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Abstract

A micro-mechanical model for fibre bundle failure is formulated following
a phase-field approach and is embedded in a semi-analytical homogenisa-
tion scheme. In particular mesh-independence and consistency of energy re-
lease rate for fibre bundles embedded in a matrix phase are ensured for fibre
dominated failure. Besides, the matrix cracking and fibre-matrix interface
debonding are modelled through the evolution of the matrix damage variable
framed in an implicit non-local form. Considering the material parameters of
both fibre and epoxy matrix phases identified from manufacturer data sheets,

it is shown that the failure strength of a ply loaded along the longitudinal
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direction is in agreement with the reported values. Finally, the multi-damage
homogenisation framework is applied to model, on the one hand, the failure
of a notched laminate, in which case the failure modes are observed to be
in good agreement with experiments, and, on the other hand, the failure of
yarns in a plain woven composite unit-cell under uni-axial tension.
Keywords: Mean-field homogenisation, Phase-field, Fibre bundle failure,

Matrix cracking, Woven composites, UD laminates

1. Introduction

The failure of fibre-reinforced composites often occurs suddenly with-
out any prior visible signs of damage. Understanding and modelling the
failure processes of Unidirectional-Carbon Fibre Reinforced Polymer (UD-
CFRP) composite structures become vital to the safe application of compos-
ites. Many attempts had been conducted to predict strength of this kind of
material. In recent years, micro in situ experiments and enhanced computer
simulations have been carried out to deepen the understanding of failure
processes of a UD-CFRP composite component [IHI0]. Comparing to ho-
mogeneous materials, the failures mechanisms of UD-CFRP composites are
more complicated because of the coexistence of fibre-dominated and matrix-
dominated failure modes and delamination. Delamination of laminated com-
posites has been well modelled with cohesive laws. However, modelling the
fibre-dominated and matrix-dominated failure is still an active research area.

For matrix-dominated failure, micro-scale modelling was performed with
discontinuous Galerkin/cohesive zone method in [6] and with damage en-

hanced matrix combining cohesive zone at fibre/matrix interface in [4] to
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simulate the transverse tensile failure of UD-CFRP composites. In [5], an
XFEM / cohesive zone method was applied to predict the matrix-dominated
failure of UD-CFRP composite laminates. The longitudinal tensile failure of
UD-CFRP composites is dominated by fibre failure whose mechanisms can
be described successively by initiation of single fibre failure accompanied by
a redistribution of stress in the neighbouring fibres, the formation and prop-
agation of clusters of broken fibres, and eventually failure of the material. In
[7], finite element analyses were applied on representative volume elements
(RVEs) with a progressive failure model for fibre bundles. Spring-element
model was also used to simulate the failure of fibres in 2D and 3D RVEs
[8-10)].

It is well understood that the sudden failure is caused by the gradually
accumulated micro-damage. Therefore, continuum damage mechanics was
also widely used at both macro- and micro-scales in the modelling of com-
posites failures [11HI4]. Anisotropic damage models were applied in [11, 12]
to describe the degradation of the elastic tensor of a composite ply. The
components of the anisotropic damage model were separated into fibre- and
matrix-dominated damage processes according to the stress state of the ply.
Since the stress state of a ply is a combination of the of stress states in both
the matrix and fibre phases, the damage contributions caused by fibre and
matrix damage cannot always be clearly separated and this may lead to an
inaccurate prediction of the damage zone propagation [15]. Besides, when
local damage models are used, the model parameters need to be related to
the mesh size of the finite element discretisation in order to reduce the mesh

dependency. In a micro-scale finite element analysis on RVEs, damage mod-
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els were introduced in fibre and matrix to predict the longitudinal tensile
failure of composites [13].

In the recent years, the phase-field approaches have attracted attention
for computational modelling of brittle failure. Using diffusive crack zones
governed by a scalar auxiliary variable to mimic the crack surface topology
in the solid, the phase-field method does not require the implementation of
complex crack tracking algorithms whilst recovering the Griffith fracture ap-
proach [16]. At the micro-scale, by considering a combination of phase-field
with smeared interfaces [17], it is possible to predict the crack interface in-
teraction. Such an approach was used to develop a micro-mechanical model
of the fibre-matrix debonding and matrix cracking interaction [I8]. At the
macro-scale, a phase-field method with two auxiliary variables, respectively
for fibre and inter-fibre failures, was developed in [19] to simulate the crack
propagation in UD-CFRP composites. In this approach, the applied consti-
tutive law remains at the composite ply scale, facing the same problem as the
other macro-scale anisotropic damage models for which the propagation of
crack/damage zones cannot always be captured correctly accordingly to the
ply orientation. This particular anisotropic nature of a UD ply can be cap-
tured by considering a characteristic lengths tensor with preferred directions
in the phase-field equation governing the auxiliary variable [20]. Combin-
ing this anisotropic form of the phase-field equation with a new definition
of the driving energy release rate, which is defined from the different fail-
ure mode strain energies and critical energies, allows recovering the correct
crack/damage propagation direction in plies [20] and laminates [21]. We also

refer to the recent review of phase-field methods applied to composite lami-
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nates [22]. In these macro-scale models, the parameters are identified by con-
sidering the response at the ply level and not directly from the constituents.
Besides, the progressive failure mechanism of fibre bundles also physically
interacts with the fibre-matrix interface debonding and the matrix yielding
and cracking [2] during the failure process of composite materials, and this
physical process is difficult to be simulated with a purely macro-scale model.

Clearly, predicting the failure of composites with direct finite element
analyses on RVE remains computationally costly when all the coupled dam-
age phenomena are considered while macro-scale models are not detailed
enough to represent the interplay between these damage mechanisms, moti-
vating the development of multi-scale methods accounting for the micro-
mechanics. Among the micro-mechanics-based methods, the Mean-Field
Homogenisation (MFH) approaches provide an efficient framework to pre-
dict the macroscopic behaviour of heterogeneous materials at a reasonable
computational cost even for non-linear simulations. Based on the concept
of Linear Comparison Composite (LCC) [23] 24], MFH has been extended
to the modelling of composites, whose constituents may exhibit non-linear
behaviours, as plasticity [25H27] or elasto-visco-plasticity [28-31]. MFH has
been extended to consider the damage in the matrix phase independently of
the fibre failure in [I4]. This method is free from the mesh dependency since
the implicit gradient enhanced damage model was adopted [32]. Besides, be-
cause of the underlying micro-mechanics model, the matrix damage modes
were found to be in good agreement with micro-CT measurements [14]: stress
and strain states in fibre and matrix can be estimated in an average sense

and the damage in the matrix propagates along the fibre directions even
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for longitudinally loaded plies, as observed in the micro-CT measurements.
However, the fibre-dominated failure was not considered in [14].

The fibre strength is a stochastic property that exhibits a size effect [33].
Based on a Weibull distribution of the fibre strength, a stochastic damage
model of fibre bundles has been developed and introduced in a Mean Field
Homogenisation (MFH) process to describe the fibre breaking in UD fibre re-
inforced composites [34]. In this model, a length parameter of the stochastic
fibre damage model was determined from the matrix and fibre mechanical
properties and fibre radius according to the experimental measurements pro-
vided in [1], in which optical microscopy was used for in situ measurements of
the stress build-up profile of broken fibres. Although fibre failure and matrix
cracking were predicted to occur at locations in good agreement with ex-
perimental measurements for the longitudinal tensile strength of UD-CFRP
notched laminates, the stochastic damage evolution was framed in a local
way. As a result fibre damage model needed to be connected with the finite
element size and the energy dissipation resulting from fibre-dominated failure
could not be resolved.

Embedding damage evolution in a MFH was shown in [I4] to present
several advantages resulting from the micro-structure informed nature of the
formulation: i) only micro-structure parameters such as the phase material
responses have to be identified; ii) the macro-scale resolution also gives in-
formation on the phases responses; iii) the anisotropic non-local formulation
allowed predicting matrix cracking in good agreement with experimental ob-
servations. Nevertheless the method developed in [14] embeds the matrix

damage only and is not able to predict laminate failure because of the lack



118

119

120

121

122

123

124

125

126

127

128

129

130

131

132

134

135

136

137

138

139

140

141

142

of representation of the fibre-dominated failure. The novelty of this work
is thus to enrich the non-local matrix damage enhanced MFH formulation
to account for fibre failure in a mesh-independent way. Besides because the
critical energy release rate of longitudinal failure strongly affects the com-
posite material response, this enrichment ought to be achieved in an energy
consistent manner. To address these two requirements, the stochastic fibre
damage model developed in [34] and embedded in a Mean Field Homogeni-
sation (MFH) process is substituted by a spatially correlated damage model.
In this deterministic approach, it is assumed that the failure results from a
stress concentration, in which case the statistical effects become less impor-
tant than for a uni-axial tension of a uniform sample, and a deterministic
continuum damage approach can be a suitable choice. In order to recover
mesh-independence and the correct energy release rate for fibre dominated
failure, a phase-field model is adopted to describe the embedded fibre bundle
failure, allowing recovering the observed physical phenomena in [I]. Further-
more, in this MFH based damage modelling, the behaviours of the fibre and
matrix phases are implicitly coupled, which makes the model able to reflect
the fibre-matrix interface debonding and the matrix yielding and cracking
during fibre breaking via the evolution of the matrix damage variable [34].
This approach is in agreement with the physics observed in composites with
strong fibre-matrix interface, in which case, the dominating failure mecha-
nism is an inter-phase failure [35], and the failure of matrix and of interfaces
can be both taken into account using a damage-enhanced constitutive model
for the matrix [36].

