P, Sk
δ (Rm))G0 .

0 " - � /1> " 0 �

Lh∗(Divω)lS − (Divω)lLh∗S = (m + 1)lγ2k−li(h)(Divω)l−1S,
I " - @ 2 " -=2 h ∈ Rm∗ ∼= g1
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l = 1
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l − 1
m

XY3	�

Lh∗Div(Divl−1) − DivlLh∗

���w�a;'8F5�I��

(m+2(k− l +1)− 1− (m+1)δ)i(h)Divl−1 +DivLh∗Divl−1−DivlLh∗,
�tMO��Ml�

l(m + 2k − l − (m + 1)δ)i(h)Divl−1.
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 	���� � 4
f ∈ C∞(P, ∆λRm)G0 .

/ #&" @ �

Lh∗∇ωk

s f −∇ωk

s Lh∗f = −k((m + 1)λ + k − 1)(∇ωk−1

s f ∨ h),
I " - @ 2 " -=2 h ∈ Rm∗ ∼= g1
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k
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(X, . . . , X)
1b./3	 ���.�34�

X ∈ R
m
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(Lh∗(∇ωk

s f))(X, . . . , X) = Lh∗((∇ωk

s f)(X, . . . , X)).
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Lh∗
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Lω−1(X)
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Lω−1(X)Lh∗(∇ωk−1

s f)(X, . . . , X) + (L[h,X]∗(∇
ωk−1

s f))(X, . . . , X).
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∇ωk

s Lh∗f(X, . . . , X)−(k−1)((m+1)λ+k−2)(∇ωk−1

s f ∨h)(X, . . . , X).
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 &�'Ip5L�&�(./�  � �9�'�G./�J./h4�&�(�'�Y�

(ρ∗((h ⊗ X) + 〈h, X〉Id)(∇ωk−1

s f))(X, . . . , X).
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QM : CM × Sδ(M) → Dλ,µ(M)

�=; 6 034 %'� I�/1@

QM(∇, S)(f) = p∗
−1

(
k

∑

l=0

Ck,l〈Divωl

p∗S,∇ωk−l

s p∗f〉), ∀S ∈ Sk
δ (M)

 � �

�=; 6 034 -=0 % +.-�/103254 6879/1254 " 0,0J/12:-=@ %�#?#&% IJ@ "�KL% 7�2:4?> %��M% 032 4?03>$/1@ 45/1032 %�� 4

Ck,l =
(λ + k−1

m+1
) · · · (λ + k−l

m+1
)

γ2k−1 · · ·γ2k−l

(

k
l

)

, ∀l ≥ 1, Ck,0 = 1.
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k
∑

l=0

Ck,l〈Divωl

p∗S,∇ωk−l

s p∗f〉
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Ck,ll(m+2k− l− (m+1)δ) = Ck,l−1(k− l+1)((m+1)λ+k− l).
 	 � �

j+�	�&3	�{���Lm+��� 34����I(�(�&5��F�!I(�'�K &;��"3	I���5L���K:	3 %s=l5�14���� "� 	�m+./� 1��'34�K6/./�� !XH34�AI��
� )H#ihb./I(�!14 &�(�4%��(1	5�Ix:	�

QM (∇, S)
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(S(Rm),L)
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γ : g → gl(S(Rm),S(Rm)) : h 7→ γ(h) = LXh − LXh
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h ∈ g1
% 2 k ∈ N . # / @ %'� 25@ 4 7�2:4 " 0 � % γ(h)

�
Sk(Rm)

/ � %'� >$/ #&% - @ �
� /10 � Sk−1(Rm) % 2 %'� 28-=0 " I3;�@9/12 % -=@ �14 
 ;�@ % 032:4 %�# ��- " @��1@ %�� � 7 " % � 7�4 % 032 �
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� 4
h, h′ ∈ g1 . "

