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SUMMARY

A discontinuous Galerkin formulation of the Boundary Value Problem of finite-deformation elasticity
is presented. The primary purpose is to establish a discontinuous Galerkin framework for large
deformations of solids in the context of statics and simple material behavior with a view toward
further developments involving behavior or models where the DG concept can show its superiority
compared to the continuous formulation. The method is based on a general Hu-Washizu-de Veubeke
functional allowing for displacement and stress discontinuities in the domain interior. It is shown that
this approach naturally leads to the formulation of average stress fluxes at interelement boundaries
in a finite element implementation. The consistency and linearized stability of the method in the
non-linear range as well as its convergence rate are proven. An implementation in three dimensions

is developed, showing that the proposed method can be integrated into conventional finite element
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2 L. NOELS AND R. RADOVITZKY

codes in a straightforward manner. In order to demonstrate the versatility, accuracy and robustness
of the method examples of application and convergence studies in three dimensions are provided.
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1. INTRODUCTION

Discontinuous Galerkin methods constitute a generalization of weak formulations allowing
for discontinuities of the problem unknowns in the interior of the problem domain. This is
accomplished by restricting the integration by parts to subdomains, which naturally leads to
boundary integral terms on the subdomain interfaces involving jump discontinuities. Clearly,
the role of these terms is to enforce the consistency and the continuity of the problem unknowns
in a weakly manner, where appropriate. In the context of finite element formulations of
elliptic problems, jump-discontinuities are allowed across element boundaries. The main appeal
of discontinuous Galerkin methods lies in their ability to represent physical discontinuities
present in the problem solution in a natural way. One of the obvious compromises is the
explosion in the number of degrees of freedom of the discrete problem without an increase
of the order of accuracy in smooth regions of the solution. However, this disadvantage can
be significantly alleviated since the method is amenable to efficient parallel implementations.
A common problem encountered in the formulation of discontinuous Galerkin methods is
non-uniqueness of the discrete problem solution and the appearance of spurious energy at
element interfaces, a problem that was identified in the early contribution by Nitsche [1], who
introduced a stabilization term on the boundary to enforce weakly the homogeneous Dirichlet
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A GENERAL DISCONTINUOUS GALERKIN METHOD FOR FINITE HYPERELASTICITY 3

boundary condition. Stabilization is now frequently achieved through a quadratic boundary
term. Another one of the earliest papers in this area corresponds to Reed and Hill [2] who

proposed a discontinuous Galerkin method for neutron transport problems.

In recent years, a significant number of results has been obtained in the area of discontinuous
Galerkin methods applied to hyperbolic problems. A recent report by Cockburn [3] discusses
at length the main results, see also [4]. Discontinuous Galerkin methods appear to be efficient
with trial and weighting functions of high polynomial order k. For the linear one dimensional
hyperbolic equation the L2-stability is proved and the L2-norm error has a convergence rate of
at least k + % in the mesh size. In the non-linear case, only L!-stability can be demonstrated,
and the convergence-rate cannot be achieved. To achieve conditional stability of the time
integration by an explicit Range-Kutta method slope limiters were introduced e.g. [5]. More
recent results include a space-time discontinuous Galerkin method for hyperbolic equations,

using slope limiters to control numerical oscillations [6].

For non-linear convection/diffusion problems (compressible Navier-Stokes equations), Bassi
and Rebay [7] proposed to consider the conservative variables as well as their gradients
as independent unknowns as a means of obtaining a lumped mass matrix, which enables
efficient parallel implementations. Cockburn and Shu [8] proposed a generalization of this
method and demonstrated L2-stability both for linear and non-linear scalar equations of
convection/diffusion problems. They also showed that for linear problems the convergence
rate of the error is between k and k + 1 and that the L2-stability holds in multidimensions.
Another finding in that work was that non-linear stability of the Range-Kutta time integration
(explicit two-stage in the work of Bassi and Rebay [7]) can be reached without the use of slope
limiters.
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4 L. NOELS AND R. RADOVITZKY

In the context of elliptic problems, Brezzi et al [9] proposed a discontinuous Galerkin method
to solve the scalar Poisson equation. They presented a rigorous formalism based on the work
of Bassi and Rebay [7] which leads to specific forms of stabilization terms. Both the primary
unknown and its gradients were initially considered independent. But, owing to the linearity
of the problem, they reduced the system to a single equation on the primary unknown,
whereas Bassi and Rebay [7] used a staggered mixed method. Kim [10] presented a mixed
discontinuous Galerkin formalism for a non-linear elliptic scalar equation appearing in the
computation of stationary magnetic fields. Lew et al [11] generalized the method of Brezzi et
al to linear elasticity. Their formulation derives from a discrete variational principle applied
to the Hellinger-Reissner functional. They demonstrated the L2-stability of the method and
derived its convergence rate. It bears emphasis that in these references the formulation is
provided without numerical implementation or verification examples. There have been other
recent contributions in the area of discontinuous Galerkin methods applied to solid mechanics.
In most cases, attention has been restricted to linear elasticity problems. Hansbo and Larson
[12] used a discontinuous Galerkin method to avoid locking in near-incompressible elasticity.
Engel et al [13] proposed a discontinuous Galerkin approach for fourth-order elliptic problems
where conventional approximations with C° interelement continuity is adopted and the C!
compatibility requirement is enforced weakly by the discontinuous Galerkin formulation. They
included an implementation and examples of application to beam, plate and simple micropolar

continuum problems.

Time discontinuous Galerkin approaches have been applied to elastodynamics in
combination or not with a space-discontinuous Galerkin method. Hang and Constanzo [14, 15]
proposed a space-time discontinuous Galerkin formulation for linear-elasticity where stress
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A GENERAL DISCONTINUOUS GALERKIN METHOD FOR FINITE HYPERELASTICITY 5

discontinuities were considered through jumps in the material properties. This discontinuity
can be propagated through the system assuming that at each time step the discontinuity is
located at the element interfaces. Bonelli et al [16] and Chien et al [17] proposed to solve
transient elastodynamics problems by using a continuous method in space and a discontinuous
Galerkin method in time. In such method, both displacements and velocities are independent
unknowns. Alberty and Cartensen [18] pointed out the advantage of discontinuous Galerkin

time integration in the treatment of plasticity.

The primary purpose of this work is to establish a discontinuous Galerkin framework for
large deformations of solids in the context of statics and simple material behavior with a view
toward further developments involving material behavior or models where the DG concept can
show its superiority compared to the continuous formulation. Examples include: problems in
which actual discontinuities may appear in the solution such as fracture and problems involving
theories requiring higher-order continuity such as gradient theories of plasticity, in which the
DG approach can provide a rigorous way of weakly enforcing this continuity requirement. For
example, Mergheim et al [19] proposed to use the space-discontinuous Galerkin method as a
means of enforcing weakly the continuity between the elements before the onset of failure. As
pointed out by Zienkiewicz et al [20], the discontinuities are appropriately described if they

are coincident with the element interfaces).