The paper is organised as follows. Section [2| develops the phase-field
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damage model of embedded fibre bundles and the non-local damage model
used for the matrix phase. Section |3| details the extension of Mean-Field
Homogenisation to account for both matrix cracking and fibre failure. The
finite element implementation of the resulting multi-scale framework is for-
mulated in Section [l The identification of the phases material parameters
and the study of the effect of the characteristic failure length of the em-
bedded fibre bundles are provided in Section [5] allowing their determination
from experimental measurements. A simple ply tension is then considered
in order to evaluate the predicted ply strength. The developed multi-scale
model is eventually applied in Section [6] successively to study the failure of a
notched laminate and the failure of a plain woven composite unit-cell. The
former case was studied with a local approach of fibre bundle damage in
[34], in which the simulation exhibited a lack of convergence due to the local
damage assumption. In this paper we show that the phase-field approach, on
the one hand, allows conducting the simulation to an end, and, on the other
hand, predicts the failure modes in good agreement with the experimental
CT observations reported in the literature [3]. In the latter case studying
the failure of a plain woven composite unit-cell, the warps and wefts are
modelled as dense unidirectional fibre reinforced epoxy using the developed
damage enhanced MFH model, whilst the epoxy matrix out of the yarns is
modelled using a non-local damage enhanced elasto-plastic material. The
predicted strength of the woven unit-cell is found to be comparable to the

experimental observations.



s 2. Mesh-independent damage model of the composite micro-constituents

In this first section we present the damage enhanced micro-scale consti-
tutive models of the phases of Unidirectional (UD) composite materials. In
each phase w;, at configuration time ¢, the stress tensor can be obtained from

a constitutive relation
o @ 1) =S (@ tun), Zi(@, 1): Zi(@, 1), TE(0,4]) . ()

where Z; is a set of internal variables particularised to phase w; and used to
account for history-dependent behaviours. In order to avoid mesh-dependency
issues upon strain softening onset, a subset of the internal variables Z; is
associated to a set of auxiliary internal variables Z; which are kinematics
variables obtained from the resolution of equations that can be stated, for

Z;, the internal variable j of phase w;, in the form
Ziy (@, 6) = Vi V2 (@, 8) = [ (Z, (@, 1), £ (@, 1), Zi, (@, 1)), (2)

where ¢; is a squared characteristic lengths matrix associated to phase wj
and where f; (Zij, E, Zij) is a function of the local variable Z;, that depends
on the formulation. The constitutive law is then completed by a damage
evolution law formulated in a mesh-independent setting, ¢.e. formulated in

terms of the auxiliary internal variables Z;, with for phase w;:

Di(x,t)=D;(D;(x, t), e(x, t), xi(x, t); Z; (x, 7), 7€ [0, t]) Xs

Xi(T, 1) = max,¢jo, 4 (Z)
(3)

17 where x; is the maximum value reached by the auxiliary internal variable in

18 order to ensure irreversibility of the damage process.

9
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In the following we particularise these equations for the two phases while
accounting for the interaction mechanisms between them. First, the case of
the failure of fibre bundles embedded in a matrix is studied and framed in a
phase-field like approach in order to represent the spatial distribution of the
stress build-up developing along a broken embedded fibre. Then, the micro-
cracking of the matrix is developed by combining a non-local approach with
an anisotropic squared characteristic lengths matrix in order to account for

the presence of fibre bundles which constrain the damage spatial evolution.

2.1. Phase-field damage model of the embedded fibre bundles

In this part we introduce a mesh-independent damage model for fibre
bundles embedded in a matrix. First the stress build-up resulting from the
failure of a single fibre embedded in a matrix is studied. The resulting spa-
tial damage distribution of a fibre bundle is then expressed in terms of an
auxiliary damage function defined from a characteristic length, allowing the

derivation of phase-field-like governing equations.

2.1.1. Damage of a broken embedded fibre in a matrix

Figure 1: The longitudinal stress build-up at the adjacent parts of the fibre breaking point.

When a fibre embedded in a matrix breaks, the longitudinal stress of

this fibre drops to zero at its breaking point whilst the longitudinal stress

10
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of this fibre increases progressively at the adjacent two sides of the breaking
point until the far-field stress o, is recovered, see Fig. This progressive
longitudinal stress increase in a broken fibre can be described by a stress
build-up profile, which is a spatial function of the distance along the fibre
with its origin at the breaking point. On the one hand, when embedded
in an elastic matrix, the stress build-up profile of a broken fibre can be
obtained analytically using the shear-lag theory [37]. On the other hand,
when embedded in an elasto-plastic matrix, since the shear stress at fibre-
matrix interface is limited, either an experimental or a numerical method is
required to obtain the stress build-up profile of the broken fibre. Based on
the experimental data provided in [I], a continuous function was suggested

in [34] to describe the stress profile, which reads

o) e (1o ()" ’

where |z| is the distance from the origin of the fibre breaking point to the
considered material point in the longitudinal fibre direction, the length pa-
rameter [; relates to the distance at which the maximum shear stress 7 is
reached at the fibre-matrix interface, see Fig. (1| and n is the shape param-
eter. Values of n € [2,3] were shown to describe the stress profile o(z) in a
good agreement with the experimental data [34].

Since the breaking of an embedded fibre reduces its stress carrying capa-
bility from the faraway field to the breaking point, a fibre damage evolution

can be defined to describe this decrease in the composite material, which

b1 (e ()

1

yields

11
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Instead of being a local variable, the fibre damage in Eq. is a spatial
function characterised by a length parameter l;, with D(0) = 1 at the fibre
breaking point and D(z) =~ 0.0 for || >> [;. This definition of the fibre
damage shows that the effect of the fibre breaking exists in a certain spa-
tial region along the fibre whose size is related to this characteristic length

parameter [y.

2.1.2. Damage of fibre bundle in matriz

Although a fibre bundle is an aggregate of parallel fibres, its damage
evolution cannot be described by a simple linear combination of the damage
variables of the individual fibres since the longitudinal stress of a broken
fibre will be redistributed to their unbroken neighbours through the matrix.
Therefore, the reduction of stress carrying capability of a fibre bundle is also
governed by the matrix shear response. However, the concept of effective
damage zone with characteristic length [; introduced when considering a
fibre breaking still holds.

As an extreme case, when considering a fibre bundle made of a single
fibre, the damage at = 0 jumps from 0 at the onset of fibre breaking to
1. When considering several fibres, it is assumed that the damage of the
fibre bundle evolves progressively from 0 to 1 at z = 0 with the increase of

longitudinal loading, and, at the ultimate stage t, of total fibre breaking, one

ot 1 (1o (1)) o

where, with a view to the upcoming homogenisation process, the subscript

has

“T" of Dy(x,t) refers to the inclusion phase, here the fibre bundle, of the

composite material. In order to model a continuous evolution of Di(z, t)

12
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in space and during the loading process ¢, an auxiliary function di(z,t) is

adopted such that
Di(z, t) =1— (1 —di(z, 1))" (7)

with
e t) = oxp (1) )
being the solution of Dy(x, t) at the final breaking stage t, of the fibre bundle.
It needs to be clarified that Di(z, t) is a scalar damage variable which
mainly describes the degradation of the material along the fibre longitudinal
direction represented by the spacial variable x. In order to solve the evolu-
tion of Dy(x, t) via its auxiliary function di(z, t) with a finite-element-based
numerical process, a phase-field approach is adopted in this work, which sub-
stitutes to Eq. , with Di(z, t) playing the role of the local internal variable
Z1 and di(z, t) the role of the auxiliary internal variable Z;. Finally, Eq. @

is the particularised form of the damage evolution law ({3]).

2.1.3. Phase-field model

Phase-field-type approaches use diffusive crack zones governed by a scalar
auxiliary variable to mimic the crack surface topology in solid mechanics. The
scalar auxiliary variable serves as a measure of the damage, micro-cracks and
micro-voids, in a homogenised sense, and its evolution is governed by an eval-
uation of the related energy dissipation through a new governing equation.
In particular, in the work of Miehe [16], to represent a crack surface at = = 0,
the one-dimensional non-smooth phase-field is approximated by an exponen-
tial function ({8]), which is also the sought solution of the fibre bundle damage
in Eq. @ at the ultimate breaking stage t,. Compared to the approach of

13



phase-field, in which the auxiliary damage function di(z, t,) is used to mimic
the discontinuous crack surface, in this work dj(x, t) is used as a measure of
the damage evolution in the fibre bundle. Let us note that the fibre damage
Dy is defined by Eq. through d; by

1-Dy=(1—d)" with nel[2,3], 9)

and (1 — Dy) is comparable to the stored energy degradation function g(dy)
defined in [16], which needs to satisfy

g(0)=1, ¢g(1)=0 and g¢'(1)=0. (10)

Energy dissipation of the fibre bundle damaging process. It is assumed that
damage is the only energy dissipation mechanism of the fibre bundle and that
the energy dissipation can be evaluated through a damage density function
following the crack density function as in the work of Miehe [16], with

1 l
y(dy, Vdy) = de + %wl Av (11)
1

The global energy dissipation per unit time related to the damage evolu-

tion on an arbitrary volume @ of the fibre bundle reads
o <d1; dI) = / ¢ <d17 Vdy; di, le) dv, (12)

with the per unit volume and time dissipated energy due to the damage
evolution reading
. . . : S\ 2
6 (di, Vs di, Vi) = Gi(dr, Vi di, V) +e(di) , (13)
where G.. denotes the dissipated energy at total breaking, i.e. when Dy(0, t,,) =
1 in Eq. , of a fibre bundle of unit cross-section area; this energy corre-

sponds to the critical energy release rate in fracture analysis. In Eq. ,

14
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the operator ¢ <x>2_ is the approximated indicator function of the set R™ of

positive real numbers, with

() = (|| —2)/2, (14)

and the constant € >> 1 being a regularisation parameter of high value, the
approximation being exact for the limit ¢ — oo. This indicator function is
introduced in order to ensure the positive evolution of the auxiliary damage

variable dI > (0. As a result, in Eq. one can directly consider x; = dI

Elastic energy of the fibre bundle. A fibre is modelled using a transverse
isotropic linear elastic constitutive law characterised by the elasticity tensor
C¢!. The energy storage function 1)y describes the strain energy of the fibre
stored per unit volume. The energy storage function of an undamaged fibre
bundle reads

1

Pi(e) = € C: e, (15)

for a strain tensor €. The elasticity tensor C§' of a transverse isotropic mate-
rial can be defined by 5 independent elastic constants: the Young’s modulus
and Poisson’s ratio in the 1-2 symmetry plane (transverse plane), El , 2,
the Young’s modulus and Poisson’s ratio in the 3-direction (longitudinal di-
rection), B}, 1! and the shear modulus in the 3-direction, pf'. The other

parameters can be derived through some relations, such as F{ = E} and

13 31
L R |

BT B The longitudinal direction of the fibres is refereed to by the su-

perscript 3, and its two symmetric transverse directions by the superscript 1

!During the implementation we however keep the formulation instead of considering

the term € <x>2_ because convergence was shown to be better.

