
Dynamis of a bouning droplet onto a vertially vibrated interfaeT. Gilet,1, ∗ D. Terwagne,1 N. Vandewalle,1 and S. Dorbolo1, †1 GRASP, Physis Department B5a,University of Liège, B-4000 Liège, Belgium(Dated: April 28, 2008)Low visosity (<100 St) silion oil droplets are plaed on a high visosity (1000 St) oil baththat vibrates vertially. The visosity di�erene ensures that the droplet is more deformed thanthe bath interfae. Droplets boune periodially on the bath when the aeleration of its sinusoidalmotion is larger than a threshold value. The threshold is minimum for a partiular frequeny ofexitation : droplet and bath motions are in resonane. The bouning droplet has been modelled byonsidering the deformation of the droplet and the lubriation fore exerted by the air layer betweenthe droplet and the bath. Threshold values are predited and found to be in good agreement withour measurements.PACS numbers: 68.15.+e, 47.55.Dz, 68.03.CdKeywords: Droplet physis, Vibrated interfae, BouningThe manipulation of individual droplets beomes pro-gressively more important in miro�uidis, as it is apromising alternative to �uid displaement in miro-hannels [1, 2℄. A droplet may be onsidered as a miro-sale hemial reator with a high e�ieny [3℄ or as avariable fous optial lens [4℄. When a droplet is laid ona liquid bath, its oalesene with the bath often takesa short time sine the air layer separating the dropletfrom the bath has to be drained out. This drainagemay be delayed by vertially vibrating the bath [5℄: thedroplet bounes periodially without oalesing. Withthis experiment, a droplet may be manipulated withoutany ontat with a solid element, whih minimizes thehemial ontamination. The manipulation of bouningdroplets is straightforward : droplets move spontaneouslyby interating with the wave they produe on the bathat eah impat [6℄. By using this wave, they probe thesurroundings and detet the presene of other droplets orsolid obstales, they may be guided [7℄. Several dropletson the same bath interat together and experiene or-bital motions [6℄, or form 2D rystalline latties [8℄. Fi-nally, partial oalesene allows low visosity droplets tobe emptied step-by-step. This emptying asade stopswhen droplets are able to boune periodially [9℄.Couder et al.[5℄ investigated the bouning of an homo-geneous system : the droplet and the bath are made withthe same visous oil (500 St). The vertial position ofthe vibrated bath is given by A cos(2πft), where A and
f are the foring amplitude and frequeny respetively.The redued aeleration Γ is de�ned as Γ = 4π2Af2/g.Periodi bouning is observed when Γ is higher than aritial value ΓC , the threshold for bouning. Couder etal. observed that ΓC − 1 ∼ f2, and explained this sal-ing by balaning the gravity, the inertial fores and thelubriation fore exerted on the droplet by the squeezed
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air layer. Deformations of both the droplet and the bathwere not onsidered.Bouning mehanisms of liquid objets have been stud-ied in a wide range of on�gurations : a droplet bouningon a hydrophobi solid surfae [10℄ or on an horizontalwall immersed into an immisible liquid [11℄, a bubblebouning on a water/air interfae [12℄... As in elastisolids, the deformation of those liquid objets is oftenthe key ingredient that ensures the bouning property,due to surfae tension. Deformations may be signi�-antly damped by visous e�ets when the Ohnesorgenumber Oh = ν
√