To this end, a discontinuous Galerkin formulation for large deformations of elastic bodies
is proposed. The method is applicable to a wide class of hyperelastic material models. An
extension of the three-field Hu-Washizu-de Veubeke functional to large deformations allowing
for discontinuities of displacements and stresses is taken as a starting point for developing the
method. The resulting weak form naturally leads to the formulation of average stress fluxes
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6 L. NOELS AND R. RADOVITZKY

at interelement boundaries in a finite element implementation. It is shown how the equations
can be reduced to a one-field formulation, thus simplifying the numerical implementation.
The consistency and linearized stability of the method in the non-linear range as well as its
convergence rate are proven. An implementation in three dimensions is developed, showing
that the proposed method can be integrated into conventional finite element codes without
significant effort. In order to demonstrate the versatility, accuracy and robustness of the
method examples of application and convergence studies in three dimensions are provided.
We emphasize the point that we want to develop a framework for discontinuous Galerkin
method in non-linear mechanics and therefore just want to demonstrate that the method does
not lead to a loss of accuracy for the numerical examples studied. It is not our purpose to
demonstrate that the method works better than continuous method. In future work we will
use the developed formulation in specific problems such as failure for which continuous method

have limitations.

In section 2 the problem statement and numerical formulation are presented. Section 3
provides details of the implementation in terms of interface elements. This implementation
requires only a few modifications to an existing finite element code. Finally in section 4
we present examples of application in three dimensions providing numerical evidence of the
established properties of the method and demonstrating the accuracy and robustness of the
method in the presence of large deformations.
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A GENERAL DISCONTINUOUS GALERKIN METHOD FOR FINITE HYPERELASTICITY 7

2. CONTINUUM PROBLEM STATEMENT AND DISCONTINUOUS GALERKIN

FORMULATION

We consider the boundary value problem of large static deformations of elastic bodies in
equilibrium. The continuum problem is governed by the following equations stated in material

form [21]:

V()P + p()B =0in B() (].)
@ =@ondpBy (2)
P-N=Ton 9yBy (3)

In these expressions, By C R? is the region of space occupied by the body in its reference
configuration, P is the first Piola-Kirchhoff stress tensor, poB are the body forces per unit
reference volume, Vj is the gradient operator with respect to the reference frame, ¢ is the
deformation mapping describing the deformation of material particles, N is the unit surface
normal in the reference configuration and ¢ and T are the boundary conditions applied
on the displacement dp By and traction Oy By parts of the boundary, respectively. Also,
OBy = 0pBy UOnDBy and Op By N On By = 0.

A general class of hyperelastic material models is considered for which the stresses can be

derived from an assumed strain energy density function W = W (F) by direct differentiation:

_ow

P=3F

(4)
In these expressions, F = V¢ are the deformation gradients. Material frame indifference
restricts the dependence of W on F as W = W(C), where C = FTF is the right Cauchy-
Green deformation tensor.
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8 L. NOELS AND R. RADOVITZKY

A standard exercise shows that equations (1)-(4) constitute the Euler-Lagrange equations
corresponding to the three-field Hu-Washizu-de Veubeke [22, 23, 24] energy functional

(regarding denomination, see also [25]) I(¢,F,P) : H'(By) x [HO(BO)}2 X [HO(BO)}2 —R

I.F.P)= [ [W(F) = B+ P (Voo — )]V~

| e-@)PNasi- [ Topdsy (5)
9p Bo

where H'(By), [HO(BO)]2 are the appropriate Sobolev spaces. The energy functional (5) is
taken as a basis for numerical discretization. Toward this end, the reference configuration By

is approximated by a subdivision (mesh) By, as shown schematically in Figure 1 such that :

Figure 1. Schematic of the discrete representation of elastic domain By as a subdivision Bop,

E
By~ Bon = |J 9§
e=1
(6)

05 ) o =

Ve#e!
where QF represents the interior of subdomain Q. It is assumed that By, satisfies the

necessary admissibility and Lipschitz continuity conditions, [26]. A finite-dimensional piecewise
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A GENERAL DISCONTINUOUS GALERKIN METHOD FOR FINITE HYPERELASTICITY 9

polynomial approximation ¢y, Fp, Pj of the fields ¢, F and P is defined on By, by introducing

the following spaces:

Xt = {wh L2 (Bon) [, o em(0) vopesn] } "
Eﬁ = {Fh € [L2 (B()hﬂ2 |[Fh|ngepk(98)2 VQSEBOh} } (®)
Sﬁ = {Ph c [L2 (BOh)]2 |[Ph‘98 eﬂDk(QS)Q VQSEBOh] } (9)

where P* (Q8) is the space of polynomial functions of order up to k with support in Q§. It is
clear from these definitions that the polynomial order of approximation is the same for all three
unknown fields [7]. It should be carefully noted that these spaces differ from the conventional
finite element spaces in that they allow for jump discontinuities at interelement boundaries of
polynomial order k.

We seek to define a discrete approximation Ip(en,Fpn,Pr) of the energy functional (5)
I(¢,F,P) on By, in the finite-dimensional spaces given in equations (7)-(9). To this end, we

consider the contribution I} of a generic element 2§ in the subdivision By, to the total energy:

E
In(en. Fu.Pr) = ) Ii(45,. Fi,, Pf) (10)
e

with:

e HY(QE) x [HY(Q9)] x [H'(925)]” > R:

(65 B P5) = | [W(CE)+ Pi: (Vowh — F3) — mBo - i V-

0
/ (¢, — @n) - P - NdSo — / T o5 dSo—
6DQS 81\798

1
arQg
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10 L. NOELS AND R. RADOVITZKY

ONBo

Bk

Figure 2. Details of two elements 2§ and le of the discretization By . Op By is the Dirichlet boundary,
On By is the Neumann boundary, 91 Bop, is the interior boundary of the discretization. The outward

normals of the two elements are represented.

where the boundary of element Qf:
08§ = 0pQg U On QG U 07§25 with
Op§lg = Op Bon N 0825
ONQ; = OnBop, N 00, and (12)

6]98 = 0rBon, N 698,

E

U 095

e=1

01 Boy =

\9Bon,

The last term of equation (11) enforces weakly the interelement compatibility, where ¢§**

Copyright (© 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2006; 00:1-51

Prepared using nmeauth.cls



A GENERAL DISCONTINUOUS GALERKIN METHOD FOR FINITE HYPERELASTICITY 11

represents the deformation of neighboring elements. The factor % has been introduced in
order to avoid duplication of the contribution of this term to the total energy. Here and
subsequently, we will assume that the unknown fields can have jump discontinuities at
interelement boundaries 97€25. To this end, we introduce the jump [e] and mean (e) operators
defined on the space of the trace of functions which can possibly adopt multiple values on the

interior boundary TR(drBor) = [17, (L? (9:95)) [11):

lor2

[e] : [TR(3:Box)]' ™ — [L?(8rBon)] o] =et—o" (13)
(o) + [TR(@rBo)" ™2 — [L2 (0rBon)]' "2, (o) = % [oF + o] (14)
In these expressions, the bullet represents a generic field,
o = lim.,o, (X —eN7) V X € 09Bo (15)
o = lim._o, o (X +cN") V X € ;B (16)

and N~ is conventionally defined as the reference outward unit normal of 9§, whereas N+
is the reference outward unit normal of its neighboring element ¢ . Clearly, in (15) we have
assumed N~ = —N*1V X € 9;Byp,.