15



28 or 2. In the local fibre axes, the expression of the transverse isotropic elastic

20 tensor C¢! reads in the Voigt notations

Cel _
B Ell(lfull3ul31) Ell(ull2+1/1131/i31) E11(1/I31+V112VI31) 0 0 0 ]
A A A
EII(ZIIIQ—‘,-I/Ilsl/ISI) EII(I—V%SVI?’I) EII(VISI—G-VIIQUI:”) 0 0 0
A A A
Ef’(ull3+ull2ull3) EI3(V113+V112V113) Ef’(l—V112yll2 0 0 0
A A A
)
0 0 0 2t 00
0 0 0 0 ot 0
0 0 0 0 0 2ul2

(16)

s where A = (14 14 2)(1 — 142 — 208313 1).

It is here assumed that the fibre bundle damage is only due to a tension
along the longitudinal fibre direction. However the damage affects the energy
storage of fibre in both longitudinal tension and compression modes because
of the resulting material degradation. Since the breaking of a fibre can cause
a local debonding and/or bonding degradation at the fibre matrix interface,
this assumption is reasonable. Therefore, the energy storage function of a

damaged fibre bundle reads

wI(E’ dl) = ¢1+(€ ) dl) + w1_<€; dl) ) (17)

where the positive part ;" (€, dj) refers to fibres in tension and the negative
part ¢ (e; dp), in which dj is seen as a constant parameter and no longer as
an evolving variable, refers to the fibre in compression. Defining CP as the

damaged elasticity tensor defined through the damage variable Dy given by

16



Eq. , one has
1
¢I(€,dl) = 58 . CP L E. (18)

2 Since Dy is used to describe the degradation of the fibre mechanical property
2 along its longitudinal direction, a simple multiplication of (1 — Dy) to C{! is
»3 not applicable in order to define the damaged elasticity tensor CP. Instead,
2 following the work [34], the longitudinal Young’s modulus is affected by the
235 damage evolution as well as the major Poisson’s coefficient in order to keep

236 & symmetric transverse isotropic operator.

237 In the work [34], it was assumed that
E}P = (1-Dy)E}, and (19)
P = (1— D, (20)
. . I/13 V31 V31D
2 where the second equation allows keeping - constant and Zx = 5,
I I I

230 yielding a damaged transverse isotropic elasticity tensor, which reads using

20 Voigt’s notations:

D _
Cr (D)=
Ell(l—yllg’ul?’lD) Ell(ull2+u113ul3’lD) Ell(ylg’lD—s—quule) 0 0
AD AD AD
ElA24013310)  EL1-331D)  El(31D1,12,31D) 0 0
AD AD AD
E%D(V113+V112V113) E?D(VII3+1/1121/113) Ef’D(lfz/fQVIlQ) 0 0 0
AD AD AD
)
0 0 0 2t 00
0 0 0 0 240 0
0 0 0 0 0 ou2

21 where AP = (1 + 7/112)(1 - V[12 - 2”1137/131]))'

17
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The global bulk energy storage on an arbitrary volume @ of the fibre

bundle reads

Uy(e, d) = / dile, d)dv, (22)
and according to the assumption , the evolution of the stored energy
reads

s : oYr. O
8 (s, dr; e, d1> - /w dydV = /w {81/}1 (;211 dl} av . (23)

The classical constitutive assumption yields the stress expression (|1|) of the
fibre bundle which, using Eq. , reads

_ % _ o,
= e =Cy:e. (24)

The algorithmic operators of (e, d;) are given in [Appendix A.1.1, Using

equation ([7)), the derivative v can be computed for di >0 by

ad
o 0 (1 D 1 ‘OCPﬁDI_
ady 8d1( e b ) =5 op ad €
1 — n—1 D
= ! d) ezacl e, (25)

2 0D

D
where the derivative g% is given in |Appendix A.1.2

The governing equation for d; . The balance of mechanical energy on the

arbitrary volume @ requires that
Uy (€, dr; &,di) + B(dr) = P(a), (26)

where P(4) is the external power, and wu is the displacement field. Equa-

tion needs to be satisfied for all admissible rates @ and d;. Using the
expressions and (23)), Eq. is rewritten as

/ {8@/)1 : 8¢1 di + ¢(dy, Vdy; dy, Vdy)| dV = P(u). (27)
510 ddy

18
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The expression of P(w) is not directly available for the fibres embedded
in the matrix, and some micro-mechanics assumptions are required to derive
the equations related to the strain rate € (and displacement rate @) evolu-
tion in the composite phases; this point will be studied in Section [3.1] when
performing the homogenisation process.

Considering only the admissible damage rate di in Eq. allows ex-
tracting the missing governing law. Using Egs. and leads to

o . 1. , S\
Py + G ( —didy + 1Vdy - Vdy —5<d1> dildV=0.  (28)
o L Ody ly -

The application of the Gauss theorem on the term “Vdj - Vdy” of Eq. 1)

gives

ot . 1 . . .
L [ 5211 d + G, (Edl _ ZIV2d1> d— ¢ <d1>_ dl} av +

G.ly | Vdy-nd dS =0, (29)
ow

where n is the outward normal on dw. The governing equation of d; can

then be obtained as

l . I Oy
di — Z%VQdI — G_IE <dl>7 = _G_I 81/6};1 ) (3())

which is the particularised form of Eq. . The algorithmic operators of

+
<—é—lcaaidll) (e, d;) are given in |[Appendix A.1.1]

2.2. Non-local damage model of the matriz phase

In this part, the damage model of the matrix is framed in an implicit non-
local form as suggested in [32] 38|, 39]. However to account for the fact that
the fibre bundles embedded in the matrix govern the direction of the damage
propagation, the non-local model uses an anisotropic squared characteristic

lengths matrix as suggested in [14].
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2.2.1. Non-local damage enhanced Jo plasticity

The constitutive Eq. is particularised to the case of an elasto-plastic
material enhanced by a non-local damage model.

Considering that the strain tensors in the actual and undamaged or ef-
fective phase representations are equivalent [40], the effective or undamaged
stress o (x, t) is defined from the apparent stress o (x, t) by introducing a
damage parameter 0 < Dy(x, t) < 1, such that

o= D (31)

where the subscript “0” of Dy(x, t) refers to the matrix phase.
In the context of Jy elasto-plasticity, and assuming that the plastic flow
equations can be written in the effective stress space, the von Mises stress

criterion reads

f=06—=Ro(po) — oy, <0, (32)

with the equivalent von Mises effective stress %4 = \/ %dlej—g) : “}ef—g’), the
0 0

yield surface f, the initial yield stress oy, , and the isotropic hardening stress
Ro(po) = 0, where pg is the internal variable characterising the irreversible

behaviour, here the equivalent plastic strainﬂ The plastic flow rule, see

Appendix A.2.1, yields the plastic strain tensor eP!. The set of internal
y

variables Zj is thus {po, e”'}.
In a small deformations context, the reversible (elastic) and irreversible

plastic) strain tensors can be added (¢ = & + eP'), allowing to particularise
g

2Rigorously, the von Mises stress criterion should be written f (&,r) < 0, where
r is an internal variable related to the accumulated plastic strain py and to the plastic

multiplier A following 7 = A = (1 — Dg)po, see the discussion by [41] for details.
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Eq. as
o= (1—Dy)CZ: (e —e™), (33)

with the fourth-order Hooke tensor of the undamaged elasticity tensor of the

matrix reading
C§ = Brol™ + 2p01%" . (34)

In this last equation, ko and pg are the elastic bulk and shear modulii of the
undamaged material and IV = %I ® I and [9V = I — I'*' are respectively

the spherical and deviatoric operators.

2.2.2. Damage evolution laws

The damage evolution law is formulated in a non-local setting with as
a set of non-local internal variables Zy, the scalar {Po}, which is the non-local
counterpart of the equivalent plastic strain py € Zj.

One possible damage evolution law is the classical Lemaitre-Chaboche

law [42]

D():(%(e)) Yo when (Yo —pes)io > 0. (35)

where Sy, sp and the damage critical plastic strain pc, are the material

parameters, and (&) is the strain energy release rate computed as
1
Po(e) = 5661 L Cyl iz e (36)

Another possible damage law is to saturate the damage evolution with

Dinaxo ( 1 1 ) (37)
1= —r—— \1+exp(=so(xo — pc,)) 1+exp(sopcy)/

1+exp (801000)

Dy =
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where D,,ay, is the saturation damage and sg, pc, are two material parame-
ters.
In these equations, xo(x, t) = max,cjo, 4 (Po) ensures the irreversibility of

the damage evolution.

The algorithmic operators of o (e, pg) are given in [Appendix A.2.2

2.2.83. Governing equation for pg

The damage evolution law ([3) was particularised in the previous section
with as non-local internal variables Zy, the scalar {f,}, which is evaluated
from its local counterpart py € Zy using the implicit non-local model [32 38,

39], which reads
Po—V - (co- Vo) =po, (38)

where ¢g is the matrix of the squared characteristic lengths. Because of the
presence of the fibre bundles in the matrix, a longer non-local length along the
UD-fibre direction was suggested in [14] in order to represent the interaction
with the fibres which “block” the matrix material-point interactions in the
transverse directions of UD-fibre, whilst “prolonging” it in the longitudinal

direction.