ρ/σR is larger than unity, where R isthe droplet radius and ρ, ν and σ are the density, the vis-osity and the surfae tension of the liquid respetively.In the experiment of Couder, Oh ∼ 4, whih means thatdeformations may be negleted.In this letter, we investigate the bouning of low vis-osity droplets, for whih the deformation is important(Oh ≪ 1). The saling law proposed by Couder [5℄ forthe threshold aeleration is not valid anymore : valuesof ΓC below unity have been observed [7, 9℄. In order tofous on the droplet deformation, we analyze the boun-ing of low visosity droplets (1.5 to 100 St) on a highvisosity bath (1000 St) : the system is inhomogeneousand the deformation of the bath surfae is muh smallerthan the droplet deformation. First, we measure ΓC forvarious ν and f with R �xed. Then, a model that inor-porates both the droplet deformation and the lubriationfore is developed.A ontainer �lled with 1000 St silion oil is �xed ona vertially vibrating eletromagneti shaker. By using asyringe, droplets of radius R =0.765 mm with visositiesof 1.5, 10, 50 and 100 St are plaed on the bath. Mea-sured threshold aelerations ΓC are shown in Fig.1. Thethreshold is determined by using two di�erent protools.First, the droplet is reated when the aeleration is su�-iently high for bouning to our. The foring amplitudeis then slowly dereased (f �xed) until the droplet stopsbouning and oaleses with the bath (• in Fig.1). Then,starting from zero, Γ is inreased. After eah inrement,



2a droplet is laid on the surfae of the bath. When thisdroplet bounes, the threshold is reahed (N in Fig.1).An hysteresis, i.e. a di�erene in ΓC dedued by bothmethods, is observed for ν = 1.5 St (Fig.1(a)). For highvisosity droplets (Fig.1(d)), ΓC > 1, and ∂ΓC/∂f > 0 aspredited in [5℄. For lower droplet visosities, the thresh-old may be lower than 1, and there is a minimum inthe ΓC(f) urve. At high frequeny, this urve stronglyinreases with f .The following model is proposed in order to desribethe ΓC dependane on the foring frequeny f and thedroplet visosity ν. The �ow is assumed to be axisym-metri and the motion of the droplet mass enter (mass
M) on�ned to a vertial axis. The droplet bouningis modelled with two salar ordinary di�erential equa-tions desribing the vertial position xc of the mass en-ter and the vertial deformation η of the droplet (Fig. 2)respetively. The bath deformation is negleted. Dur-ing its �ight, the droplet experienes an apparent gravity
Mg(Γ cos 2πft − 1) in a frame moving with the bath.Moreover, the droplet is stressed by the surrounding air,resulting in a vertial fore F . The in�uene of air isnegligible on the droplet movement, exept when there isa thin air layer between the droplet and the bath surfae.Then, F an be estimated by lubriation theory [13℄, anddepends on the thikness h of the �lm and its rate of de-rease ḣ. Movements inside the droplet also have a signif-iant in�uene on the air �lm drainage. This latter anbe modelled to leading order by a Poiseuille �ow betweentwo parallel planar interfaes. The bottom interfae is atrest (the bath is stati), while the upper moves with avertial veloity equal to ḣ and an horizontal veloityproportional to η̇r/R, where r is the radial ylindrialoordinate, and R the radius of the unstrained droplet.Therefore

F = c1µaR4

(

c2
η̇

h2R
−

ḣ

h3

) (1)where c1, c2 are positive onstants, and µa is the dynamivisosity of the air. Aording to the lubriation theory,
c1 = 3π/2. The parameter c2 represents the in�ueneof the �ow inside the droplet on the �ow in the air �lm.It annot be estimated by simple arguments. Newton'sseond law applied to the droplet is written as

M
d2xc

dt2
= Mg(Γ cos 2πft − 1) + F (2)For pratial purposes, we use h = xc −R − η instead of

xc. The evolution of η is presribed by an energy balanein the frame of the mass enter of the droplet:
d(K + E)