The discretized total energy functional given in equations (10) and (11) can then be rewritten

as:
I : XPxSExEF-R
In(pn, Fr,Pp) = / [W(Ch) + P : (Vowen — Fi) — poBo - n]|dVo—
Bon
/ (en —@n) - Pp - NdSp — / T - pndSo+
9p Bon On Bon
/ [on] - (P)-N—dSy  (17)
91 Bon
Copyright (© 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2006; 00:1-51
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12 L. NOELS AND R. RADOVITZKY

since, providing k > 1, the interpolation spaces XF,SF EF are subsets of X'(By,) =
Hle (H1 (Q¢)) and S* (Bop) = Hle ([H1 (QS)]Q), i.e. the spaces of all vectorial and tensorial
functions belonging to H' and [Hl} ? in each element, respectively.

The approximate solution to problem (1)-(4) is then found by finding the stationary points
of the energy functional (17) with respect to variations depp,, 0P, 0F}, of the unknown fields

in the constrained spaces:

X = {00 € Xlisgnin,0,,-a1) "
Sﬁc — {5Ph € Sﬁ|[5Ph\aNBOh :0]} 1
Eﬁc = {5Fh S Eﬁ|[6F\aNBoh :0]} (20)

leading respectively to the weak formulation of the equations of equilibrium, compatibility and

constitutive behavior:

0 = / Py : VodprdVy —/ poB - dppdVy —
Bon

BOh
/ T- dpdSy —|—/ [[(Sﬁph]] . <Ph> -N7dSy Vopp € Xﬁc (21)
On Bon 91 Bon
0 = 0Py, : [Voﬁph - Fh] dVy —/ [‘Ph, - 95;,] - 0Py, - NdSy +
Bopn 6DBOh
[ el o) -N"dsy voPy €}, (22)
01 Bon
C
0 = / {21?,1% —Ph] : 0FdVy VOFy, € BF, (23)
Bon oC

where 28%/—((30) = S is the second Piola-Kirchhoff stress tensor. The constitutive law (23) may

clearly be enforced strongly. After replacing its local form in equation (21) one obtains:

0 = / P(Fh):VoécpthO—/ poB - 6ppdVy —
Bopn Bon

/ T- 5<pd5'0 +/ [[5<phﬂ . <P (Fh)> -N7dSy V&ph € Xﬁc (24)
8NBOh aIBOh
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A GENERAL DISCONTINUOUS GALERKIN METHOD FOR FINITE HYPERELASTICITY 13

where P (Fp,) = F;,S(Cy,) = F;ﬂ% and represents the evaluation of the local form of
the constitutive law at the discrete deformation gradient Fy,.
At this point, an assumed form of the deformation gradients is adopted extending to finite

deformations of solids the assumed scalar gradients in Brezzi et al [9], see also [11]:

F, = Vopn+Rg, ([en]) (25)

where the tensorial operator Rg, : L?(9;Bon) — SF is defined as:

R, (W) :rdva= [ ] (r) NSy

Bon 91 Bon

+/ [Sbh — V] -1 -NdSy VT € Sﬁ (26)
9p Bon
such that the compatibility equation (22) is satisfied automatically.

The resulting one-field discontinuous Galerkin approximation of the finite elasticity problem

can be rewritten as finding ¢, € X such that:

0 = / P(Fh):Voégatho—/ poB - SpndVy —
BOh BOh

/ T- 5<phd50 + / H&g@hﬂ . <P (Fh)> -N7dSy V&ph € Xﬁc (27)
BNBOh IBOh

Fr. = Vopn+Rg, ([en])

2.1. Stabilization of the equations

There are at least two problems with the discrete formulation (27). The first problem is the
appearance of spurious numerical instabilities introduced by the discontinuous formulation. A
common solution to this problem is to introduce stabilizing terms in the energy functional.
A second problem is the non-local character of the average stresses (P (F},)). which results
in extended stiffness matrix bandwidths and more complex implementations. Clearly, this
problem is associated with the assumed form of the deformation gradients in terms of the
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14 L. NOELS AND R. RADOVITZKY

lifting operator R, . A practicable solution to both problems may be found by redefining the
assumed form of the deformation gradients in equation (25) in terms of the tensorial operator

rep, : L?(0rBon) — SE
L. Iv] - (T) - N~dSp V7 € SF and Vs € 97 Bop,

/B T, ([V]) : 7dVo = [ lgn-T-N—v-7-NJdSy V7 €S} and Vs € dpBon (28)
Oh

0 V1 e Sﬁ and Vs € dx Bon

where “s” is an arbitrary element side. The deformation gradients may then be redefined as:

N

Frn=Vop, + er¢h ([[gahﬂ) and C; = Fth in QS (29)
S
Fs = Vopn + Brsg, ([en]) and Cy=FIF, ons e 00 (30)

where Ny is the number of element sides.

Thus, the deformation gradients inside the elements and on the element interfaces are
evaluated using expressions (29) and (30), respectively. As a result, inter-element quantities
depend only on values in adjacent elements, thus increasing the sparsity of the stiffness matrix
and simplifying the implementation. As shown below, the parameter 8 may be chosen such
that the formulation is stable. The resulting stabilized problem can then be rewritten as finding

$h € Xﬁ:

0 = / P (Fh) : VO(S(PthO —/
BOh

poB - o dVo — / T SpndSo +
Bon

9N Bon

Z/ ; [6pn] - (P (Fs)) - N~dSy Vopn € XE, (31)
s /s€01Bon

Here and subsequently it will be assumed without loss of generality that Dirichlet boundary

conditions are enforced strongly as in conventional finite element approaches, i.e.:

pn =@ VX €0dpBoy which implies 15z, =0 Vs € dpBon (32)
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Prepared using nmeauth.cls



A GENERAL DISCONTINUOUS GALERKIN METHOD FOR FINITE HYPERELASTICITY 15

as the main interest is in the treatment of interelement discontinuities.

2.2. Elimination of the operators

At this point we frame the formulation above in a way that it can be integrated in a
conventional finite element framework. To this end, we assume that the displacement jumps
at element interfaces are small compared to the deformation and linearize the evaluations of
the constitutive rules P (Fy,) and P (F;) at the discrete deformation gradients F;, and F with

respect to the operators Isp!
P (Fr) ~P (Vopn) + C(Vown) : (Fr — Voer) (33)

where C = 2—1; are the Lagrangian tangent moduli and similarly for P (Fy). It bears emphasis
that this step does not affect the nonlinear character of the constitutive law or the consistency
of the scheme, as, in the absence of jumps, the operators vanish and the exact equations
are verified identically. Replacing (33) and denoting Fj, = V¢, and all tensorial quantities
evaluated at Fj, with the convention @ = e (Fh) the first term in equation (31) can be rewritten

as:

/ P (Fh) : VodpndVy = / |:13 : Vodpn + er‘ﬁ ([[‘Phﬂ) :C: Voégoh} dVy
Bopn Bop
° (34)

= / P: Vo(Sgathb -|-/ [[gah]] : <@ : V05<ph> -N7dSy
Bon

91 Bon
Copyright (© 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2006; 00:1-51
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16 L. NOELS AND R. RADOVITZKY

owing to the definition of ryz in (28). Similarly, the last term in equation (31) can be rewritten

as:

XS:/SGBIBO}L Héﬂohﬂ . <P (F9)> . N7d50 = / [[5§0h]] . <13> . N,dSO

9r Bon

+ Z con o [6¢n] - (BC : ey, ([en])) - N~ dSo

(35)

By virtue of (28), the last term in (35) can be rewritten as:

Z/ea B [[&Ohﬂ . <BC ‘s, ([[‘Ph]])) -N~dSy
) Z/B Ty, ([0nl) : OC : v, (Lenl) Vo

- Z ~/S€6130h [en] - <ﬂC ‘Tsy, ([[5<Phﬂ)> -N7dSy (36)

S
which exposes the symmetry of the stabilization term with respect to [¢r] and [d¢p]. Recalling

that ryg, is dimensionless, on the boundary we can assume thatt:

(BT g, (len]) = (5€)-N~- 122 yx o, (37)

where hg is a characteristic length of the mesh:

e— e+
he = min( |Q°_| , |QO+| ) (38)
1095~ 09257 |

Using (37), the operator ry., can be effectively eliminated from (35), leading to the following

TThis relation is defined up to a multiplicative constant. But this constant is subsumed in 8 which will be

determined by stability considerations.
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A GENERAL DISCONTINUOUS GALERKIN METHOD FOR FINITE HYPERELASTICITY 17

simplified form:
S [ e PE) NaS= [ e (P)Nds,
s s€dr Bop, 91 Bon
+) /

The stabilized weak formulation is obtained from (31), (34) and (39) as:

[5en] & N~ - <hﬁ@> Jen] ®N"dS,  (39)
€91 Bon S

0= / P: VobpndVy +/ [[‘Ph]] . <@ : V05§0h> - N~ dSy
Bon 91 Bon

_ / poB - SpndVy — / T 5pndSo
Bon

On Bon
_ _ B ﬂ _ _
+ H&g@hﬂ . <P> -N~dSp + Z [[5<phﬂ QN - h—C . [[Qahﬂ ® N~dSy
01 Bop, s /s€0rBon s
Yopn € XE, (40)
In this expression:
fint. 5x = / P : VodendVy (41)
Bon
fert . 5x = / poB - dprdVy + / T - §¢1,dS (42)
Bop, OnBon

constitute respectively the conventional internal and external virtual work leading to the
customary unmodified finite element arrays £** and f**, whereas the interelement boundary

terms:

fl -0X = /3 5 [[gah]] . <@ : V()(S(Ph> . N7d50 +/ [[&ahﬂ . <P> . NidS()

91 Bon
+ Z/g b

[der] @ N~ - <h—((_:> Jen] ® N7dSy  (43)
denote the contributions of the discontinuous terms to the weak formulation, leading to the

€91 Bon,
definition of the nodal array f! contributing to the internal force array. In these expressions,
x represents the array of deformed nodal coordinates and dx its corresponding variations.
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18 L. NOELS AND R. RADOVITZKY

As pointed out previously [10, 27], the first term in (43) only plays the role of symmetrizing
the problem, see equation (36), and is not necessary, as the weak enforcement of the C°
continuity at element interfaces is already taken care of by the quadratic stabilization term.
This symmetrizing term may be taken as the starting point for the formulation of a rich variety
of numerical fluxes resulting in improved rates of convergence in the L? norm—albeit not in
the H space, see Appendix 1.5 for linear problems [27]—. A comprehensive study on the choice
of the numerical flux and of the symmetrization would be of interest but is beyond the purpose
of the present work. On this premise and for simplicity and efficiency of the implementation,
this term will be ignored hereinafter. It will be shown below, that the consistency and stability
of the algorithm proposed is not affected by the absence of this term.

We conclude that the discontinuous Galerkin formulation for finite deformation of solids
derived above results in the following form of numerical fluxes and stabilization terms at

element interfaces:

fl-éx:/aB [6pn] - (P) - N~dS,
ID0h

€01 Bon

3 (44)

el N (££C) - Toul o N-dsi

The average numerical flux is of the form proposed by Bassi and Rebay [7] for fluids and the
stabilization term is of the quadratic type and is based on a linearization of the constitutive
law with respect to the displacement jumps. The first term ensures the consistency of the
numerical scheme, whereas the second term enforces weakly interelement compatibility.

The resulting formulation corresponds exactly to an interior penalty method, including
inter-element boundary integrals and additional terms arising from the discontinuous space
of elements. In this regard, the derivation based on the lifting operator is not necessary but
provides a rigorous and elegant means of deriving the equations from the general variational
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principle for large deformations.

An analysis of the numerical properties of this formulation including consistency, stability
and convergence rate is provided in Appendix I. Main result is that the method is stable

provided f is larger than a constant depending only on the degree of the test functions.

3. FINITE ELEMENT IMPLEMENTATION

Figure 3. Interface element.

In this section, we take expression (44) as a basis for the formulation of interface elements
providing a convenient means for implementation of the discontinuous Galerkin method
proposed within a conventional finite element framework. It bears emphasis that in the
formulation proposed the conventional finite elements inside the volume of the domain can
be used without modification. For definiteness and ease of mesh generation, we adopt 10-node

quadratic tetrahedral elements, i.e. the polynomial order of interpolations is k = 2.

These interface elements bear some resemblance in their geometric description to the so-
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20 L. NOELS AND R. RADOVITZKY

called cohesive elements proposed for problems involving fracture, [28]. At each and every
interelement boundary an interface element is inserted by splitting the shared nodes which
subsequently leads to independent problem unknowns. This new element encompasses the
surface elements 97Q5" and 07Q5™, determined by the surface nodes of the adjacent volumetric
elements QS"” and €5, respectively, Figure 3. These two surface elements coincide in the
reference configuration. In the particular case of ten-node tetrahedra, each surface element
has n = 6 nodes and the resulting interface element 2n = 12 nodes. However, the element
formulation is extensible to arbitrary three-dimensional finite element interpolations.

In the reference configuration, the interpolation of the position, the deformation mapping
and its jumps is done using the standard shape functions of the surface element

N, (&),a € [1,n], where € = (&1, &2) are the natural coordinates. Thus,

XE(E) =) Na(XF (45)
a=1
[en] () =D Na(§) [xd —x] (46)
a=1
5l (&) =D Na(€) [ox7 — 0x,] (47)
a=1

where X* and xF,a € [I,n] are the nodal coordinates of the surface elements in the
reference and deformed configuration, respectively. The interelement outer surface normal N~

corresponding to element €2~ evaluated on the middle surface is obtained from the following

expression:
- G1(§) x G2(§)
N~ (¢) = 21S) % 2=x218) 48
©= e % Ga(e) 1)
in which
Ga(é) = X,a = Z Na,a(s)xa (49)
a=1
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ox— T
are the tangent basis vectors, a € [1,2], X, = % and similarly x, = Ze ;x“ . When

interpolations (45)-(47) are inserted in (44), the following expression for the nodal force array

follows:

£+ = j:/ (P)-N"N,dS,
01 Bon,

+ /8130h {<h%@> [xp] © N—} NN, NydSo (50)

where [x,] = x} — x, are the jumps in the deformed nodal coordinates. The average Piola-
Kirchhoff stresses and Lagrangian tangent moduli in (50) are computed after extrapolation
from the quadrature points of the adjacent elements Q5" and Qf~ to the element nodes.
This requires the assembly and update of the conventional bulk elements first. Nodal values
are used to compute averages and jumps appearing in expression (50) which, in turn, are
interpolated onto the surface element integration points. The value of hg is obtained from the
two neighboring elements as required by equation (38).