The algorithmic operators of py(e, py) are given in [Appendix A.2.2|

3. MFH with damage-enhanced matrix and fibres

In this section we derive a Mean-Field Homogenisation (MFH) frame-
work accounting for the damage distribution in a Unidirectional (UD) com-
posite material in a non-local way. First, the key principles of Mean-Field

Homogenisation (MFH) are recalled in the cases of linear and non-linear
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two-phase composite materials. The incremental-secant MFH method for
non-linear composites is then developed in order to account for the dam-
age evolution in both the fibre bundle and matrix phases. In particular, the
phase-field like fibre bundle damage model developed in Section [2.1]is used to
derive the damage evolution of the inclusion phase, whilst the non-local dam-
age model developed in Section [2.2]is used to derive the damage evolution in

the matrix phase as previously done in [14], 43].

3.1. Mori-Tanaka-based MFH for composites

Homogenisation theories provide the relation between the macro-strains
enm and macro-stresses o under the form of a relation between the volume
averages of the micro-strains e, (x) and micro-stresses o, () over a meso-

scale volume element w, with

em = (em(@))w and oy = (on(x)),, (39)

where (f(x)), = V% [, f(x)dV and V, is the volume of the meso-scale volume
element w.

These relations can be particularised in the context of a two-phase isother-
mal composite material by separating the volume averages on the matrix

subdomain wy and on the inclusions subdomain wy following
eM = Vo{Em)wo + V1{Em)w; and oy = v(0m)w, + V1{Om)w; ; (40)

where the respective volume fractions v; obey to vg+v; = 1. As a convention,
the subscript “0” refers to the matrix phase and the subscript “I” to the
inclusion phase. In what follows, the notations (e,,),, are replaced by (e);

for conciseness.

23



329

330

331

332

333

334

335

336

337

338

339

340

341

First-statistical moment mean-field homogenisation assumes that the com-
posite material response can be evaluated by applying the phases constitutive
behaviour on the average strain (€); and stress (o); tensors of the phase w;.
However, they require further assumptions under the form of a relation be-
tween the average strain (g); tensors of the two phases. A commonly used
assumption for 2-phase composite materials is the Mori-Tanaka extension of
the Eshelby single inclusion solution [44] to multiple-inclusion interactions
since it provides accurate predictions [45]. This assumption is first recalled
in the linear range and then extended in the non-linear range by defining a

Linear Comparison Composite (LCC) material.

3.1.1. Case of linear elasticity
Assuming linear elasticity for both phases, considering a linear elastic
behaviour that can be applied on the average strain (e); and stress (o);

tensors of the phase w;, yields
(d)g=C:(e)y and (o) =C{: (e), (41)

where C¢' is the uniform elasticity tensor of the matrix phase and C{! is the
uniform elasticity tensor of the inclusion phase.

The relation linking the strain averages per phase can be stated under
the form

(€)1 =B (L, CY, CT) : (e)o, (42)

where B¢ is the strain concentration tensor whose expression depends on the
chosen micro-mechanics assumptions, on “I”, the geometrical information of

the inclusion phase, and on the elasticity tensors of both phases. In case of
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the Mori-Tanaka (M-T) [46] assumption, this tensor reads
B<(I, Co, C1) = {I+S(I, Co) : [(Co) " : Cr =1}, (43)

where Cy and Cj are the considered phase linear operators, i.e. respectively
Cg' and C¢! in the context of linear elasticity, and where the Eshelby tensor
S(I, Cp) [44] depends on “I”, the geometrical information of the inclusions,
and on the linear operator Cy of the matrix phase.

For linear elastic composites, the set of Eqs. can be rewritten as
the following macro-scale constitutive relation

on = C(L CY,C ) - e (44)
3.1.2. Definition of Linear Comparison Composite (LCC)

MFH can be extended to the non-linear range by considering an incre-
mental form between the configurations at time ¢,, and at time ¢,,,1. To this
end, a Linear Comparison Composite (LCC) [23], 24, 27, [47H53] is defined
during that time increment as a virtual heterogeneous material, whose con-
stituents linear behaviours, defined through virtual elastic operators, match
the linearised behaviours of the real composite material constituents at that
configurations. The LCC definition yields virtual elastic operators C5°¢ of

LCC
Ci

the matrix phase and of the inclusion phase, allowing the MFH equa-

tions of the linear composite material developed in Section to be applied
readily. In particular, the set of Eqgs. is thus rewritten as

Aey = v9(Ag)g + vi{Ae); and oy = vo(o)o + vi{o)1, (45)

and the relation is rewritten using the averaged incremental strains in

the two phases as
(Ae); = B(I, CE°C, CF°9) : (Ae),. (46)
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These equations are completed by the constitutive behaviour models
of the phases, but written in terms of the average stress and strain tensors

at configuration time ¢, in the phase w;, yielding

(@) () = Si ()i (o), Zi ()3 Zi(r) T €0.4)) . (47)

where Z; and ZZ», the sets of internal and auxiliary variables used to account
for history-dependent behaviours of phase w;, are considered as uniform on
the phase w;. However, they are not strictly volume average values, which

explains why the notation (e); is not used.

3.2. Incremental-secant MFH with damage model in both phases

Different assumptions on the linearisation method were made to define
the LCC. In [27], a virtual unloading step of the composite material was
first applied, and then followed by a secant loading from the residual states
reached in both phases. This so-called incremental-secant approach uses the
loading step in order to define the virtual elastic operators C5°C and CFC
of the LCC. The virtual unloading allows improving the accuracy in the
case of non-proportional loading [27] and in the case of damage-enhanced
elasto-plasticity of the matrix phase since it allows capturing the fibre elastic
unloading occurring during the matrix softening [43].

This method is extended in this paper to account for the phase-field

formulation of the fibre bundle damage model developed in Section 2.1}

3.2.1. Virtual elastic unloading
The virtual elastic unloading is defined as an unloading process of the

composite material at configuration ¢, in order to reach a residual stress
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Figure 2: Definition of the LCC in the incremental-secant method for damage-enhanced
elasto-plastic composites: (a) Virtual elastic unloading of the composite material with the
elastic operator (Ci}ID , the red dotted line corresponds to an undamaged composite material
and is shown for illustration purpose only; (b) Corresponding virtual elastic unloading of
an elasto-plastic phase w; with the damaged elastic operator (Cfl D the red line corresponds
to the effective stress-strain curve (or undamaged phase material); (c¢) Incremental-secant
loading of the composite material from the virtually unloaded state and definition of
the incremental-secant operator (C%,[D; and (d) Corresponding incremental-secant loading
of a damage-enhanced elasto-plastic phase w; from the residual undamaged stress and
definition of the incremental-secant phase operator C$; the damaged incremental-secant

phase operator (CZ-SD is obtained in the apparent stress space.
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state oy;°,, = 0, where the superscript “res” refers to the virtually unloaded

state. It is assumed that this unloading process does not involve reverse
plasticity which can always be stated since the unloading remains virtual.
The case of damage-enhanced elasto-plasticity is illustrated in Figs. [2(a)|
and for respectively the composite material and the phase w;.

Since this virtual unloading is elastic, the LCC is defined from the phase
damaged elastic operators, i.e. C§P = (1 — Dy)Cg following Eq. for
the matrix phase wy, and C{'P® = CP(Dy) following Eq. for the fibre
bundle phase wy. These operators are constant during the virtual unloading
step since elasticity is assumed to occur at constant damage variables.

The unloading is obtained from Eq. by setting a macro-stress equal

to zero, yielding
0= o, — CHPI,CY P, CEP o) Aeiplord (48)
with

CiP = [uC{P B CHP, CP) + 0 CyP] :

[oB* (L, C§ P, C5'P) + vol] ", (49)

the macro-scale damaged elastic operator C5iP obtained from the damaged

elastic operators C&'P and C§!P of both phases, see Fig. [2(b)|

The residual states in the phases are deduced from the set of Eqgs. (45
. The virtual unloading of the composite material results in residual strain
tensors (€)1 = (g);, — (Ae)™*! and residual stress tensors (o)I® in the

two phases as depicted in Fig. . The apparent residual stress obtained in

phase w; after unloading at configuration n is denoted by o} (D;, ), because

in
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the virtual unloading was performed at constant damage value D; = D, ,
whilst this damage variable will evolve during the reloading increment from

configuration at time t,, to configuration at time ¢, 1, yielding a new residual

stress o> (D,-n +1)' We note that contrarily to this apparent residual stress,
the effective residual stress ;> does not depend on the variable D; as it can
be seen in Fig. in which the effective stress-strain curves & ((e);) are also
reported. Since the residual stress states are not strictly volume averages,

we do not use the () notation.

3.2.2. Incremental-secant loading

The virtually unloaded state obtained in the previous section is now used
to define the secant linearisation of the non-linear composite material in the
time interval [t,, t,41], which corresponds to defining the LCC from the
unloaded configuration to the configuration at time ¢, ;.

The macro-scale strain increment from the residual state, Aej,, is thus
defined as

Extpn = X7 + el (50)

see Fig. [2(c)l where ey, , is known from the macro-scale BVP, and the

phase strain increments (Ag)} are similarly defined as

(€)inin = ()i, +(Ae)i, (51)

in

see Fig.

The linear operator CX““ in the phase w; is thus defined as the damaged-
incremental-secant operator C3P which is evaluated from the apparent stress

and strain increments obtained from the residuals state as

<U>in+1 —o;” (Din+1) = (CzSD : <A€>£7 (52)

in
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res
in

with o (Din +1) defining the apparent residual stress that would be reached

at configuration ¢, with the damage variable reached at configuration %1,
see Fig. As previously explained, although the effective residual stress

0;% does not depend on the variable D;, the apparent residual stress does,

res
in

(D;,.,) is not necessarily equal to o} (D;,) when the damage D;

i.e. O i
evolves.