0 /
[γ(h), γ(h′)] = 0 �

� 
 � ' � � (�
 � G ./#E#$�
γ(h)
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γ
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 � � 4
h1, · · · , hk ∈ Rm ∼= g−1 . A ∈ V ∗

1 ⊗ V2
% 2

h ∈ g1
∼= Rm∗ . 0 " - � /1> " 0 �

γ(h)(h1 ∨ · · · ∨ hk ⊗ A) =
∑k

i=1 h1 ∨ · · · (i) · · · ∨ hk ⊗ (A ◦ ρ1∗([hi, h]))

+
∑k

i=1

∑

j<i h1 ∨ · · · (i, j) · · · ∨ hk ∨ [hj, [hi, h]] ⊗ A,

"�� [hi, h]
/�I I�/1@ 2:4 % 032 � gl(m, R)
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QAff (γ(h)(h1 ∨ · · · ∨ hk ⊗ A))
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LXh ◦ QAff (h1 ∨ · · · ∨ hk ⊗ A) − QAff (LXh(h1 ∨ . . . ∨ hk ⊗ A)).
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(−1)k[LXh ◦ A ◦ LXh1 ◦ · · · ◦ LXhk
− A ◦ LXh1 ◦ · · · ◦ LXhk ◦ LXh ].

,��21	 &�'#E���� D���' &#$�2���w�o:�@O./ ":	 &�
k
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k + 1
Ml,��-�&��%'./�	:J���� "#E�2�'�"�

−(−1)kA ◦ LXh ◦ LXh1 ◦ · · · ◦ LXhk

−(−1)k
∑k

i=1 A ◦ LX[hi,h] ◦ LXh1 ◦ · · · (i) · · · ◦ LXhk

−(−1)k
∑k

i=1

∑

j<i A ◦ L
X

[hj [hi,h]] ◦ LXh1 ◦ · · · (i, j) · · · ◦ LXhk ,

%�./#$#$�
[hj[hi, h]]
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k − 1
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−(−1)k

k
∑

i=1

A ◦ LX[hi,h] ◦ LXh1 ◦ · · · (i) · · · ◦ LXhk
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(−1)k

k
∑

i=1

A ◦ ρ1∗(DX [hi,h]) ◦ LXh1 ◦ · · · (i) · · · ◦ LXhk ,
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a ∈ GL(m, R) . h ∈ g1
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ρ(a)(γ(h)S) = γ(Ad(a)h)(ρ(a)S)
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(er, hs, E , εt)
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sl(m + 1, R)
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ei
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εj
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g−1
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g1
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hj
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h0

M
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(εr, h∗
s,

1
2m

E , et)�'��XY3	�?:	�-1	I(34�*./�V5
m

∑

r=1

[er, ε
r] = −

1

2
E .
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N = 2
∑

i

γ(εi)LXei .
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C = C + N.
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Sk

V1V2
= SkRm ⊗

V ∗
1 ⊗ V2
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V1V2

= ⊕nk

s=1Ik,s.
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Ek,s = C∞(Rm, Ik,s).
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sl(m, C)
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δi(diag(a1, · · · , am)) = ai.
uvIi���w�^%�./�4�H3 XY3�@O3	�`� )H�"�&>�#$� �"�(#$1	I(� :	�  �5�%'�(�	�'�c���w� :	./�	�	; 1	5� 

{δi −
δi+1, (i = 1, . . . , m− 1)}
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ρS =
∑

i

(m − i)δi.
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sl(m, C)
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�<�o���	:	3	�{�a34�V1	 ".�:	34���a�&%C5LIp5��� &�

(, )
�"3	 oIy@B�'�&1l5�%'�|6���%'�&./ &����IW &;'��I

���	8����	:	 ";-1l5� �I(�'�* �5�%'�(�	�'��M G �-1	 &.H:	3	�{���&%�5�Ip5��� &���&5L�����"d 5��{�

(δi, δj) =
1

2m2
(mδij − 1)

5��	:
(δi, 2ρS) =

m − 2i + 1

2m
,
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1�.�3	 D��./3��
i = 1, . . . , m