The integral in (50) is evaluated using the 3-point Gauss quadrature rule. In static
calculations, as is the focus of this work, a consistent linearization of this expression leading
to the computation of the stiffness matrix enables a Newton-Raphson solution of the system

of nonlinear algebraic equations in the deformed nodal coordinates:
£ (x) + 1 (x) = £ (51)

resulting from (41), (50) and (42). The expression of the consistent tangent stiffness matrix is
provided in Appendix II.

A particularly attractive aspect of the proposed implementation of the discontinuous
Galerkin method in terms of interface elements is its compatibility with the conventional
bulk finite elements framework.
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22 L. NOELS AND R. RADOVITZKY

Table I. Geometric and material properties of the beam problem

Properties Values
Length L=1m
Height h =0.1m

Initial Young modulus FEy = 200G Pa

Initial Poisson ratio vo = 0.3

In this section, we present threeidiNindORICADUEKIAN PIESthe intent of demonstrating the
feasibility of the DG framework for large deformations of solids and of providing numerical

evidence of the established properties of the method.

The examples correspond to the static deformation of a three-dimensional cantilever elastic
beam structure subjected to different loading conditions. The first example tests the accuracy
and stability of the method in the infinitesimal linear limit. In the second example we study
the convergence of the method for a non-linear problem involving large deformations. In the
last example, we illustrate the robustness of the method in a problem involving very large
deformations. In all cases, the simulation results of the discontinuous Galerkin method are
compared with the corresponding continuous case. We recall that the purpose of this paper
is to provide a starting point for simulating physical discontinuities in non-linear mechanics.
The authors believe that discontinuous Galerkin method can be this framework. So we are
just interested in showing that the method is robust and accurate. We do not want to show
that the method is more efficient than other ones.
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(a) Discretization 1

(c) Discretization 3

Figure 4. Beam problem description and discretizations employed.

In these calculations the material model corresponds to a Neohookean model extended to

the compressible range. The strain energy density function is:

W = (%logJ—u) logJ—i—g(Il—?)) (52)

where A and p are the material parameters, J = det(F) and I; = tr(C). The material
parameters and the geometric characteristics of the beam used in calculations are listed in

Table I.

The beam geometry and the three different finite element meshes employed are shown in
Figure 4. The mesh statistics are reported in Table II both for the continuous and discontinuous
Galerkin case.
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Figure 5. Comparison of simulation results against exact solution for a cantilever beam showing the
influence of the stabilization parameter on the accuracy of the proposed method. The corresponding
continuous simulation using the same discretization is shown for reference. In the legends, DG and

CG stand for discontinuous and continuous Galerkin, respectively.
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Table II. Beam problem discretization details.

Discretization elements nodes CG nodes DG ratio

1 144 325 1440 4.4
2 486 931 4860 5.2
3 1152 2025 11520 5.7

4.1.  Small deflections of a cantilever beam with a tip load

In this first example the beam is clamped on face b as shown in Figure 4 and loaded with
a distributed load F' = 10kN at the tip (face a). According to classic beam theory the tip
deflection is 6 = 4%% = 2mm, the work of the external load is Weyy = F 6 = 20J and the
internal energy is Wiy = FT‘S =10J.

A first simulation was done with the stabilization parameter § = 0 which confirmed that the
method is unstable in this case. A series of simulations was conducted using the intermediate
mesh size, Figure 4, for different values of the parameter § € [0.01,100], confirming that
the method is stable for § larger than a constant, as shown in Appendix I.4. Moreover, the
numerical results suggest that this constant is small. A comparison of the exact values of the
tip deflection and internal energy with the simulation results is given in Figures 5(a) and 5(b),
respectively. It can be seen in these figures that for small values of 3 the predicted deflection is
larger than the exact one, a direct consequence of the fact that the interelement compatibility
is enforced weakly. As the 3 parameter is increased, the discontinuous Galerkin solution
converges to the continuous simulation result for the adopted discretization, as expected.
Figures 5(c)-(d) show that the average and maximum size of the displacement jumps decrease
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_ — B=0.01 _ .
- 100 E s B=5 10 3 —displacement
e ] —~ B=100 1 & internal energy
e 10 - | - - second order
3 : / X
o ] ‘= 1
g 5 1 g
° 1 _» w ] L’
g % 7 /./ ’ ’ ’ : Il
m | ’
0.1 1 0.1 —
10 100 10 100
Maximum mesh size [mm)] Maximum mesh size [mm]
(a) error on tip deflection (b) errors for 8 =5

Figure 6. Convergence analysis of the discontinuous Galerkin method applied to the cantilever beam
problem. The plot shows the error vs. mesh size h. The theoretical convergence rate (O(h*), k = 2) is

observed.

as 3 increases at a rate between % and 1. It bears emphasis that even for very small values of

the stabilization parameter the method remains stable while interelement displacement jumps

stay small (~ 1073 of the tip deflection at most).

An analysis of the convergence properties of the method is presented in Figure 6. This
analysis consisted of conducting simulations with different mesh sizes as described in Table II.
When analysing the tip deflection for different values of 5 (Figure 6a), it can be seen that for
B = 0.01 the method is unstable and the displacement is overestimated (Figure 5a). For larger
value of ( the theoretical convergence rate is obtained, as expected. This is true for the tip
displacement but also for the energy norms (Figure 6b). We can conclude that, as the theory is
predicting it, the method is stable and converge only for § larger than a constant that depends
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only on the polynomial degree. The value 3 = 5 leads to stability and convergence.

4.2. Large deflections of a cantilever beam

In this example the load applied to the beam is increased by a factor of 1000, i.e., F = 10M N.
The purpose of this test is to assess the accuracy and stability of the method under non-linear—
albeit physically-stable—conditions. The medium-size mesh (Mesh 2) is employed both in the
continuous and discontinuous simulations and the load is applied in increments of 0.1M V.
Figure 7 shows the deformed configuration and contours of internal energy density for three
different values of the stabilization parameter 5 = 0.5,5 and 100 as well as the corresponding
continuous simulation result. As it can be observed in these figures, these simulations yield
stable results which are similar to the continuous numerical solution. Figure 8 shows the
deformed configurations obtained with the three different discretizations in Table II and
B = 5. Figure 8(d) shows a detail illustrating the discontinuities at interelement boundaries.
A quantitative analysis of the influence of the discretization and the stabilization parameter
on the simulation results is presented in Figures 9 and 10. Figures 9(a) and (b) compares
respectively the values of the tip deflection and internal energy with the corresponding
continuous simulation as the stabilization parameter 3 is increased from 0.5 to 100. It can be
observed that the method is stable even in the presence of nonlinearities at least insofar as no
physical instabilities due to the nonlinearity appear in the problem, as expected in continuous
formulations. As in the linear case, small values of the stabilization parameter § yield stable

results and the discontinuous solution approaches the continuous result as 3 increases.

