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Abstract

Micloscopic moclels of thc sol id-on-sol icl  t1'pc werc consiclct 'cd to dcscribe the surlàcc pl 'cssurc of t t touolaycrs attd
bi laycrs ou top of anothcr lavcr ir"r two and thrcc dirncnsions. 

- l 'hc 
tu'o intcrfaccs. above ancl bclt t ' "1' thc f i lnt.  wcrc

s t u c 1 i c c 1 i n s i n r u l 1 a t l c t l l t t s t h e r n r a l e q r . r i l i b r i t r n r w i t h o u t i r n p o s i n g a t i x e c l p r o f i | e l b r t h c f ] r s t f u i c 1 o r . s o l i c l . I t i s s l l o l r ' t l
lhat thc associatccl ntcan l icld approximation leads to an cxact clctct 'mination of ' t l ' tc surfacc prcsstlre isothct 'nts
rc.n,eal ing thc possible exrstcncc of plateaux, t1-pical of f i rst-ordcl pltasc t lurtsi t iotts.

l .  lntroduction

Consider  a th in l iqu id f i lm which is  pt" t t  on top of
another  l iqu id.  I t  fb l lor .vs f iom Gibb's  law that  i f  th is
situatior.r is stable. thc interfacial tcr.rsion is lower thart
that of the virgin sLlrface. This cli l lerer-rce in intcrfàcial
tensions clclir.res the surlàcc pressure [ 1. 2] :

17 - - , 'o  - " , '  (  l  )

rvhere ; ',, is thc interfacial tcrtsion of the virgin surfitce
and ; ' is  thc same i r . r  thc p lcsence of  thc f i ln t .

In the case of very thin fihns such as t.nonolaycls. thc
stanclarcl theories rcl 'cr to two-ciimcr-rsional l iquid sys-
tems. absorbin-s the cletails of the unclcrlyir-rg layer ir.t
sonrc cllective paftrmeters. A typical erample is giverr

by the van der Waals equatiort lbr a two-clirnensional
flr"rid.
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where rr is the area per ntolecule available at the sur-
fircc. rr,, is the closccl packecl l imit area and f is the
inverse of the tempe rature fr,, I.

Recently. r.rew studics have been dcvcloped 1o takc
into account the pl-rysical and chen.ricit l structnres of the
flrst rnedium [3]. This aspect of the problem may indeed
be important fbr ror.r-eh aclsctrbates.

I t  is  our  a in. r  in  th is  papcr  to show tht i t  the sol id-on-
solid (SOS) description of the interfitces reprocluces at
least clr.ralitutivcly the expcrimental rcsults. We first
revicw the resr.rlts which have becn obtair-red so fi ir usir.r-q
thc solid-on-solicl r.nodel in twc'r ciimensiorts. This is

g iven in Scct ion 2.  To obta in cxpl ic i t  expressions lbr
the sr"rrf irce pressrlrc ir.r three dimensions. u,c it lso cotr-
sider the corrcspondit.tg mean ficlcl model fbr mouo-
laycrs and bilayers. This aspcct of the probler.n is prc-
sentecl  in  Sect ion 3.  Concluc l ing retnarks arc presentecl
ir.r Section 4.

2. Surlace pressure within r/: 2 SOS models

In two d imensions.  a l1 in ter f l lce u ' i th  no r tverhar tgs
may be vicwccl as a one-c1it.t.rct.tsit 'rtral randotr u'alk /i,
inc lerec l  by r :  th is  is  the SOS mctdcl  of  an in tcr facc.  I f
three phases coexist. an interfàce bctrvcct.t tu'o of thcrn
r.r.ray be wcttccl by bubbles of thc thircl phasc. This is
dcscribecl by two ratrclom walks l, and lt ' , with thc
restriction that / i, )- lt ' , ' .  I l te l irst phase (A) l ies abovc /i,.
the th i rd phasc (C) l ies below / r i ,  ancl  thc in t ruding phase
(B) is  bctween / r ,  and / i iancl  is  preserr t  a t  i  or t ly  i l  h ,> h ' ,  .
Thc two walks havc to be cor.rsidet'cd as non-crossllrg
and, within rcstl ictecl SOS moclcls. we irrtposc tl.rat