Using these definitions of the linear operators, the set of Eqgs. (45H46))

becomes )

Ael; =wo(Ae)f +vi(Ae)] and

OMyp1 = U0<0->0n+1 + UI<0'>I,H_1 with (53)

(Ae)i =B (L CGP, CFP): (Ae)y,

\

where the average stress (o) at configuration time ¢, in the phase w;

7:nJrl
results from the constitutive box (47)).
The resolution of the set of equations follows the iterative process

detailed in Section [3.4]

3.3. Phases incremental-secant operators

The expressions of the damaged incremental-secant operators C3P are
now particularised for the phase-field like fibre bundle damage model devel-
oped in Section [2.1] and considered in the inclusion phase wy, and for the
non-local damage model developed in Section and considered for the
matrix phase wy, as illustrated in Fig. [8] The debonding of fibre-matrix
interfaces near the fibre breaking point and the debonding caused by trans-
verse loading on the composites are captured by the damage in the matrix

naturally.
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Figure 3: Particularisation of the LCC in the incremental-secant method for the (a)
Damage-enhanced elasto-plastic matrix, with the definition in the effective stress space of
the incremental-secant phase operator C§* from the residual stress and of the incremental-
secant phase operator Cgo from the zero-stress state; and for the (b) Damage-enhanced

elastic fibre bundle.

3.3.1. Matrix non-local damage model

Damaged elastic material operator of the damage-enhanced elasto-plastic ma-
triz material. Using the relation governing the stress evolution in the

matrix phase, the damaged fourth-order elastic operator C§'P is evaluated

from Eq. as
CEP(Dy) = (1 — Do)CE = 3(1 — Dyg)rol™ + 2(1 — Do) ol , (54)

with kg and g the elastic bulk and shear modulii of the undamaged matrix

material.

Incremental-secant operators of the damage-enhanced elasto-plastic matriz
material. Following Eq. , the apparent residual stress reached upon vir-

tual elastic unloading at configuration t,, reads
oo (Do,) = (1= Do,) 657, (55)
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where 6™ is the residual stress in the effective stress state, see Fig. [2(b)]

In the effective stress space, the incremental loading from the residual state
to configuration ¢, 1, see Fig. , defines the incremental-secant operator
C5r as

00,,, — 0p, = Cr: (Ag). (56)

By considering the normal to the plastic flow from the residual state, see

IAppendix A.2.1] the incremental-secant operator C5' is isotropic and can

thus be written

CY" = 3kl + 245 T, (57)

where rq is the elastic bulk modulus of the undamaged matrix material and

5t is the secant shear modulus which reads

I

o 1\/%dev (é‘on+1 — &BiS) : dev (aA-On+1 — &Bis)

Ho
3 \/ 2dev ((Ae)p) = dev ((Ac))

Because only first-statistical-moments are considered in this formulation,

(58)

the incremental-secant method was shown to be over-stiff in its prediction
[27, 3T] and its predictive capabilities were improved in the case of hard
inclusions when the residual stress in the matrix phase, o, was cancelled
when defining the incremental-secant operator of the LCC [27, B1], see Fig.
. Therefore, the residual of the matrix phase is removed in Eq. ,

which becomes

60, = Cy 1 (Ae)g, (59)

where

C3° = 3ol + 2p5 T, (60)
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and where the increment shear modulus is rewritten as

w0 1 \/ dev U'On+1) s dev (&OnH)

\/ dev ((Ae):) : dev ((Ae)t)
The incremental-secant operator is defined in the general form as
C5 = 3rol™ + 2u5T% (62)

with p5 computed from either or depending whether the residual
is kept or not in the matrix phase.

Finally, in the apparent stress space, the incremental-secant damaged

operator C5P is defined through Eq. using the relation of ( D0n+1) =

(1 — Dy, +1) oy, Eq. and Eq. , which allow rewriting Eq. as
Co” : (Ae)y = (1= Dy, [60,,, — 057] = (1= Do, )Cp « (Ae).  (63)
As a result, the damaged incremental-secant operator reads
C3P =3(1 — Do, )kol"™ + 2(1 — Dy, ) pgl?® = 3rpT™ + 205 P19 | (64)
with k8 = (1 — Dy, ,,)ko and 5P = (1 — Dy, ,, )15

3.3.2. Embedded fibre bundle damage model

The stress tensor of the damaged elastic fibre bundle results from Eqg.

(24) and reads
(o)1 =Cr(Dr) : (&), (65)

with the damaged elastic operator .
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Damaged elastic material operator of the fibre bundle material. The fibre
bundle damaged fourth-order elastic operator C¢' P is directly evaluated from

Eqgs. and as
Clel D(DI) = C?(DI) ) (66>

with Dy = Dy, during the elastic unloading at configuration ¢,.

Incremental-secant operators of the damage-enhanced fibre bundle material.
In the absence of plastic-flow in the fibre bundle, the residual stress tensors
from the virtual elastic-unloading at configuration ¢, are defined following

Eq. for the two damage configurations

o1 (Dr,) =CP(Dy,) (o)1 and o1 (Dy,,,) = CP(Dr,) ¢ (€)1
(67)
as illustrated in Fig. 3(b)}
Equation defines the fourth-order incremental-secant operator CJ P
of the fibre bundle, with

(CISD : <AE>{ = <O.>In+1 - O,Irss (DIn+1) - CP (DIn+1) : [<€>In+1 - <€>iebs]

= C]ID <D1n+1) : <A€>1£7 (68>

and
CiP(Dy) = Cf P (D) = C7(Dy), (69)
where Dy = D, is the damage reached during the reloading to configuration

tni1, which is evaluated through Egs. and @D
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3.4. Resolution of the MFH equations

3.4.1. Linearisation of the MFH equations
Combining the first and last equations of the set and using the M-T
assumption yield

Aeyy = o [I+S(L, C3P) : (CFP)": CPP = 1)) : (Ae)} +ui(Ae)f, (70)
which is satisfied for F ((Ae)], (Ae)y; Aely, Do, di) = 0 with
1
F=C": |(Ae)f — U—S—l(l, C3P) : ({(Ae); — Aeyy)| — CPP - (Ae)t. (71)
0

The residue F ((Ae)}, (Ae); A€y, Do, di) = 0 can be differentiated as

OF OF  d(Ae):
F = ——— :§(Ae); : Ae);
g aiaey OBt Giagr  laey Ae
OF OF _ OF
AL+ 5o+ Loddy 2
DAer, O0EM T G5 b0 T g 00 (72)

Because of the first equation of the set , at constant Ae},, po, di, one
has

8<A€>6 U1
= ——1I
DAer ~ u (73)
and defining the Jacobian
(‘)F U1 0F
J= - — , 74
Beli  w (el (74
Eq. is rewritten as
OF OF OF
OF =J: 0(Ae) + ——— : §Aey, — 0Py + — : 0d; .
J:0(Ae)] + IAe en + 5 Do + od I (75)

The explicit expressions of the derivatives are reported in [Appendix B.1}
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3.4.2. MFH iterative resolution

For given kinematics variables Ae};, po and dj resulting from the finite
element resolution, the resolution of the set of MFH equations restated by
Eq. follows an iterative Newton-Raphson process in the unknown (Ae)7,
with the linearisation rewritten as

0F = J: 6(Ae)r. (76)

3.5. Algorithmic operators of the homogenised behaviour

To be complete, we present the algorithmic operators of the homogenised
behaviour with respect to the kinematics variables Ae},, po and d;. Indeed,
in this work the damage evolution in the matrix and fibre phases are governed
respectively by a non-local and a phase-field forms, respectively Eqgs. (38)
and , and both py and d; result from the resolution of the finite elements
discretisation as detailed in the next Section.

First, once the MFH equations are solved for given kinematics variables
Ae};, po and dy, their effects on the phases response can be evaluated from Eq.
by considering that at equilibrium ¢F = 0 and Ae}; = vi(Ae)j+vo(Ae)y,.

The effect of the macro-scale strain tensor Aej}; on the phases response reads

o(Ae) . OF o(Ae), 1w, OF
oaer. — U aae M paa TRttt T aAe,

(77)

Similarly, the effects of the non-local strain and auxiliary damage variables

read
O(Ae): _, OF d(Ae)s v, OF
— Q< = —J S A~ ~ =—J ) 78
dpo Opo Opo Vo Opo ( )
o(Ae)j ., OF d(Ae)y v, OF
8d1 - J . 8d1 ’ and 8d1 - UOJ ' 8d1 ’ (79)
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Then, the linearisation of the homogenised stress tensor given by Eq.

can be evaluated

0(e)t 0(e);
doy = (UIC?E : —6<;>I + voCy - 8<;>0) D oey +
M M
O(e)t d(e);
<UI<C§E : gzl + v Gy - 520 + UICIEd) odr +
O(e)t 0(e)} AN
<’UI(C§8 : gﬁzl + U()C(E)a : % + UOCOP) 5]90, (80>

where the fibre bundle material operators Ci* = gi‘g L and Cf¢ = % are
I 1

given in |[Appendix A.1.1} and the matrix material operators Ci* = gg;g and

Cgﬁ _ 9g)o

o5, are given in Appendix A.2.2l The derivatives of the phases

average strain tensors result from the MFH resolution and are given in Egs.

(77H79)). Finally, the different terms of Eq. are denoted as

€€ €€ o{e) ee o{e)
Gt = e A ey 2 g ()
1 1
ep €€ a<€>r ee d(e)t ep

allowing to write down dory = C55 : 9l + Cilody + CFopo.
In order to solve the coupled system of equations, the derivatives of the
different terms involved in Eq. have also to be evaluated at the level of

the composite material, yielding

o (v ,
Cﬁs — ( Ge adl > — Cllﬁa . a<€>1 , (84)

Oey ey

d <_l_1%) .

vd G. 0Odp _ ve . a<€>1 vd

Cyo = . Cy*: od +C7°, and (85)

0 (_1_1%) .

vp _ D\ Gedd ) ye OlE)
i = dPo @ dpo (86)
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Iwhere Ccye = (
AT

o2 5k) and V4 — o
v _

U 811)?'

d(eh

Ge 9d;
ddy

Iq 61111'")

are given in [Appendix]

Finally, the terms of the coupled system also have to be linearised

at the composite level, yielding

pE
Cy

pd
CM -

pp
CM _—

where Cl° = fé";g

ap() _ Cpe . 8<€>6

ey, 0" el

apO o pE . 8<€>6

9 =Cy ad; and
dpo _ Opo  9{e)i | Opo
dpo  O{(e)y~ b0 Ipo

and Cf? = g—gg are given in

(87)
(88)

pE | a<€>6 122
Ch - e +Cy” s (89)

Appendix A.2.2,

4. Finite element discretisation of the phase-field non-local damage

MFH

In this section, starting from the strong form of the linear momentum

conservation equation at the composite level completed by the phase-field

and non-local damage auxiliary equations, we derive the finite element dis-

cretisation of the homogenised behaviour.