M
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sl(m, R)
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ρ∗(Id)|Vi
= ai Id.
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δ =
1
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(a1 − a2).
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αk,s =
1

2m
(mδ − k)(m(δ − 1) − k) +

m

m + 1
(µIk,s

, µIk,s
+ 2ρS).
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∑

i

(L
Xεi ◦ LXei + LXei ◦ L

Xεi ) +
1

2m
(LXE )2 +

∑

j

L
X

hj ◦ L
X

h∗
j
,
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∑

i

(L
Xεi ◦ LXei ) −

1

2
LXE +

1

2m
(LXE )2 +

∑

j

L
X

hj ◦ L
X

h∗
j
.
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C = −
1

2
ρ∗(ad(E)) +

1

2m
(ρ∗(ad(E)))2 +
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j

ρ∗(ad(hj)) ◦ ρ∗(ad(hj)),
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[γ(h), C] = 2
∑

i

γ(εi)ρ∗([h, ei])
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(i)

Lω−1([[h,X],X]) . . . Lω−1(X)f)
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(i). . .Lω−1(X)ρ1∗([h, X])f),

:�@O.SRcI(�| &;'�&3	I{�s5L�21	5� oI(5 1	 &.�1�./�"���&�(./� 	 
4M�j+� � ���'�CmNI(���a%s=l5�#$1	�
ω−1(X)

�'�

ω−1([[h, X], X])
%�./#$#i34�&���F��1	3	���&XY3	�

[[h, X], X] = −2〈h, X〉X. �

� � �+��� !�� ��'	��
 ( � � ��
 � ')� ��� � � % � ( �#��
 � �?,���1l5� &5�I(I�;�I(���&#$���'�F�� &�GI(�'�
�&�{��3l5L�&�(./�4�Q1	Ip5S���D�<��%'./3	 "h����&348/8/>� "��:	�*:	;'k	�	�( T3	�$5��l5LI(./8/34�D:	��It@O./1b;� �5S����34 

C
M

�a.�3	��:	;'kl�4�(�&�"./�	����./3���:�@ 5Lh�./ ":A34�A5L�l5�I(.�8/3	�2:	�
N

���J1b./��5��F�

Nω = −2
∑

i

γ(εi)Lω−1(ei).

j+�	�&3	�{���LmF�	./3	�R1�.�346/./�4��:	;<kl�	�� RI����T./1b;� &5L���'3	 &�
Cω

�'�
Cω

1	5� TI(��34 &�T &�'�"�� "�(%gf
����./�	��5�3�Pr���"1l5�%��'�

C∞(P, Ik,s)
/l1�.�3	 D��./3��

S ∈ C∞(P, Ik,s)
m	./�J1b./�&�

{

Cω(S) = αk,sS
Cω(S) = Cω(S) + Nω(S),

.SR
αk,s

���w�aI(506L5�I(�'3	 *1	 &.�1	 &�-:	�
C
�"3	 

Ek,s = C∞(Rm, Ik,s)
M

,+@B.�1�;' �5L�&��3	 
Cω

5!Ip5i1	 "./1	 &��;'�&;?�"3	��6L5��F�&�0/

� � ��� ����� ������
 	 � � � " - @ 2 " -=2 h ∈ g1 . "
0 /

[Lh∗ + γ(h), Cω] = 0
� - @ C∞(P, Sk

V1,V2
)G0

�
�����	��
��������������
 � �W./34�G:�@B5�hb./ &:�ml�4./3	�G5C6/./�	�

[Lh∗ + γ(h), Cω +Nω] = [Lh∗, Cω] + [Lh∗, Nω] + [γ(h), Cω] + [γ(h), Nω].
j+�	�&3	�{���

[Lh∗, Cω] = 0
1	34�(�&XY3	�

Lh∗

�"��5�h	��I(�(�"��%s=l5�XY3	�?���"1l5�%'�|1	 "./1	 "�

C∞(P, Ik,s)
:4�

Cω
M �o�ZIp5 #!	�#$� # 5��4�(>� "��m �	./3	�E5C6/./�	�

[γ(h), Nω] = 01	3	���&XY3	�
� 1l5� �I(5i1	 &./1b./�"������./� 	�� m

[γ(h), γ(εi)] = 0,
� [γ(h), Lω−1(ei)] = 0

1	3	���&XY3	�
γ(h)

5�8/���9�&�'3	I(�'#E�'�Y���"3	 *It@O���"1l5�%'�2:�@ 5L wf
 &�{6/;'�

Sk
V1,V2

M
nx�(�	5�I(�'#E�'�Y��m��4./3	��./h4�&���	./�4�

[Lh∗, Nω] = −2
∑
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∇ωl

(p∗s)(X1, . . . , Xl) = ρ
(l−1)
∗ ([Xl, τ ])(∇ωl−1

(p∗s))(X1, . . . , Xl−1)

+Sτ (∇
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(p∗s))(X1, . . . , Xl−1)

+S∇(∇ωl−1
(p∗s))(X1, . . . , Xl−1)

+SΓ(∇ωl−1
(p∗s))(X1, . . . , Xl−1).
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(−λ(m + 1)− 2l + n−1)T (n−1 + 1, . . . , nl−2, q) + T (n−1, . . . , nl−2, q + 1)
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njT (n−1, . . . , nj − 1, nj+1 + 1, . . . , nl−2, q).
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njT (n−1, . . . , nj − 1, nj+1 + 1, . . . , nl−2, q).
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Divωl
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� % ∇ωl

s (p∗f) %'� 28; � / # �
(

l
t

) t
∏

j=1

(−λ(m + 1) − l + j)p∗(πl−t(

l−t
∑

j=0

(∇s + T1)
j)f),

� 4 πl−t

�=; � 4 �10 % # / IJ@ "�KL% 7�2:4 " 0 � - @ #&%'�O" I3;�@ /12 % - @ � � % � % �1@ ; l − t
� #&% � % �1@ ;

� % ∇s

;�2 /1032 � . #&% � % �1@ ; � % T1

;�2 /1032 � � % 2 � 4 # / @ %'� 25@ 4 7�2:4 " 0 � % T1
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λ
H � % 0 � 4?2 ; � %'� 2�; � / #&% �

(−λ(m + 1) − j)(j + 1)
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(t + 1)

(

l − 1
t + 1

) t+1
∏

j=1

(β − l + 1 + j)p∗(r ∨ πl−t−2(

l−t−2
∑

j=0

(∇s + T1)
j)f)

+

(

l − 1
t

) t
∏

j=1

(β − l + 1 + j)p∗(∇s(πl−t−1(

l−t−1
∑

j=0

(∇s + T1)
j))f)

+

(

l − 1
t − 1

)

(

t−1
∏

j=1

(β − l + 1 + j))(β − 2l + t + 1)

p∗(πl−t(

l−t
∑

j=0

(∇s + T1)
j)f).
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(β − l + t + 2)(l − t − 1)r ∨ πl−t−2(
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p∗(πl−t(

l−t
∑

j=0

(∇s + T1)
j)f),
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t
∏

j=2

(β − l + j)(

(

l − 1
t

)

(β − l + t + 1) +

(

l − 1
t − 1

)

(β − 2l + t + 1)),

�tMO��Ml�
t

∏

j=2

(β − l + j)

((β − l +1)(

(

l − 1
t

)

+

(

l − 1
t − 1

)

)+ t

(

l − 1
t

)

+(t− l)

(

l − 1
t − 1

)

).
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� % Divωl
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l
t