dt
= −Pd − Pf (3)where K is the kineti energy of the motion inside thedroplet, E is the interfaial energy and Pd is the visousdissipative power inside the droplet. The power devel-oped by F , alled Pf , is supposed to be equal to c6η̇F .
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(d)FIG. 1: Aeleration threshold ΓC for various visosities ofthe droplet: (a) ν = 1.5St, (b) ν = 10St, () ν = 50Stand (d) ν = 100St. For ν = 1.5 St, thresholds are di�er-ent aording to whether the aeleration is inreased (N) ordereased (•). The solid line orresponds to the model predi-tion (Eq.9), with oe�ients given in Table I. The dash-dotline is a �t by the saling of Couder (ΓC − 1 ∼ f2). Thevertial dashed line enhanes the resonane frequeny ωresdesribed in the model. Error bars orrespond to the size ofsymbols.
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FIG. 2: Geometrial variables needed to model a bouningdroplet of undeformed radius R: xc is the distane betweenthe droplet enter of mass and the bath, h is the minimum air�lm thikness and η is the vertial droplet deformation aboutthe axis of symmetry.Law Mode 2 Mode 3 Fit
K = c3Mη̇2/2 c3 = 3/10 c3 = 1/7 c3 = 0.1
E = c4ση2/2 c4 = 16π/5 c4 = 40π/7 c4 = 10

Pd = c5νMη̇2/R2 c5 = 3 c5 = 4 c5 = 3.3TABLE I: Constitutive laws for the energy balane of thedroplet deformation. Seond and third olumns are theoret-ial oe�ients ci for modes 2 (spheroid) and 3, while thefourth olumn orresponds to the best �t of Eq.(9) on exper-imental data.A onvenient way to estimate K, E and Pd as a funtionof η refers to the potential �ow related to in�nitesimalapillary waves at the surfae of a droplet [14℄ (see TableI). The deformation η measured experimentally is lessthan 10% of the initial radius, whih validates the lin-ear approah [15℄. We suppose that only the mode 2 isexited by the bouning sine higher modes have muhhigher resonane frequenies. The whole system is writ-ten in dimensionless form by using R as a length sale andthe apillary time τσ =
√

M/σ as a time sale. More-over, Eq.(3) is replaed by c6 times Eq.(2) plus 1/η̇ timesEq.(3), in order to remove the lubriation term.






ḧ + η̈ = Bo(Γ cos ωt − 1) + c1
3µa

4πνρOh

(

c2
η̇
h2 − ḣ

h3

)

(c3 + c6)η̈ + c5Ohη̇ + c4η = c6Bo(Γ cos ωt − 1) − c6ḧ(4)where Bo = Mg
σR is the Bond number and ω = 2πfτσ isthe redued frequeny.Terwagne et al. [16℄ observed the dynamis of the air�lm loated between the droplet and the bath using amonohromati light: onentri fringes of interfereneappear when the air �lm is squeezed. When the dropletbounes, the motion of the fringes is perfetly periodi:no attenuation or phase drift take plae and the bouningis stationary. On the other hand, the number of fringesdereases when the droplet does not boune: the �lmthins. The periodiity of the fringes motion suggests pe-riodi solutions from Eq.(4). Conditions for suh solu-tions are obtained by integrating Eq.(4) over a period

T = 2π/ω. Under the assumption of periodiity, manyterms vanish, giving
{

−
∫ T

0
ηdt = c6

c4

BoT
∫ T

0
η̇
h2 dt = 4π

3c1c2

νρ
µa

BoT
Oh

(5)Terms on the right-hand side are always stritly positive.Aording to the �rst relation, a mehanism of potentialenergy storage (here, the droplet deformation) should betaken into aount (η 6= 0). The droplet has to spendmore time in an oblate state (η < 0) than in a prolatestate (η > 0). Aording to the seond equation, internalmovements in the liquid phase, related to the deforma-tion rate, must have a signi�ant in�uene on the �lmdrainage and the resulting lubriation fore. Moreover, asigni�ant phase shift between the minimum �lm thik-ness and the maximum ompression must be observed.Indeed, ∫ T

0
η̇dt = 0, while 1/h2 is stritly positive andvanishes when the �lm thikens. To have a positive lefthand side in the seond equation, we expet the �lm tobe the thinnest when the droplet begins to reover itsspherial shape (η̇ > 0). All these required onditionsshow us that this model is minimal: if the model doesnot take into aount all above listed onditions, its pre-dition fails and no periodi bouning solutions an befound.The aeleration threshold ΓC required for periodibouning may be estimated starting from Eq.(4). When