I r ,  , - h , e t ,  1 . 0 .  l ]  l , ' ,  * ,  l t ' ,  e t r - 1 . 0 .  l ]  ( 3 )

Henceforth. we only alloll '  ranclom rvalk cortflgura-
t ions sat is fy ing a l l  the abovc rcst r ic t ions inc luc i i r tg  ec1r . r .
(3). This kincl of nroclel has alreacly bccn str.rcliec'l in thc
literature (sec fbr cxat.nple refi. .1 artcl 5 and rel 'crcnces
cited therein). Hcre. however. wc consider striet ttrtttrtt-
laycrs ir.r rvhich the fi lm wiclth is .1, - h,- lt ' ,  - 0 or I as
indicated in  F ig.  I  .  The case of  b i layers has a lso bccr t
s tudicd in  ref .  3 .

Tlrc couplings J. -/ '  ancl J" i lre i lssociatccl respectivel-v
with the AB. IIC ancl AC ir.rterf accs. The ener-uy cost ot'
such intcrlàccs is clescribed b1, thc dif lèrent lengths of the
inter i i rccs AB. BC and AC which charactcr ize the
conf igurat ions.  This lcac ls  to the lb l lowing har .n i l to t r ian:
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Thc surr, in cc1n. (7) is over configurations of /r, and
h ' i  ( i  -  0 ,  l , 2 . . . . .  N )  w i t h  t hc  i nc l i ca t cd  cons t ra i r . r t s  o l -
i , ' '  and i r î  in  addi t ion to those we u i l l  a lwi lys inrpost-

t '=ï(;!irf,T', '- 
n i=1T 

or r' /t" : tri '--0' tt" ' tr '

Using the t ransfèr  matr ix  technique [3.  6] ,  one ob-
tair-rs explicit expressions for ; '(rr ') and r(rr ').

DcTin ing l lnk)  -  l l " , ' (0)  -  / ; ' ( r ' ) .  onc thcn obta ins

Lig.  L A typical  conl igurat ion l i r r  u nronolavcl  dcscr ibed b_"-  thc
heights 1, .  i  -  0.  l . .  .  .  ( ) r . r  t ( )p o l 'a l lu ic l  c lescr ibecl  b l  thc hcig l i ts  / r , .
; -  I  f

(  l 0 t

" {

whcr-c

[ l + 2 e x p (  K " ) ] [ + 2 e r p (  K  K ' ) ]
€ -  

l c x p {  K )  c x p (  , ( ' r l  
'

with K : llJ. K' : l)J' and K" : IJJ".
A con,parison with the perlèct f luid approxirnation is

easi ly  real izec i  by expanding thc lunct ion 1-1(r ' )  in  pow-
ers of  l / r ' .  The v i r ia l  ser ies is .  wi th :  -  l lL

/  t t  
\I t l 1 t , 1 : l t t g (  I  r  r . l

\  r  - r /

with .r given by

I
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I  L" t , ,
I

l, t t',

I
t

n'lrcr

Ci(h, , ' "  l t , ,  l t ' , 1

-  1, ,  ' l i f t 1 ,  t - y ' i - 0

f t + t '  i f  / t + 0o(r\ - 
7r,, if ,1 : o

1,, , l  + .1' h',  h',  ,  ]  -
0 ( / ,  r )  +  0 1 ' t , 1

2
otherwise (5)

u' i th

ancl

/ i :  h i  l t ' ,

where () takes ir.rtc'r account the horizontal part of the
energy cost .

Wc gene rallv takc bor.rndary conclit ions sc-tt ing
It,- 1,', - 0 outsiclc of somc fir, itc rc-eion ,4 of length /y'.
We wish to str.rcly the sr.rrf irce tension ; ' of an insolublc
th in f i lm of  B betwceu bulk anrounts of  A t rnd C in
rvhich the i lmoLurt of B has a macroscopic surface
clensity f ixed to some value r' > 0.