Figures 10(a)-(b) show the convergence of the weak enforcement of compatibility at
interelement boundaries with the stabilization (. Average and maximum interelement
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(d) Continuous

Figure 7. Deformed configuration and contours of internal energy density of cantilever beam subjected

to a tip load F' = 10M N. The figures show that the solution obtained with the discontinuous method

with different values of the stabilization parameter is similar to the continuous solution.
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(a) Discretization 1 (b) Discretization 2
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(c) Discretization 3 (d) Interelement boundary jumps

Figure 8. Deformed configuration and contours of internal energy density of cantilever beam subjected
to a tip load F' = 10M N for different mesh sizes and 3 = 5 (a)-(c). Detail illustrating the discontinuities

at interelement boundaries (d).
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Figure 9. Comparison of tip deflection and internal energy vs stabilization parameter against
continuous simulation results in the case of large beam deflections. The different curves labeled DG1-
3 and CG1-3 correspond to the different discretizations used in the discontinuous and continuous

simulations, respectively.

displacement jumps decrease as ( increases at a rate between % and 1. Additional insight
into the stability exhibited by the method can be gained by observing the number of Newton-
Raphson iterations required to achieve convergence in the solution of the nonlinear algebraic
equations (51), Figure 11. As this figure shows, the continuous method requires three iterations
for all three mesh sizes. In the discontinuous case, one more iteration is necessary providing the
interelement compatibility is enforced strictly through a large-enough value of the stabilization
parameter 3. This confirms that our approximation of the consistent stiffness matrix which
only considers the geometric contribution, see Appendix II, does not affect the convergence
within the stable range of 8 while it provides significant computational savings.

Copyright (© 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2006; 00:1-51

Prepared using nmeauth.cls



A GENERAL DISCONTINUOUS GALERKIN METHOD FOR FINITE HYPERELASTICITY 31

0.1 - 1
.
g 0-01 n I;.- 0.1 |
g 5
2. 0.001 1 g 0.01-
c 3
é ——DG 1 .g -+ DG 1 N
0.0001 7+ DG 2 w = 0001 ., pG2
DG 3 DG 3
0.00001 LR LLRRRRL] rrrTTTm 0_0001 T T T TTTTT T T T TTTTT T T T
0.1 1 10 100 0.1 1 10 100
Stabilization parameter Stabilization parameter
(a) Mean interelement displacement jump (b) Maximum interelement displacement jump

Figure 10. Influence of stabilization parameter on size of interelement jumps in the case of large beam

deflections
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Figure 11. Number of Newton-Rapshon iterations to convergence vs stabilization parameter and

comparison with iterations in continuous method.
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XA
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Face a
\K>
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Figure 12. Description of the pure bending of the beam.

4.8. Large strains of a cantilever beam under pure bending

The third example is intended to illustrate the ability of the proposed method to describe very
large deflections and strains, thus fully exhibiting its stability and accuracy properties under
strong nonlinearity. The problem considered consists of imposing continuously-increasing pure
bending Dirichlet boundary conditions at the end of a cantilever beam, see Figure 12. The
deformation of the material surface X5 = L (face (a)) is imposed according to the restricted

deformation mapping x = ¢ (X), X3 = L:

o1 (Xia) = X+ [g + Xl} [cos (a) — 1]

z3 (X1; @)

[g + Xl] sin (a) (53)

where « is the angle of rotation. The structure is free to move in direction x5. The discretization
employed is the second one. An angle o = 27 is reached in 500 load increments. The
discontinuous Galerkin simulations are conducted with G = 100.
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Figure 13. Snapshots of the deformed mesh configurations and contours of internal energy density
at a = %’r, %", %”, 8?” during the simulation of the pure bending of a cantilever beam under large

deformations using the discontinuous Galerkin method.

Copyright (© 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2006; 00:1-51

Prepared using nmeauth.cls



34 L. NOELS AND R. RADOVITZKY

Internal energy [J/m*3] Internal energy [J/m*3]
1E+10 1E+10

1E+09 1E+09
I 1E+08 I 1E+08
1E+07 1E+07

(a) Continuous Galerkin (b) Discontinuous Galerkin

Figure 14. Density of internal energy for pure bending of the beam: formation of a ring.

A series of snapshots of the deformed mesh configurations and spatial distribution of the
internal energy density are shown in Figure 13. Figure 14 shows the final configuration after a
total rotation of o = 27. Interestingly, both continuous and discontinuous simulations predict
a helical shape with an out-of-plane deflection in the xs direction. The direction of the out-
of-plane displacements chosen naturally by the computation is due to the asymmetry of the
mesh. As it can be seen in the figure, both methods lead ostensibly to the same solution. A
comparison of the total strain energy obtained with the continuous simulation (31.8MJ) vs.
the discontinuous simulation (31.3MJ) yields a difference of only 1.5%, thus confirming the
statement above. The mean and maximum interelement displacement jump obtained in this
computation are very small, 0.48um and 7.4um, respectively.
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5. SUMMARY AND CONCLUSIONS

A formulation of the discontinous Galerkin method applied to large-deformation hyperelasticity
has been presented. Key elements of the formulation include taking a three-field
Hu-Washizu-de Veubeke energy functional allowing for jump discontinuities inside the problem
domain as a starting point, the reduction to a single-field formulation involving formal jump
operators and the linearization of the equations with respect to the jumps which effectively
enables the elimination of the formal operators and leads to the possibility of practicable

implementations.

The method thus formulated results in interelement boundary terms involving average-type
fluxes and a stabilization term of the quadratic-type. The proposed method is shown to be
consistent in the non-linear range. In the linear limit, this formulation can be reduced to a
bilinear form as commonly found in discontinuous Galerkin methods. The L2-stability and
convergence properties of the method are demonstrated in this case. In the non-linear range
these properties are expected. But when dealing with non-linear materials, these properties

cannnot be generalized but are expected.

A three-dimensional implementation of the method in terms of interface elements located at
interelement boundaries is described. A specially attractive aspect of this implementation is
that it fits naturally within a conventional finite element framework. Examples of application
to a beam structure and comparisons against the corresponding continuous numerical results
in both the linear and large-deformation range are presented demonstrating the accuracy,
stability and robustness of the method.

Since the discontinuous Galerkin method proposed is robust and can be easily implemented,
we believe that it can be used as a starting point to simulate problems involving physical
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discontinuity (failure, eg) in the non-linear range.
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APPENDIX
I. NUMERICAL PROPERTIES
In this appendix the numerical properties of the proposed formulation are analyzed. The

consistency of the method in the non-linear range is demonstrated. As is also common in
conventional finite element methods for large deformations of solids, the analysis of stability
is restricted to the linearized version of the numerical method. To this end, the linearized

L2-stability and convergence rate are also proven.

1.1. Consistency

From relations (41), (42) and (44), the weak formulation (31) is rewritten as finding ¢, € XF

such that:

/ P (F) : VodendVp t
Bon

/&BM [6pn] ® N7 <I%C> : [en] ® N™dSo +/ [6on] - (P (F)) - N~dS, =

91 Bon

/ poB - §ppdVy + / T- dppdSy Yoy € Xﬁc (54)
Bopn 6NBOh

If o = ¢ is the continuous exact solution, and if P (Vy¢) is continuous, one has:

[en] = 0
F = Vop
(P(F)) = P(F) (55)
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Therefore using the divergence theorem, (18) and (54) leads to:

[ Vo P(F) spndvo + / Son - P (F) - NdSo—
Bopn 6NB0h

/a [6n] - P (F) - N~dSo + / [6n] - P (F) - N~dSo =

91 Bon

/ 0B - ondVi + / T pndSy Vo € XE_ (56)
Bopn 81\7B0h

It is clear that after elimination of the interelement boundary terms, the strong form of the

equilibrium equations for large deformations of continua is recovered:
Vo-P+psB= 0 in By, (57)
P-N= T ondyxBo (58)
Let us note that if the stress tensor is not continuous there is a lack in the consistency.
However, in the linear range, by proceeding as Lew et al [11] (Corollary 3.12), and by using

further results obtained in the linear range, one can show that the lack of consistency is

bounded, that the stability is still verified, and that the convergence rate is still the same.