Γ < ΓC , the droplet does not boune, the air �lm remainsthin and ḧ ≪ Bo. The seond equation in Eq.(4) does notdepend on h anymore. The droplet behaves as a simplefored osillator, i.e. η = c6BoB(ω)Γ cos(ωt + φ) − c6Bo
c4

,where B(ω) and φ are trivially obtained. The resonanefrequeny related to this osillator is given by:
ω2

res =
c4

c3 + c6

[

1 −
c4

c3 + c6

Oh2

2

] (6)To �nd h with the �rst equation of Eq.(4), it is onvenientto de�ne the amplitude H(t) of the thikness variationas h(t) = H(t)ec2c6BoB(ω)Γ cos(ωt+φ). Calulations yield
3c1µaOh
4πρνBo

Ḣ
H3 =

[

BΓ

(

(c4 − c3ω
2) cos(ωt + φ)

−c5Ohω sin(ωt + φ)

)

− 1

]

e2c2c6BoBΓ cos(ωt+φ)
(7)By integrating this equation over n periods (T = 2π/ω),we obtain:

HnT =

[

H−2
0 −

8πρνBo

3c1µaOh
CnT

]−1/2 (8)where
{

C = (c4 − c3ω
2)BΓI1(2c2c6BoBΓ) − I0(2c2c6BoBΓ)

Ik(x) = 1
π

∫ π

0
ex cos t cos(kt)dt (9)



4When C < 0, the averaged �lm thikness H dereaseswith time and the droplet �nally oaleses. Conversely,when C > 0, H diverges and the solution is not longervalid. The droplet takes o�, ḧ annot be negleted any-more in Eq.(4) and bouning ours. The threshold a-eleration for bouning ΓC an thus be de�ned as thevalue of Γ suh that C = 0. This equation has one pos-itive solution when c4 − c3ω
2 > 0, and no solution inthe other ase. There is a ut-o� frequeny ω2

c = c4

c3above whih the model annot predit bouning (C isalways negative). This frequeny orresponds to the nat-ural resonane of mode 2, when the droplet is diretlyexited (i.e. not through the air �lm dynamis). It isalways higher than ωres, related to the foring throughthe air �lm dynamis. Suh a frequeny was already ob-served in [9℄. The urve ΓC(ω) tends asymptotially toa onstant value > 1 when ω → 0. Moreover, when Ohis su�iently small, a minimum in ΓC is observed for a�nite value of ω, lower than ωres sine ∂(BΓC)/∂ω > 0when ω < ωc. Therefore, no minimum is observed when
ωres is omplex, i.e. when Oh2 > 2(c3 + c6)/c4.In order to ompare the model preditions to the ex-perimental data shown in Fig.1(a) to 1(d), a single �thas been made on oe�ients c2, c3, c5 and c6 (c1 is notpresent in Eq.(9) and c4 is �xed to 10). Obtained value
(c2, c3, c5, c6) ≃ (25, 0.1, 3.3, 1) are similar to the valuesestimated theoretially (Table I). The omparison withexperiments is aeptable, both qualitatively and quan-titatively. In partiular, the minima for low visositiesand the divergene for high frequenies are reprodued.

Quantitative disrepanies may be due to the fat thatonly mode 2 is onsidered in the modelling. The reso-nane ours for a redued frequeny ωres < 3 as longas Oh . 0.47. The ut-o� redued frequeny for themode 2 is ωc ≃ 10. For an oil droplet with R =0.765 mmbouning in mode 2, resonane is observed at a maximumfrequeny of 51 Hz when the visosity is less than 32 St,and the ut-o� frequeny of this mode is about 165 Hz.This is onsistent with our experimental observations.In onlusion, we have measured aeleration thresh-olds for bouning droplets on a vertially vibrated highvisosity bath. The foring frequeny and the dropletvisosity were varied. There is a ut-o� frequeny abovewhih the droplet annot use a mode 2 deformation toboune. For low visosity droplets, a minimum in the
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