To stuc ly  th is  funct ion ; ' ( r ' ) .  le t  us f i rs t  consic ler  the
surfirce tcr.rsion as a firr.rction of the chemical potential

1 r .  We  take

t ,  -  f 1 t  ( 6 )

rvhere / is thc ir.rvclse tempcrirture. We tl 'ren define

I
//, '1rr';) : 1111r - los I exp( - lt l l  - r lf2) (l)

\  ^ '  ' r , ,  
/ , \

rvhere (2 is the rrunrber of purticles in the fi lnr

(h ,  -  l t ' ,  )

lclatccl to r l  by

, ' -  ]  / J , ' ( , r ' )

where

3
l r r :  - €' 2 ( 1 4 )

which may bc positivc clr ncgative.
Let us point out here that there appears in this

lbrmula only one parameter  , ' / , l r  which is  to  be re lated
to the molecular interactions at the interfaces. K. K'
anc'l K". This new type of eqr-ration of state fbr thc
surface pressure has the advantage that it takes intcr
account the entropy of thc surfacc of the first mediurn
but ,  as can easi ly  be seen in F ig.  2.  i t  does nol  a l low a
possible phase trar.rsit ion to be described.

3. Surface pressure within r/ :3 models

Lct us now considcr er threc-climcnsional moclcl. Thc
two random walks have then to be replaced by two
random sur lnces.  Wi th in a la t t icc 13.  wc may modcl
these two random surfaces by two sets of height ran-
donr var iables,  namely l t ,  ( i  e  Z: \  which take the values
0  o r  I  and  h ' , ( i  e  E )  wh i ch  t t r kc  va lucs  0  o r  -  l .  I n  t ha t
case.  the restr ic t ion l t , ) l t ' ,  is  automat ic .  Moreover.  wc
can consic'ler a strict monolayer by imposing that ..,1, has
to be 0 or  I  or  a b i laycr  modcl .  in  the abscnce of  fur thcr

(  l l )

(  l r )
/ l \  I

f i n t  t -
\ : . /  :

*  , .1.  of : )
: -  \ :  , /

o - ! /-
r l

lnr i  c is

( rJ)

( e )
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where in Ii;.7.,, each nearest neighbor bond is counted
only once. The corresponding free energy is thus given
by

z t(K, K" LJ, H)

t
:  I  . *p l  g l2 ) \o ,o

t o . n )  t

I
l l l t l l .  f i l  :  t i m  ,  . , l n g  Z  t ( K .  K  .  A J .  I I I

r  r _ r  l A l

where

I
t  ,  

\ ( o ,  
I  o ' , t  L J  

\ " , " ' ,  )

J " - J - J '
H  _ L J  _ f i _ _ _, 4

(  l 8 )

( 20)

(  l e )

where the sum is over all the configurations (o, o'). In
our casc, whcn thc chcmical potcntial lr - 0. wc havc

0 0.r 0.t (r.l 0.1 0.5 0.6 0.? 0.8 0.9 I

F i g .2 .  The  su r l ace  p r cssu re  g i ven  by  eqn .  ( 10 )  i n  un i t s  o l 'Â7 ' as  a
l i rnct ior . r  of  the concentrat ion c and di f ferer . r t  r ,a lues of  thc paramcler

e :  0.1.  1.0 and 10.0.  Thc per lèct  gas approximat ion is  g iven by the
dashed l inc.

restrictions. sincc thcn ,4, may bc 0, I or 2. Thesc
rnodels are of ir.rterest in that they undergo a phase
transi t ion.

More specifically, we show below that our model of
two random surfaces leads to the existence of f lat
regions in 11(r'). Such flat re-qions are well known exper-
imcnta l ly  (sce lbr  example ref .  7) .

The hamiltonian which describes the energetic cost of
sllch an intcrfàcc is givcn by

tr',- tr',1)

( t 5 )

A qualitative discussion of the phase diagram assocl-
ated with this model has already been given in ref. 3
using the Pi rogov-Sinai  theory.  We are here in terested
in exact results fbr the surface pressure but this requires
some simplif ication of the hamiltonian. Let us then
consider the corresponding mean-fielcl approxirnation
given by the Curie-Weiss model [8] associatecl with this
hamiltoniar-r.

We obtain

[ f - r , (H .  f )  -  
; 1m.  