1.2. Reduction to linear elasticity

Let € be the small strain tensor, and let us assume small displacements. The actual
configuration is close to the reference configuration. Therefore the strain tensor is defined
by:

ep) = 3[Vetov]-T (59)
where I is the identity tensor. Let H be the classical Hooke tensor. When reducing to linear

elasticity, one has:

0P, 0*W

Cisk = =LxPyr +4F iy s~ Fin
! OFw, M OC M 0CNL
~ H (60)
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since the geometrical term leads to a higher-order term. Then relation (54) is reduced to:

I5, € (pn) : H:VopndV + [, 5 [6¢n] - (e (wn) : H) -n=dS +
fath [opr] @®n~ : <hﬁsH> Jer] ®n—dS = th pB - SpndV +

faNBh T - §pdS Ve € Xﬁc (61)

where n™ is the normal in the actual configuration. This expression is rewritten in the bilinear

form as finding ¢, € XF:
a(pn — X, 80n) = b(5pn) Vopn € Xf, (62)
with

a(up,dpp) = Vuy, : H: ViprdV +
Bp,

/a,Bh [opn] @n™ <hﬁH> [un] ®@n—dS +

/ N (H: V) - [Sen] dS (63)

o1 By,

b(Gpn) = /B pion - BV + /8 _ Tspas (64)
h N Dhp

where uy can be seen as a displacement field and where we have used the symmetry of H
(Vu, : H = %Vuh cH+ %uhv : H). From this expression we can still demonstrate the

consistency, but also the stability and we can determinate the convergence rate.

1.3. Consistency in the linear range

Consistency in the non-linear range was demonstrated in section (I.1). In the linear range
this consistency is of course still verified and therefore the exact solution x verifies the linear
relation (62). Using the linear properties of this function the consistency relation can also be

Copyright (© 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2006; 00:1-51

Prepared using nmeauth.cls



40 L. NOELS AND R. RADOVITZKY

expressed by:

a(en—w,0pn) = alpn—X,dpn) —a(p —X,0p)
= a(pn —%o,0¢n) —b(6pn) =0 (65)
1.4. Stability
Let h. be the size of the subdomain €:
he = ggg% {diamB} (66)

where B is a ball. We assume the discretization is regular:

Ja>0 : he < mingsq: {diamB} (67)

he — 0 is the only accumulation point (68)
Therefore, one can define the discretization size by
Amax = maxhe (69)

In this section we assume that the Dirichlet conditions correspond to an imposed

displacement equal to zero. Let us define X£ (Bor) the constraint space:

X! (Bow) = {v € X (Bonlpy,. -0} (70)
Let us define the norm |[je]|| : X! (Bon) — Ry:
2 1 2
VI = S |vAEevv| o+ SV e |
L(Q°) L*(s)
e s€0r By,
2

Ze: H\/ﬁ : Vv‘ (71)

2 1
L2(Qe) + 26: 2 ‘

Existence of vH is ensured by its symmetry properties. Contrarily to Hansbo and Costanzo

hs_%\/ﬁ: [v] ®n_‘

L? (0Q2¢NO1 By,)

[12] we introduced this term in the norm as proposed by Engel et al. [13] when studying plates
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in linear elasticity. Expression (71) is a norm in the constraint space X (Byy,). If right part is
equal to zero, then Vv is also equal to zero. Therefore v has the equation of a rigid motion
on each element €2§. If the right part is null then the jump is also null and the rigid motion is
global. Since v € X! (Byy) enforces strictly the Dirichlet condition v = 0 this rigid motion is
null.

Let us consider v, dv € X! (Bg). The Cauchy-Schwartz inequality (|a : b| < ||a] [|b]|)

leads to:

IN

2

€

ZH\/?TK:VV

Vv :H: V(SvdV‘

H\/v_f : V(Sv‘

/ Vv :H: V(SvdV‘
B

IN

(72)

L?(0°) L?(0)

Moreover one has:

’IBIB,L [ovl®@n™: <h£7'l> v ®n‘d8‘ =
LIS Joeroy i, VI @0 (£H) s V] @n=ds| <
hs_%\/,}_'ll [v] ®n“

1
2

he*VH - [[5v]]®n“

L2(Qend; By) L2(89¢ndr By,)

and:

oy 1 - (2 V%) 161 0S| = 3|, fo gy, ™ (1 V) - [5v] S <
h?\/')_'( : (Vv>‘
hqé\/'}_'l : VV‘

<
L2(89eNndrBy)

ha *VH - [[5v]]®n“

L2(89¢Ndr By)

<
L2(89eNndrBy) —

hs_%\/ﬁi [[6vﬂ®n"

L2(89¢Ndr By)

where we have used the property || (o) 2., < |[®||; 2., +|l®F| 2., and the scaling properties.*
L2(s) L2(s) L2(s)

(74)

hs_%\/,}_—l: ﬂ&vﬂ@n*‘

L2(Qe) ‘ L2(0Qendr By,)

< Ck||Vv]2, with C* >0

fHansbo et al have shown [12] that for an element e one has hs ||VV||L2 09¢) < L.2(0e)
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Relations (72), (73) and (74) lead to two interesting results. First result is an upper bound

of the bilinear form. From relation (63), the triangular inequality leads to:

la (v,ov)] <

Vv:H: V(SvdV} +

/6th [ov]®@n™ : <£H> (vl ® ndS‘ +

By,

/ n~ - (H:Vv)-[ov]dS
1By,

(75)

By using relations (72), (73) and (74), this last expression is rewritten as:

) H\/ﬁ : Vdv‘
L2(Qe)

L2()

la (v,0v)] < Z H\/7_‘( : Vv‘
39|

h;%\/ﬁ: [[5V]]®n*‘

h;%\/’}_-l:[[v]}®n”

L2(8Qendr By,) L2(8Q¢Ndr By)

+ON VA ]| L VAR v o
- L2(Q) L2(0Qendr By)
< : :
(oYL e VH:[ov] @ n”
1 VH:[v]@n~ Via-jovien
e v Zhs L2(8Q°Ndr By,) 2hs L?(09¢Ndr Br)
1 _
+Ch (ﬂ) ; H\/I}_—t PVv L2(Q¢) H 2hg\/7_—l . |I5V]] “n L2(8Q¢Ndr By) "
1 _
Cl (ﬂ) ; H\/,]T{ : V(SV’ L2(Qe) H 2]7,5\/ﬂ . IIVH “n L2(8Q€r7813h) (76)
with C; () = max (1, 0, \/ﬁCk). The previous relation is rewritten:
la(v,0v)| VH:[v@n
=22 < Z VH: Vv , L |y
C1(B) . H L7(Q°) V2hs L2(09°N; By)
) -
||vroa +HM% (7
L*(Qe) s L?(092¢Nd; By)

The Cauchy-Schwartz inequality (| Y-, a;bi| < />, a? 37, 0%) and the property 2ab < a* + b?

|Q¢] [.{VVv:Vv}dS
[s] /Qe {Vv:Vv}dV

|2°]

independent of the element geometry and with hs = ESE

. Constant C* = SUPy cpk ()

depends only on the polynomial degree k.
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lead to:

I [ Y R T I
| VR B R O TS |
SO N [(CEs WS G EES W
0[RS P I

Introducoing the factor 4 in C7, and using (71), one has the upper bound relation:

la(v,ov)| < Cr@)IvIIIIIovl] ¥v,ov € X (Bon) (79)

where C () is independent of the size of the mesh.