4.1. Strong form

The problem is limited to small deformations and static analyses. The

governing equations at the homogenised behaviour level read

dl -V (CI . le)

I

38
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for composite,  (90)

for fibre bundle, (91)
(92)

for matrix.
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The first equation corresponds to the linear momentum equilibrium equation
of the composite material, with f the applied volume force vector. The sec-
ond equation is the phase-field formulation , which refers to the damage
evolution of the fibre bundle phase in an average sense. Neither the auxiliary
variable d; nor the damage variable Dy correspond to the phase volume aver-
age, but they are constructed as uniform on the phase for a given macro-scale
material point. The squared characteristic lengths matrix ¢; corresponds to
the matrix diag(0, 0, [?), with the last entry referring to the longitudinal di-
rection of the fibres rotated from the material principal coordinates to the
current fibre bundle direction. Finally, the third equation results from the
non-local damage formulation (38]), which refers to the damage evolution in
the matrix phase. In particular, py and py are homogenised representations,
but not volume average values, of respectively the non-local and local ac-
cumulated plastic strain of the matrix material, and ¢, is a rotation of the
squared characteristic lengths matrix diag({},, {3, {3,). In this last expres-
sion written in the material principal coordinates, the index '3’ refers to the
longitudinal direction of the fibre bundles, while the two other indices re-
fer to the transverse direction characterised by smaller characteristic lengths
because the damage propagation is blocked to the presence of the other fibres.

Standard Neumann boundary conditions
oc-n=T, on Ir, (93)

with the surface traction T' and Dirichlet boundary conditions on I', are
applied to the first set of partial differential equations (PDE) (90]). For the
phase-field formulations and implicit gradient formulation , homo-
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geneous Neumann boundary conditions are applied:

(c;-Vdy)-m = 0, on 0 ,and (94)

(co-Vpo) - n 0 on Of). (95)

4.2. Weak formulation
The weak form of the set of Eqs. (90H92)) is established using suitable

weight functions defined in the n + 2-dimensional spaces, with n the spatial

dimension:

w, € [C°)"  The weight function of the displacement field,

wyg € [C°]  The weight function of the auxiliary damage field of fibre bundle,

w; € [CY]  The weight function of non-local accumulated

plastic strain field of the matrix phase.

Multiplying the weight functions respectively with their corresponding PDE
, , , integrating the results over the domain ) and applying the
divergence theorem along with the boundary conditions allows stating
the weak form as finding the fields (u, di, po), with u the displacement field,

such that
/[un]T coydV —/ w, - TdS = /wu - fdv (97)
Q Ty 9]
/ Wwady + Vg - €1 - Vs — wy-Le <d1> v = — / W (w)dV
0 Gc _ 0 Gc I,dp 9
(98)
/ (wﬁﬁo + Vwﬁ +Cp - Vﬁo) dV = / wﬁpng, (99)
Q Q

for all kinematically admissible weight functions (w,, wq, wg).
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Anticipating on the Newton Raphson resolution of the upcoming finite-
element resolution, the set of Eqs. (97H99) is linearised at iteration 7 of the

configurations increment [t,, t,41] as
T . ¢ i+l _
/Q[un] Doy, dV =

/ wy - frodV + [ w, - T,1dS — / Vw,]" : oy, ,,dV, (100)
Q Q

I'r
for the first equation; substituting d; by d; — dy, since the purpose of the

term is solely to ensure irreversibility of the damaging process, as

I i i i
/Q ) {a@zzfdjl} dv + /Q [waddi Tt + Vwg - ¢ - Vi dV

I : i i I i
— | wage <Slgn(d1n+1 — dln)>7 5d;;1]dv = — wdawfdldv —

Q c Q c
) ) l )
/Q[wddin-&-l + V’LUd - Cy - Vd}n—&—l — de—I€< in-&-l — d1n>7]dV, (101)

C

for the second equation where sign(e) is the sign function, and
Q Q
/ wﬁpénﬂdv - /(wﬁ%nﬂ + Vws - ¢o - Vﬁén—&-l)dvﬁ (102)
Q Q
for the third equation.
4.3. Finite element implementation - Discretisation and incremental-iterative
formulation
The domain €2 is discretized into elements €2, and the displacement field
u, the auxiliary damage field di, and the non-local accumulated plastic stain

field py are interpolated in each element using their respective shape function

matrices IV, Ny and IN; as follows:
u=N,U, di=Nygd and py= N;p, (103)
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where the vectors U, p and d contain the assembled nodal values of the
displacement field, of the auxiliary damage field, and of the non-local accu-
mulated plastic strain field, respectively. The fields gradients directly arise

from

ENM = BuU, le = de and Vﬁg = Bﬁﬁ, (104)

where B, By, and B; are the matrix gradient operators of the displacement
field, auxiliary damage field, and non-local accumulated plastic strain field,
respectively. Similarly, the weight functions are interpolated using the same

shape functions, yielding
w, = N,0U, wy= Nyd and wz= Nzip, (105)

where 60U, éd and dp are arbitrary vectors fulfilling the essential boundary
conditions.

Therefore, using Eqs. , and the arbitrary nature of 6U, dd and
dp, the linearised weak form (100H102)) at iteration i between the configura-

tions of the time interval [t,, t,1] leads to the residual vector R with

K, K, K;| U Fex — Fy,
K Ki,+K! K| |éd|=|F -F,+F|=-R. (106
K}m K%d K},ﬁ op Fg — Fé’

The force vectors are easily obtained from the right hand sides of the set

of Egs. (100102f), with for the mechanical part

F = / NIfdV+ [ NITdS, and F!, = / Bloi,dv,  (107)
Q Q

I'r
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with for the auxiliary fibre bundle damage part
) l ) ) )
Fi— - /Q N huiiav, Fi= /Q (NINy+ BY - ¢+ By) didV, and
. l .
Fi=— / NI Zeld,, —d,) dV, (108)
Q Gc B
and with for the non-local accumulated plastic strain part
P

F, :/Qnggdv, and Fg:/ﬂ(NgN,;+Bg-co-Bﬁ)ﬁdv. (109)

The stiffness sub-matrices defined in Eq. (106 are obtained from the left
hand side of the set of Eqs. (1004102). Starting from Eq. (100)) with the
linearisation yields the sub-matrices

K, = / BICs B,V (110)
Q

Ki, = /BECf/fiNddV, (111)
Q

K, = /QB;FCIf/IﬁN,ng, (112)

where C}f is the matrix representation of the derivative tensors C§j , (o
results from Eq. , and Cﬁf results from Eq. . The left hand side of
Eq. (101)) yields the stiffness sub-matrices

K, = — /Q NTIc! B,dv, (113)
Ki, = /Q[u—cﬁdi)N}NﬁBg-q.Bd] av , (114)
K = - /Q [é—ie<sign(d;+l—dn)>} N;iN, AV, and (115)
Ki, = — /Q CUP NTNAV | (116)

where Cfff results from Eq. , Cﬁﬁd results from Eq. , and C’iﬁﬁ results
from Eq. (86). Finally, using Egs. (87R9) in Eq. (102) yields the stiffness
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sub-matrices

K;, = —/QNp?rCffBudV, (117)
éd = —/ch\o/fliNENddV, and (118)
K = L[(l—oﬁﬁi)NENfrBﬁT-co-Bﬁ] v, (119)

where C%; results from Eq. , C{\’/fl from Eq. , and C’ff results from
Eq. .

Figure [] presents the flowchart of the finite element resolution of the
phase-field non-local damage multiscale formulation. At the higher scale,
the weak form is integrated in time using the finite-element dis-
cretisation (103{105)). For each time increment [t,, t,.1], the solution at
configuration ¢, is obtained from the solution at configuration ¢, through
Newton-Raphson iterations using the system . In this system, the force
vectors and the stiffness contributions are obtained by
assembling the homogenised stress tensor oy and phases auxiliary equations
driving forces z/JIJ’r 4, and po, and the material tensors Cfj, ce, Cﬁf , Cﬁﬂg, Cﬁb/[d,
CYP, e, % and CPP. These terms arise from the resolution of the MFH
enhanced with damage in both phases as described in Section[3] Finally, dur-
ing the MFH resolution, the average stress (o);, ., auxiliary equation driving
force, and material operators in the phases w; are obtained from the consti-
tutive laws described in Section for the inclusion phase and in Section

for the matrix phase.
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Time increment [t,,, tp41]:
L]
L]

(e]

Nodal d.o.f. at time t,,: Displacement vector U,,, nodal auxiliary vector d,,, nodal non-local vector p,,
Sets of integration points internal variables Z,, at time t,,:

Composite: average strain tensor &M, average stress tensor gy,

Inclusion phase: average strain tensor (), average stress tensor (c);,,, damage Dy,

Matrix phase: average strain tensor (e)on, average stress tensor (0)on: plastic strain tensor

1 ) ) . ] ]
ef! , equivalent plastic strain po, maximum non-local strain y,,, damage Do,

v

| Initialise d.o.f. Uy 41, dyyq = dyy, D1 = Pp & increments U =0,5d =0,6p =0 |

=

—>| Update d.of.: Upyy « Upsy + 68U, sy — dsy + 0d, Brsy — By + 0P

Time integration, Section 4

v Yes

I | Material tensors CE5, €2, €57, €%, cb?, c¥P, ¢¥¢, cPe, CPP, Eqs. (81-89)

| T T T T T !