) t
∏

j=1

(γ2k−1(m + 1) − l + j)p∗(πt−l(
l−t
∑

j=0

(Div + T2)
j)S),

� 4 πt−l
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((m + 1)γ2k−1 − k + j)(k − j + 1)
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QM(∇, S)(f) =

k
∑

l=0

Ck,l〈πl(

l
∑

j=0

(Div + T2)
j)S, πk−l(

k−l
∑

j=0

(∇s + T1)
j)f〉.
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∇ωl
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〈jaj(u0), τ
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κ ∈ C∞(P, g∗

−1 ⊗ g∗
−1 ⊗ g)

6/;' &�{kl� /

κ(X, Y )(uh) = Ad(h−1)κ(Ad(h)X, Ad(h)Y )(u).
 ���S�

�o�2d 5�����m4��IN6H�(���F�G�&34%�%��'�&�"��6/�'#E�'�F�Cmb���J34����I(�(�&5��F�*It@
Ad

f �(�F6L5� &�(5��	%'�o:	�
ω

/

κ(X, Y )(uh) = K(ω−1(X), ω−1(Y ))(uh)

= −ω([ω−1(X), ω−1(Y )](uh))

= −Ad(h−1) ◦ ω(Rh−1∗([ω
−1(X), ω−1(Y )](uh)))

= −Ad(h−1) ◦ ω([ω−1(Ad(h)X), ω−1(Ad(h)Y )](u))

= Ad(h−1)κ(Ad(h)X, Ad(h)Y )(u).

]��xIy@B.��c%�./�4�&�(:4>� &�!I�����%'./#$1�./�&5��F���'�2�&��I�./�
g0

:	���2:4��3�Pc#E�'#ih	 &�'��:	�  ��� �<m
�(Ib6������F� /

κ0(X, Y )(uh) = ρRm⊗Rm∗

(h−1)κ0(ρ
Rm

(h)X, ρRm

(h)Y )(u),
.SR

ρRm⊗Rm∗ �<�
ρRm :	;��"�(8/�4���F�R &���"1��'%'�&��6/�'#E�'�F�9I����R5�%'�&�(./�4�+:	�

H
�"3	 

Rm⊗
Rm∗ �<� Rm

M �o�0d 5��{�Cm I(�'�a%'./#$1�./�&5��F���'���&�'I(./�
g−1

:	�
Ad(h)X

�'�
Ad(h)Y%�.��t�	%���:	���F�? &�'�&1b��%<����6���#$���F�0576���%

ρR
m

(h)X
�'�

ρR
m

(h)Y
M �o�$1	I(3	�'m�I(�!d 5��{�

XY3	�
κ−1 = 0

d 5��{�*���J�&.� "���-XY3	�?Ip5i%'./#E1b./�&5��F���-�&�'I(./�
g0

:4�

Ad(h−1)κ(ρR
m

(h)X, ρR
m

(h)Y )(u)
���w�a;'8F5�I��-�

ρR
m⊗R

m∗

(h−1)κ0(ρ
R

m

(h)X, ρR
m

(h)Y )(u).
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H
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1
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j
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2
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H
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W ∈ C∞(P, S2jRm∗)
:	�-Ip5i#E5��	��>� "�2�&3	�{6�5L�Y�&�0/

W (u)(ei1, . . . , ei2j
) :=

∑

ν

∑

r1,...,rj

κ0(u)r1

iν(1)iν(2)rσ(1)
. . . κ0(u)

rj

iν(2j−1)iν(2j)rσ(j)
,

.SR
σ
���w��34�	��1��' &#i34��5L����./�i:	�

{1, . . . , j}
M1AT3KIp5��4./ &#E5�I(�{��;R:	�

ω
m
σ
�	�*:	.����

Ip5����&�"�� *5�34%�3	�J;�I�;�#$���F�G�(�	%s=l5L�	8/;�M
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Lh∗∇ωk

s W = −k(k + 4j − 1)h ∨ (∇ωk−1

s W ),
I " - @ 2 " -=2 h ∈ g1

�
�����	��
��������������
 � ,�501	 "��346��2���w�D�&��#E��Ip5��� &�*�|%���I�I(�G:	��I(5?1	 "./1b./�&�{���(.��

	�� :	3V%s=l5�1	�{�� &� �4M�]H�
k = 0

m�I(5$de./ "#i3	I(�?���w��6H �5�����M B2�V1	 &.H%�>':	�!5�I�./ &�a1l5� 
�(�	:43	%'�&�(./��M	]��

X ∈ Rm
m

(Lh∗∇ωk

s W )(X, . . . , X)
���w�a;'8F5�I��

Lω−1(X)Lh∗(∇ωk−1

s W )(X, . . . , X) + (L[h,X]∗(∇
ωk−1

s W ))(X, . . . , X).
)x5� *= )H1b.���=	>'�&�|:	�- &;�%'3	 & "���	%'��m I(�214 &��#$�(�' D���' &#$�2���"�G;'8F5�I��

−(k − 1)(k + 4j − 2)(h ∨ (∇ωk−1

s W ))(X, . . . , X).
j+�A%'�?XY3	��%'./�	%'�� &�4�|I��2:	��3�P���>�#$�-�&�� "#E�Lm	./�J./h4�������F�

(ρ∗((h ⊗ X) + 〈h, X〉Id)(∇ωk−1

s W ))(X, . . . , X).
,��2 &;��"3	I���5L�G1	 &.76H�(�'�F�o5LI(./ "�D:	�-Ip5i:	;<kl�	�{���(.��J:4�

ρ∗

M
�

B��!���w�R�o1	 &;'�&�'�Y�R�'�!#E�'�&3	 "�*:	�D%�.��	�"�& &3	�� &�D:	�'�T5�1	1	I��(%�5L����./�	�W�l5L��34 &��I�I(�'�
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��� � �������� � � � � 4
S ∈ Sk

δ (M) % 2 � 4 l ≥ 2j . 2 " - ��#&%'� � - # 254�I #&%'� � %# - /�I I # 4 79/12:4 " 0

S 7→ p∗
−1

(

l−2j
∑

r=0

Ck,l,r〈Divωr

p∗S,∇ωl−r−2j

s W 〉)

� " 032 0J/12:-=@ %�#�� % 2 IJ@ "�KL% 7�254?> %��M% 032 4?03>$/1@ 45/1032 � � 4

Ck,l,r =
(l + 2j − 1)!

(m + 1)r(l + 2j − r − 1)!γ2k−1 · · ·γ2k−r

(

l − 2j
r

)

, ∀r ≥ 1, Ck,l,0 = 1.
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l−2j
∑

l=0

Ck,l,r〈Divωr

p∗S,∇ωl−r−2j

s W 〉

���w�
g1

f ;�XY3	��6L5� "�p5��F�&��M G �'Ip5 5KI(����3J8/ �L%��|5�3AI���#$#E�214 &;�%';�:	�'�F�Cm��$Ip5!1	 "./1�.Sf
�&�{���(.�� 	 �!:	3A%s=	5�1	���& &� �!�'�a5�3Zd 5��{�*XY3	�-Ip5! &�'Ip5L�&�(./�r�"3	��6L5��F�&�?�'�"��6/;' &�{kl;��"/

Ck,l,rr(m + 2k − r − (m + 1)δ) = Ck,l,r−1(l − r − 2j + 1)(l − r + 2j).
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Sk(M)
5��	:

Sk−l(M)
������&=

1 ≤ l ≤ 3
�D�'�
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T
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de./�	%<����./� ;'XH34��6L5� &�(5��F���E�&3	 
P 1M

%'./ & "���"1�./�4:l5��F�K�
W

5C6���%
j = 2

m
I(�'�G5�1	1	I��(%C5S���(.��	�9:	3Z��=4;�./ ">�#$� � �K�"./�F�G;�8F5�I����* "���&1b��%<���{6/��#$���F�o�

〈S, T 〉
�'�a�

〈S,∇sT 〉 +
8

(m + 1)γ2k−1
〈DivS, T 〉.
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