Second result corresponds to a lower bound of the bilinear norm. From relation (63), one

has:
2 1 2
a(v,v) = ZH\/’)_'[:VV ,.  t+B Z ‘hsgx/’}_'[:[[v]]@)n_ , ot
p L*(Q2e) scor B L(s)
/ n~ - (H:Vv)-[v]dS
O0r By,
> Y, +Es|htva: I
- Xe: H ' E‘ L2(Qe) + 2 Xe: ’ s Pa]@n ’ L2(99QeNd; By,)
— / n~ - (H:Vv)-[v] dS' vv e X! (Bon) (80)
O0r By,
Using (74) leads to:
> YA v S5 |nst v -IF
a(v,v) =2 Z:H ’ V‘LQ(QE)+§2€:‘ s Men ‘LQ(E)QCQE)IB;,)_
1
ck H : ’ ’ hs 2 : *‘ 81
0l (R B TR E (81)
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The e-inequality®, this last relation is rewritten
a(v,v) > Z[l — €] H\/'?_'l Vv‘
e
2
g C* ‘
%=

k2

Let Cy () = min (1 —¢,0— C;—E) that is positive providing 5 > 02—];2 and ¢ < 1. Therefore,

2
@
2

(82)

hs_%\/ﬁ: [[Vﬂ@n*‘

L2(8Q°Ndr By,)

using (71), relation (82) becomes:
a(v,v) = Co(B)[|vI]® Vv e X (Bon) (83)

Let us rewrite this relation for the finite approximation. Since ¢, — X € Xﬁc c X! (Boy,) since

the Dirichlet conditions were enforced strictly, one has:
a(on—X,pn—X) = Co(B)llpn —X[|I* Veon —X € XF, (84)

This last expression demonstrates the stability of the method, since the energy norm is

bounded. Let us remark that C* depends only on the polynomial degree.

1.5. Convergence

If ¢ € X! (Bop) is the exact solution of the problem, we can define ¢* the interpolation in XF
by:

/ [ — "] - 6vdV =0 Vov € X (85)
Bp,

Let us define the error e = ¢, — ¢ € X! (Byy,) (where we assume the imposed displacement
on Dirichlet boundary equal to zero and strictly enforced) and the error of the interpolated

solution e* = ¢, — " € XF_ C XI (Byy,). Since the bilinear form (63, 64) is by definition

5¥e > 0: Jab| < 502 + %b2 or Ve > 0: |ab| < ea? + 4—1€b2,
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linear, using (79) and (84) yields:

2
Ca el

IN

a(en — 0" on—@") =a(en—e,0n—¢") +a(e— " on— ")

IN

Cllle = @[ {llen ="l = Cullle = "l [[le*]] (86)

where we have used (65) to annihilate the term a (cph — Y, pn — cpk). Now we have to estimate
the right part of this equation.

First term of the definition of norm (71) can be evaluated:

2

vt

2
L2(Q¢) < ccihfr{cax ”50 - X||Hk+1(Qe) (87)

where we have used successively the positive definiteness of HY, the definition of the norm
in the Sobolev space ([|[Ve|yoqe) < [l (o)), the basic error estimates of interpolation

theory”, and the relation h. < Apax. Moreover, one has:

_1 112 _1 12
‘hs VH [[go—gak]] Rn ‘L2(S€813h) < C‘h62x/7_'l: [[go—gak]] ®n ‘L2(me)

—H‘P_‘PkHi?(Qe) o112

< oo | 2L 9 - M)

e

o = * 1720

< Cr h—ng(Q) + ||90 - (Pka{l(Qe)

< %M%—%W;mﬂ

< Cihtle - Soka{kH(Qe)

< Ol e = Xl e (88)

where we use successively the fact that for one given element hg is proportional to he,

3¢ >0:a:H:a<ca:a.
IGiven a function ¢ € HFT! (92§), then VF € P* (QF) interpolating ¢ in Q°[26]: HcpfcpkHHq(Qe) <

Cih’(j“'l—q ||<p||Hk.+1(Qe) V0 < q < k + 1, with C; independent of h., the size of Qg.
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46 L. NOELS AND R. RADOVITZKY

the positive definiteness of H, the trace inequality**, the definition of Sobolev spaces (i.e.
[Vx[lgoey < [I%[li1(qey), the inverse inequality’™ and the interpolant norm. Therefore,

combining (87) and (88) leads to:

llo = @HII" < Cs D h2lieo = Xl ey (89)

€

where C'3 > 0 does not depends on hyax.

Finally, combining relations (86) and (89) one has:
lelll < Cabtuac e = Xllusss (s, (90)

where Cy > 0. This expression demonstrates that the order of convergence is the order of
the polynomial approximation providing ¢ € HF ! (By). Since we dropped the symmetric
term we cannnot reach a convergence rate of k + 1 in the L?-norm [27]. But the last relation

demonstrates that we have at least a convergence rate of k in the L2-norm.

IT. STIFFNESS MATRIX

In this section we provide an approximation of the stiffness matrix resulting from the interface
forces (50). When analyzing this expression it is clear that the forces of the interface element
depend on the stresses (and on the material moduli) of the two adjacent tetrahedra. Therefore
the stiffness matrix involves all the degrees of freedom of the two adjacent elements and not
only those comprised by the interface element itself. This increases the complexity of the
implementation and—possibly—the bandwidth of the assembled global system of equations.

Taking into consideration that for stable values of 3 the displacement jumps are small, as shown

vy € H (Q¢) 3CTr > 0: ||v|

C
iZ(BQE) S TZ ”Vlli?(ge’) + CThe ”aniz(ﬂp) [26]
fym <1 3C; > 00 |[Vlgmqey < Crhé ™ IVl qe [26]-
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Figure 15. Residual norm vs number of Newton-Raphson iterations in the solution of the nonlinear

system of equations for problems in Sections 4.2 and 4.3

in the application examples, we propose to take into account only the geometric part (due to
the jump) of the stiffness matrix. We will show that the convergence of the Newton-Raphson
iterations is not affected by this simplification whereas it provides considerable simplification
of the implementation and considerable computational savings.

The geometric part of the stiffness matrix results from the jump in the last term of relation

(50). A straightforward derivation leads to:

++ 8f]ji B~ _ _
K., = —==% —C N,N; NN, dS (91)
g ox;- . S gy
b j 91 Bon s iJjL

with a plus sign for the combinations £ 4+ pu+ and £ — pu— and with a minus sign for other
combinations.

Figure 15 illustrates the convergence of the Newton-Raphson iterations when considering
the bending in large deformation of the beam (discretization 2, stabilization parameter 5 = 10)
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48 L. NOELS AND R. RADOVITZKY

and when considering the formation of a ring. The evolution of the residual shown corresponds
to a representative load step at the end of the simulation. It can be observed that despite the
inconsistency of the stiffness matrix the convergence rate appears to be close to quadratic. It
can therefore be concluded that the approximate stiffness of the interface elements proposed
in equation (91) does not affect the solution of the system of nonlinear equations while it is

significantly advantageous for the reasons alluded to above.
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