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Abstract. The Hélder spaces C*(RY) (> 0) provide a natural way for measuring the smoothness of a function. These spaces appear in different areas such as
approximation theory and multifractal analysis and lead to natural definitions of the notion of fractal function; for example a function belonging to C*(RY (ac(0.1))
typically has a fractal graph. The purpose of this poster is to present a generalization of such spaces as well as some recent results about their characterizations .

Notation ALf(x) = fle+1h) = f(x), ART(x) = ARf(w + 1) — ARf(x)

Definition of Hélder spaces C%(R?)
Let f€ L“(]Rd) and o >0 ;wesaythat J belongsto C%(R?) if
there exists C,R >0 such that

sup HA,ED‘JH]‘HL:Q(D@) <C277% VjeN.

|h|<27
The Holder exponent of f is Ay = sup{a: f € C*(RY)} .
Definition of admissible sequences

A sequence 7 = (05)jen of positive numbers is called admissible
if there exists two positive constants do and d; such that

d[]Jijfj+1Sd1(Tj, JEN
Let o o
a; = inf Itk and Tj = sup ]+A’ jeEN.
k>0 Op k>0 Ok

The lower and upper Boyd index are respectively defined by

logs () )

logs(a
s(o) ;== lim ﬂ and  3(o):= lim
J—+oo i Jrto J

Definition of generalized Hélder spaces C'”*(RR%)

let a>0 and ¢ anadmissible sequence. A function f ¢ L"“(]Rd)

belongs to the generalized Hélder space (7% (Rd) if there
exists C' >0 such that

sup A f(a) < Coy Vi E R,

x,|h| <277

Remark The notion of admissible sequence generalizes the
notion of modulus of continuity. Indeed, moduli of continuity are
exactly decreasing admissible sequences .

Link with generalized Besov spaces

If s(c=1) >0, it can be shown that generalized Holder spaces
o (RY) . are indeed

generalized Besov spaces B (see [4]).

Example Let oj:=(27)|log|log27)[|> for j € No. A.
Khintchine proved that the trajectories of a Brownian Motion
belong almost surely to C7*(R) (0<a<1).

A result a la Lion-Peetre

letl<meN, a>0 with1<a<m , o=(05)jeMo an
admissible sequence and f a bounded continuous function on IR
such that sup [|[A} fllze < Co; Vj e No.

|h|<2-3

400
If 3 aim-a)g,
i=1

then VA €]0,1] , there exists two functions
e cm@DR), B e (R)

with  f=P+F andsuchthatfor K, := [2logy(1/))] + 1
we've got

+oo
sup [ APFS e < C27HMm0) Z 2j(m7Q)0j
[h|<2 =Ky +1

and K,
sup HA?F{‘ |z < Cg2~lm—art1) y—2 Z 2]‘(7”7“)07
I <2~ st

(where C; and (0, aretwo constantindependent of A ).

Corollary (link with classical regularity)
let KeNy and ¢ = (Uj)jiN an admissible sequence such that

se7)>0 and Y9k <o

=1

1f f € C% (R then f is K-times continuously differentiable.
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A characterization by the convolution
Let 0 = (0j)jen be an admissible sequence such that s(c™) >0 .
Then

CoS@RY = f 2 L®RY : 30 € CFRY)  sup o7t sup || f 5= fllie | < o0y
JeN §<2-i

(where &5 = 579 (2/5)).

A characterization by polynomials
Let @ = (7j)jeN be an admissible sequence such that s(c™)>0.let M € N
suchthat M > 5(0), then

~v0,5(0 ! dy 3 oo(mdy) . o . -1 inf 3
Cm (R Jf{f€L (BY) : sup <p( Ll H.r—PHmB(l_g-ﬂ)))) <oc}.

zeRd \ jeN

A characterization by wavelet coefficients (see [3])

Let N € Ny and o = (05)jen be a decreasing admissible sequence such
J

that 3 9Nig; < C2Ngy,

=0

+o0
22(.‘\'*1)]0,]' < CoN-DJ g,
i=J

Forall J € N | Let be a multiresolution analysis of regularity 7 >N . Then
the following are equivalent:

1. f c CU,N*l(Rd):

sup |Ck| € C
2. 3C>0:Q ke
>0 sup |¢j | < Coy, ij(],WE{l,...,‘del},
kezd

where Cr and Cjk are the classical wavelet coefficients associated
with the multiresolution analysis ( they correspond respectively to the
father wavelet and the mother wavelet).
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