-  
-  l os  ZY I ' (K .  K ' .  AJ .  H \  (21 )

r '  / t l

where

ZY"(K,  K '^

, f: J "-oL
' I  [ '  ) , , ,4 ,1"' r" l ]  '  t  ]  [ '  i , , ,4

LJ, H)

/  \ r  /  \ r l

*(T",)  *  (T";)  l -
;.tr . ;.tr )lI dr,,,(o,. ,',)

(22)

,  t I "  r  | r T , i  i'  r r  r  r  I  i ! - r ' | t , . 0 ( ' 1 , , . 0
i

Let us associate with each
variable which takes the value

,  o , l  I
' )

ar.rd

o', -l I
, I  :  -' )

With this char.rge of variables, we obtain the equivalent
of  a " two-shected" Is ing model  in  two d imensions:

I  I '
, j z - c o r r s t i u ) t  

"  
\  o . o . - "  \  o ' . o ' ,

) L ) 4 .

J "  J  J ' -  J " - J - J '\
, t  L  (o , *  o ' , )  +  - - -#L" ,o ' ,
* ;  +

height  l t ,  or  h ' ,  a  spin
l o r l , b y

(  t 6 )
wherc dr'(o) stands for thc
d (o  f  l ) 1 .

This expression is equivalent

wi th

dp , , (o , .  o i )  :  exp [  -LJo ,o ' , *  I I ( o ,  f  o l ) ]  d r ' ( o ' )  d r ' ( o f  )

( 2-r)

m c a s u r c  ] l , i t o  l ) l

to

tt/*,(H,/,) : l\T, -â,"r* 
i .- .-o(-1 ")

r  (  |  [ / r \ , r  / O ' \ ,  ' _ , - l ]
^  |  . t - - ' e x p J  . , : ' ) '  t t o " l  (  " l  )  . . ( . , '

J  (  -  r \ - r  ' � r l  ' - i  t l l  l J

(24)(  t7)
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rvhere

l ï . , , ( r r . lJ)

(21)

Nolr'. u,e ttsc iu the monolal'cr cttsc

exp [@; ; " " " t " r ' '  ( r  .  r ' ) ]

I
- .  f  e x p l - A J o o ' i H ( o i o ' )

4 , - . - ,  ,  t .  t î r  t . t r . t t .  t r

T to  I  r ' o ' l

pr(,.\.rutc irt SOS ttrodel.t

t : î 'r,,lJ^,'

is therefore equal to

,  l i l , / \ ,  ,  ( , ' *  , ; \
( : r - 2 i l t 1 r : ' - \ K  

K )

where /*,, is evaluated at the inversc temperatur-e / and

the  T rc ld  I I  -  - l l ( p l 2 )  + (K "  -  K  K ' )14 .  r *  and  l i

ir.rsures thc n-rinirnurn of thc ri-uht-hand sit lc trf eqn.
(21) .  i .c .  r , *  and r ' *  are thc appropr iate solut ior . rs  of

1  , ' t h . ,

i , * :  A t r * . r * )

2 ' '  ! ' t r

K , * -  
-  ( l * . t * ) (  34)

Solving this sct of implicit equatior.rs using some fixcd
point procedlrrc. we hnd l)", '(f p) and t '([)p) out of which

we may elinrir-rate 1r ancl represcnt É,|-1 - l], '(0) lJ", '(c)
as a function of r '.

Lct us first present t l.re results associatecl with the
monolayer .  Typical  graphs of  f l l  as a {unct ion of  t '  arc
given in Fig. 3. As a functic'rn of the couplings J", J ltntl

-/ 'wc obtain isotherms whicl.r prcscnt rto plateau or one
plateau corrcspor.rdiug to a phase transil ion of the first

order .
For the bilaycr casc. two dil lcrent ctlscs may appear

as a f unction of A-I. Thcre could be ouc or no plateau

as ir.r the preceding case for r.regative or st.nall values ol'

A-/. or therc cor,rld appcar two plateaux lbr high values

of A-/. This corresponds to successivc transitiorls: tto

layer  -  monolayer  and monola ler '+ $ i lsy. . .  When ' /  is

I - ig.  - j .  Isothcrnrs o1' the sur lacc prcssLtre /11 given b!  cqr l .  (17) in

thc nronolayer case As a l i rnct ion o1' thc cot lccnl tat i t l t . l  r ' .  l ) i f lcrent

valucs of  p l l ramùters À.  K'and À. /  htn 'c bcct l  col ls ic icrcci :  c t t r rc l t .