icin -

No
All integration points spanned
Yes

Evaluate weak form residual R, Egs. (107-109), and stiffness matrix K, Eqgs. (110-119) |

[suT sd” 651"

=-K'R

|
|
< v
I c
| © ——| Integration point k:
1 "g e Extract fields, Eq. (103): dy, ., Po,.,,
1 w e Extract fields gradient, Eq. (104): &y, ,, Vdy,,,, VPo,.,,
| ) e Internal variables at time t,,: Z,,
5 ¥
1| o R e e e e
el
I © [PV Apply virtual elastic unloading, Section 3.2.1, with outputs:
1 g : g e Composite: residual strain &}7> & increment Agy, ., Eq. (50)
I g i =) e Phases: residual strains (£){**, ()52’
| o [7]
) v
1| & I
1| &8 1= Initialise increments (Ag)] = = Agly (A& . =Aey
| g 12 Initialise variation §(Ae) . = 0, §(Ae);, ., =0
1] S | 7
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: g I—>| Update phase increments: (Ag); < (&) . + 8(Ae)
1| € 1
1R | strains (e);,,, = (&) + (e, Ea. (51
I ) | T
o 1 q q
1 t I ; Constitutive Phase w; constitutive law, Section 2, outputs:
| a .
| | 1 laws, Section 2 o Stress(o),,,
U i e Internal variable Z; _ , including Dy, ., Po,,,
I i e Secant operators C, CS° & derivatives
1 e e
|
: i Evaluate residual F, Eq. (71), and derivatives, Eq. (75): |
_ 2 No
: :— (de),,, = —J F& sy, = —JLoae),
1 |
|
|
|
|
|
|
|
|

Figure 4: Resolution of the phase-field non-local damage multiscale formulation.
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5. Identification of material properties and model parameters

In this section, we first summarise the model parameters and the meth-
ods that are used for their identification. We then consider the case of AS4
carbon fibre and 8552 epoxy matrix as a material system. We identify the
material parameters of both the fibre bundle and matrix phases from manu-
facturer data sheets and literature data. The non-local damage parameters
are evaluated in order to recover the critical energy release of the matrix
material. By considering uni-axial tension tests, we evaluate the phase-field
model parameters which allow recovering the right amount of dissipated en-

ergy for the failure of a ply loaded along its longitudinal direction.

5.1. Parameters summary

Table [1| summarises the properties required by the finite element imple-
mentation of the MFH with a damage model embedded in both phases.

First the constituents, both fibre and matrix phases, material behaviours
have to be identified. For the fibre, in this work we assume a transverse
isotropic behaviour and only the elasticity tensor C¢, Eq. , has to be
given. It can be obtained from manufacturer data sheets of micro-mechanical
tests performed on the fibres, e.g. [54]. The matrix material properties char-
acterising the linear response, i.e. Cg of Eq. , and non-linear linear
behaviour, i.e. matrix hardening law oy, + Ro(po) in Eq. and the dam-
age law evolution Dy (€0, Xo0), Eq. or , can be deduced using the
manufacturer elasticity modulus and tensile strength. This allows tuning
the hardening and damage evolution laws in order to recover the reported

strength, as it will be done here below. However, on the one hand, because the
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Table 1: Model material properties to be identified.

Nature Property Method

Constituent Fibre elastic tensor (C?l, Eq. (16). Manufacturer data-sheet or

micro-scale experiments.

Constituent Matrix elasticity tensor Cgl, Eq. Manufacturer data-sheet or resin
1} . experiments.

Constituent Matrix hardening law oy, 4+ Manufacturer strength and criti-
Ry(po), Eq. ; Damage law cal energy release rate, or inverse
evolution Dy (€0, x0), Eq. (35) analysis from coupons.
or 1}

Embedded Tensile energy release rate Experimental measurements.

fibre-bundle

Embedded
fibre-bundle

of fibre-bundle breaking and
debonding G, Eq. .

Bundle damage evolution param-

eters n and Iy, Eqgs. (@ and 1)

From stress build-up profile
and/or uni-axial ply tensile

strength o..

Matrix crack-

ing direction

Matrix squared lengths tensor

co, Eq. .

From transverse critical energy
release rate & Constrained ma-

trix cracking direction.

matrix non-linear behaviour changes in a composite as compared to its neat

bulk behaviour it is possible to use an inverse analysis from composite coupon

experiments [30], and, on the other hand, rigorously the model parameters

should satisfy both matrix strength and critical energy release rate and this

requires to identify the transverse non-local lengths, i.e. /¢y, = /Co, defin-

ing the matrix squared lengths tensor ¢y, Eq. , and the damage model
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altogether [36].

The critical energy G, Eq. , related to the embedded fibre bun-
dle tensile breaking and debonding can be measured from Compact Tension
Specimen [55] or Double Edge Notched Test specimen [56]. Indeed, when the
fibre bundles are embedded in a matrix, the fracture of fibre is accompanied
with fibre/matrix interface debonding, matrix micro-cracking, and finally by
the final fibre pull-out from the matrix. Therefore, a much higher energy is
dissipated during the fibre breaking process in composites than that of neat
fibre breaking and should thus be measured accordingly. The embedded fibre
bundle damage evolution is defined by the two damage evolution parameters
n and [, Egs. (7)) and . As discussed here below, a relation between
them can be derived from the stress build-up profile, see Fig. [1|and Eq. ,
whilst a second relation results from the uni-axial ply tensile strength o,
which can be experimentally measured or is given by the manufacturer data
sheets.

Finally, the matrix squared lengths tensor ¢y, Eq. , is defined in
order to represent the anisotropic nature of the matrix cracking in a UD ply.
Whilst the transverse characteristic lengths ,/co, = /¢y, can be chosen in
order to recover the critical energy release rate of transverse failure [30], see

the third characteristic length /¢, is taken large enough to

constrain matrix cracking along the fibre direction.

5.2. Case of AS4 carbon fibre and 8552 epoxy matrix
5.2.1. Phases material properties

The studied composite material is a UD-carbon fibre reinforced epoxy.

The AS4 carbon fibre and 8552 epoxy components are used as reference
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materials and their mechanical properties are collected from product data

sheet of Hexcel [57, 58] and completed with data from the literature [4, 54} 59].

Table 2: Material properties of the embedded AS4 carbon fibres.

Property Value
Long. Young’s modulus E} [GPa] 231.0 [54]
Trans. Young’s modulus E} [GPa] 12.99 [54]
Trans. Poisson’s ratio 12 [-] 0.46 [54]
Long.-Trans. Poisson’s ratio ! [-] 0.3 [54]
Trans. shear modulus xi? [GPal 4.45 [54]
Long.-Trans. shear modulus pf' [GPa]  11.3 [54]
Tensile Strength X} [MPa] 4413 58]
Carbon fibre radius r [pm] 3.55 [58]

Energy release rate of fibres G, [J/m?] 52 [54]

Carbon fibre bundles. The phase-field model of the fibre bundle material
phase was presented in Section [2.1, The continuous PAN based carbon fi-
bres AS4 are modelled using a transverse isotropic linear elastic constitutive
model, see Eq. . The typical mechanical elastic properties of PAN based
high strain carbon fibres are presented in Table [2]

When it comes to the properties related to the tensile failure, the mea-
sured critical energy release rate was G, = 52 N/m for AS4 fibre in reference
[54]. However, as said, when the fibre bundles are embedded in a matrix,
the energy dissipated during the fibre breaking process in composites is not
the one of neat fibre breaking and a higher critical energy release rate was

reported in [4] for fibres of a composite ply and is used in this work, see Table

Bl
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Epoxy matriz. The non-local damage model was presented in Section [2.2.1]
It is assumed that the epoxy matrix follows an elasto-plastic behaviour model

and its hardening law defining the yield surface (32)) reads

Ro(po) = ho (1 — exp(—=mopo)) , (120)

where py is the accumulated plastic strain of the material, and where hg and
myg are the material parameters. Furthermore, either a Lemaitre [42] scalar
damage model or a saturated damage law can be adopted.

The elastic properties of the cured 8552 epoxy are taken from the manu-
facturer data sheet. By lack of elasto-plastic data, the approximated elasto-
plastic and damage parameters are adopted to match the tensile strength
X§ of 121 MPa reported for 8552 epoxy, for both damage models. All the
necessary material parameters are reported in Table [3, in which the char-
acteristic length of the non-local model is evaluated in order to recover the
failure critical energy release rate of the bulk matrix G, see [Appendix C|
This length actually depends on the damage model used. Besides, when us-
ing the matrix model in the damage enhanced MFH, the non-local lengths
have to be reevaluated, on the one hand, in order to recover the transverse
intra-laminar failure critical energy release rate G.r, see with
the final values reported in Table 5] and, on the other hand, in order to have

an anisotropic behaviour with the length along the fibres being larger.

5.2.2. Determination of phase-field parameters of the fibre bundle phase
In this section, the two parameters n and l; of phase-field model used
in Egs. and are determined under two constraints arising from the

mechanical properties of fibre and matrix.
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Table 3: Material properties of the matrix.

Property Value
Young’s modulus Ej [GPa] 4.668 [57]
Poisson’s ratio vy [-] 0.39
Initial yield stress oyq [MPa] 32.0
Hardening modulus hy [MPa] 300.0
Hardening exponent mg [-] 100.0
Bulk matrix Tensile strength X§ [MPa] 121 [57]
Bulk matrix critical energy release rate of G, [J/m?] ~ 100 [59]
Lemaitre damage critical energy release Sy [MPa] 0.21
Lemaitre damage exponent s [-] 2.0
Lemaitre damage critical plastic strain pco [-] 0.0

Characteristic lengths bulk matrix with Lemaitre model 30 x 1073

Vi = /G, = /Co5 [mm]

Saturated damage threshold Dpay, [-] 0.99
Saturated damage exponent sg [-] 700
Saturated damage plastic strain threshold pco [-] 0.007

Characteristic lengths bulk matrix with saturated model 20 x 1073

Vi = /G, = /Co5 [mnm]

The first constraint is determined based on the limited maximum shear
stress Tmax that arises in the stress build-up profile at the fibre-matrix
interface of embedded broken fibres. Since the shear stress at the fibre-matrix

interface reads 7 = g—‘;, where r is the radius of a fibre, its maximum value

r
2

can be computed through Eq. and is expressed as

n—1
Toax = ”Zflfloo X max [(1 — exp <—%)) exp (—%)] . (121)
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The measurement of [I] shows that the maximum shear stress Ty.x at the
fibre-matrix interface is approximately equal to the yielding stress, oy, of
the matrix. Assuming that the tensile strength X7 of carbon fibre can be used

as 0 at failure point, and using the properties of Table [2, the parameters

in Eq. (121) are summarised as follows
Tmax = 32.0 MPa, o, =4413MPa and r = 3.55um. (122)

Equation , together with the parameters reported in Eq. , provides
a first constraint between n and [;.