( 1 . 0 .  1 .0 .0 .0 ) :  cu r vc  b .  ( - - 1 .0 . : 1 .0 .  5 .0 ) .  l ' h c  pc r l t c t  g l s  l nn r ' ( ) \ i n r i r -

t ion is  c lcnotcd by culve c in thc f igulc.

wc then obtair.r

It",'(f l) - constant t| /tr

I  l J t  h ' - K  - K  , , \-  / l / ' "  (  - ' ;  -  
4  

' l t  
)\ :

Moreovcr.

J .  l )c  ( ' t t r t i t rck  c t  u l .  f  S t t lu t t

(  28)

I
exp[ rD, , ( r r .  , , ' ) ]  -  

J  
e rp( r ro  i  u 'o ' )  dp11@. o ' \

:  exp [@1, ( r r  +  H.  u '  +  H) ]  (25)

| 1,1:  l i n r .  -  
,  ,  

l o *  
n (  K K , ) r  

.

r  i  r  l , '  , ' '  l r
J , : ,  J  . t ,  . *nJ - l r l l  x  K -  o, , ( , . , ' )  l f

(  26)

(  32)

(  3 3 )

whicl'r leacls tir

( r )  r ' 1  I
l l . /nn, (u. / l) : 11n 1,*. 

* o, 
rD,,(r '. r ')J

I- ' l e r p (  - L J  - : l l  t - r ' )
A '

t l �  2  exP(Â-/ )  cosh(r  -  i " ) l

ar.rd ir.r the bilayer casc

cxp[rD f j r " ] " ' (  r ' .  r ' ) ]

I
t  t  e rp l  -ÂJoo '  i  I I ( o  +  6 ' )  +  t ' o  I  r ' o ' l

A 4

1
-  

;  [ex l (  -  A- / )  cosh( r '  1  r '  +  ) .H \

+ e x p ( Â - / )  c o s h ( r  r ' ) ] ( 2e)

To ir.rtroducc the ccrttcetrtration r', let us consiclcr t l.re

grand canor.tical enscmble arrcl its partit ion l lnction (r'/.

eqn .  (  7 ) )

1 - i 0 )

l) ,'( ft1t) - 
f i1r. - 

à 
'.* 

.à 
.-o[ f //

l t . ' \  , n , ,  " ;  -  : r  Ia -  I

( 3 1 )
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different from -/ ', a third plateau could also appear
associated with the transition between the two different
monolayers. The associated isotherms show once more
the possible appearance of f irst-order phase transitions
for bilayer fi lms.

To understand the origin of these properties of pll in
terms of r ', i t is equivalent to consider the behavior of
the free energy ,/r '  in terms of the magnetization
-Q*lK + D'* lK ' )  def ined as the par t ia l  der ivat ive of

fn,. (given in eqn. (27)) with respect to the external f ield
H. Phase transitions correspond therefore to disconti-
nuities of the magnetization. There wil l be three difler-
ent cases according to the value of A.I: negative, zero or
positive. In the two first cases, we know that there wil l
be a discontinuity in the magnetization for low enough
temperature and zero external f ield (this can be provcd
rigorously using the Pirogov Sinai theory [9] for in-
stance). In the antiferromagnetic case (when A"I is
positive). the numerical results indicate that when A-/ is
small enough with respect to ./ and -I ', there could be a
phase transition.

4. Concluding remarks

We have shown in this paper that the solid-on-solid
class of models may be used to model the equil ibrium
properties of monolayers and bilayers on top of a fluid
in two or three dimensions. Exact results have been
obtained in three dimensions using the mean {ield ap-
proximation which are in good agreement qualitatively
with known experimental observations.

Let us here point out that a direct comparison with the
experimental data would require some extension of this
work to take into account fbr instance that the molecular

couplings parallel and perpendicular to the interface
may be different. Other approximations could also be
usefully considered such as the Bethe lattice approxima-
tion. These extensions are now under consideration.
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