The second constraint results from the tensile strength of the composite
material: the longitudinal tensile strength of the composite material pre-
dicted by the MFH scheme embedding the phase-field fibre damage model

needs to match the reported experimental values.

Uni-axial tensile test on fibre bundle with uniform damage solution. The
phase-field damage model of a fibre under uni-axial tension along the longi-

tudinal direction presented in Section [2.1] reads

o = E}Pe, and (123)
i 0
2 I n 3] -2
— LV = — — (1 — FE . 124
dy — [ V=d; 2G. 0d [( dr) I:| € (124)

The maximum value of stress, o, can be obtained easily by solving the set of

Eqgs. (123)) and (124)) under a uniformity assumption, i.e. V2d; = 0, yielding

1— dp)™ Y
dy = ”(Q—GI)IEE’EQ. (125)

First, according to the experimental measurements in [I], it has been

shown in [34] that the shape parameter n € [2,3] can be used to describe
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Table 4: Parameter n and its corresponding [; according to Eq. (121)).
n 2.0 2.1 2.2 2.3 2.4 2.5

Iy [pm] | 122.4 120.2 1183 116.6 115.1 113.8

n 2.6 2.7 2.8 2.9 3.0
Iy [pm] | 112.6 111.5 110.5 109.6 108.8

4000

3000

2000

o [MPal

1000

(9.00 0.05 0.10 0.15 0.20 0.25
&

Figure 5: The strain-stress curves for different values of n of the longitudinal tensile case

for fibre with uniform damage.

the stress build-up profile (4)) of embedded broken fibres. For given values of
n € [2, 3], [y can be computed by solving Eq. . The resulting values of [}
are listed in Table 4| in terms of the corresponding assumptions on the value
of n. Submitting the couples n and [; to Eq. , and letting d increase
from 0 to 1, the strain € and stress o can be computed successively with Egs.
(123) and (125). Using the values of E? = 231.0 GPa and G, = 90.0 N/mm
reported in Table [2] and in Table |5 the strain-stress curves of the uniform

damage 1D cases are presented in Fig. || for different values of n € [2, 3.
Since the longitudinal tensile strength o. of UD fibre reinforced composite

is dominated by the fibre failure, for a reported composite tensile strength
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of 0. = 2205.0 MPa for a fibre volume fraction v; = 60% [58], the expected
maximum tensile stress of fibre at composite failure is around ‘;—I = 3675.0
MPa. According to the strain-stress curves presented in Fig. [5] the value of
the parameter n will be above 2.4, and the corresponding length [; is readily

deduced from Table [4]

. F Lk q = [ Lk .
Dy 2 ¥ 2 x Dy 2% 2
(a) Fibre damage at loading stage 1; /co, = (b) Fibre damage at loading stage 1; /¢, =
I /2 mm
| . - [ R B .
D 0 1L, D 0 1

(c) Fibre damage at loading stage 2; ,/ég, = (d) Fibre damage at loading stage 2; ,/ég, =

I V2 mm
DO 0. 0.5 1. ; M
BT B | B .
DO 0 0.5 1 ; M DO 0.22 0.24 0.26

(e) Matrix damage at loading stage 1; (f) Matrix damage at loading stage 1;

V/Cos =1 V/Cos = V2 mm
|
Do P —
I I i RN [

Do 0 0.5 1

096 0965 097 Y
Do = o [ZX

[N=<
x

(g) Matrix damage at loading stage 2; (h) Matrix damage at loading stage 2;

VCos =11 Cos = V2 mm

Figure 6: Schematics of the uni axial composite material loading and damage distributions
of fibre and matrix phases at two different loading stages marked with crosses on the
strain-stress curve in Fig. [7(b)|for \/co, = i1 (left column) and for ,/c5, = v/2 mm (right

column).
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Uni-axial tensile test on composites. The developed MFH multiscale method
presented in Section |3 and implemented using the finite element method
in Section [4] is applied to a uni-axial tensile test of a 2D composite sample
under plane strain condition with an element size loement = l1/5. The damage
initiation in the centre is enforced through the application of a Dirichlet
boundary condition d;y = 0 applied at the left and right edges of the sample,
see the schematics in Fig. . Applying this boundary condition requires
a specimen length such that both left and right edges are more than 6 x [;
away from the damaging centre. Therefore, a sample length of 1.4 mm is
used according to the value of I reported in Table [ whilst the width is
set to 0.06 mm. We consider the composite material with a fibre volume
fraction, vy, of 60%. The required material properties are listed in Tables
and [3

2500 n 2500 n=2.7
Oc=2205.0 = o) | Oc = 220850 s
2000 2000 —
& 1500 & 1500
= Z
& 1000 & 1000
500 500
800 0.01 0.02 0.03 800 0.01 0.02 0.03
Em Em
(a) Vo, =l (b) n =27

Figure 7: The strain-stress curves of the longitudinal tensile test of the 2D composite sam-
ple: (a) For ,/¢o, = I and for successively n = 2.4, 2.5, 2.6, 2.7, 2.8; the arrow indicates
the increasing direction of n; and (b) For n = 2.7 and for successively /¢y, = I1 in blue

and v/2 mm in orange.
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First, the characteristic length along the longitudinal direction of the
fibres for the matrix non-local damage model is set to be /¢y, = I1, see Table
[l The global strain-stress evolution of the 2D tensile sample is successively
evaluated for n = 2.4, 2.5, 2.6, 2.7, 2.8 using a path following analysis in
order to capture the snapback behaviours. For the studied material system,
which has a reported longitudinal tensile strength of 2205.0 MPa [58], the
values of n and [; can be determined according to the strain-stress curves
reported in Fig. , which indicates that the value of n should be slightly

lower than 2.7. Eventually, the values of
n=27 \/c, =10 and [j=111.5pum, (126)

are adopted in the following applications unless otherwise stated.
Considering n = 2.7, the effect of the characteristic length for the matrix
non-local damage model is studied on the 2D tensile test using successively
V<o, = lrand /¢y, = v2 mm. In Fig. [7(b)] it can be seen that changing the
characteristic length of the matrix non-local damage model has no effect on
the maximum stress of the tensile sample. However, a longer non-local dam-
age length | /co, leads to slightly more energy dissipation since the snapback
is slightly less pronounced. The higher energy dissipation resulting from a
longer /¢y, can be explained easily by the size of the matrix damage zone as
shown in Fig. [0, which presents the damage zones of both fibre and matrix
phases at the two different loading stages marked with crosses on the strain-
stress curves in Fig. [7(b)| successively for /¢y, = l; and v/2 mm. The fibre
damage zone reflects the number of broken fibres in the fibre bundles: Figs.
6(a)| and [6(c)| for |/co, = I1, and Figs. 6(b)| and [6(d)| for Vo, = V2 mm,

show this evolution from the points in which half of the fibres are broken,
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up to the final stage in which the full fibre bundle is broken. The damage of
the matrix phase reflects the cracking of matrix and the debonding at fibre-
matrix interface. The matrix damage in Figs. and for l3g = [, and
in Figs. m and m for \/co, = v/2 mm, represents the evolution from the
matrix cracking and fibre-matrix debonding around the fibre breaking point
up to the final fibre pull-out stage. When comparing Figs. 6(d)] the
fibre damage zones do not show any difference for /co, = I and /co, = V2
mm. This indicates that the matrix damage has no effect on the fibre dam-
aging process for a uni-axial tension and that the failure is dominated by the
fibres. When comparing Figs. the matrix damage concentrates in
the centre of the sample for /¢y, = I, whilst it propagates throughout the
sample for /¢y, = v/2 mm, explaining the higher ductility of this last case.

Table 5: Material properties related to the composite material failure modelled using

MFH.

Transverse critical energy release rate of Gor ~ 100 J/m? [59)]

Characteristic lengths in MFH with Lemaitre model
V/C0; = /0, |mm] 110 x 1073
/@Gy ] V2

Characteristic lengths in MFH with saturated model

\/Co, = \/Co, [mm] 50 x 1073

/€05 [mom] V2
Tensile critical energy release rate G, [N/mm] 90.0 [4]
Longitudinal strength o, [MPa] for v; = 60% 2205 58]
Phase-field length I} [mm)] 0.111
Phase-field exponent n [-] 2.7
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6. Applications

The developed MFH embedding a non-local damage approach for the
matrix phase and a phase-field approach for the fibre bundle phase is now
applied to study the failure of a notched laminate and the failure of a plain

woven composite unit-cell.

6.1. Applications on a notched laminate

The failure of a notched laminate was studied with a MFH method em-
bedding a local approach of fibre bundle damage in [34]. Because of the local
formalism the simulation exhibited a lack of convergence when some finite
elements were reaching local softening because of the fibre bundle damag-
ing process. In this section we show that the phase-field approach, on the
one hand, allows conducting the simulation to an end, and, on the other
hand, predicts the failure modes in good agreement with the experimental

Computed Tomography (CT) observations reported in the literature [3].

6.1.1. Geometry

/ 2 mm

<7,
0.7 mn

1 mm
» >

1l
%

Figure 8: Double notched sample laminate redrawn from [34]: (a) Geometry and stacking
sequence of the sample; and (b) Finite element discretisation of one quarter of the notched

sample.
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A double notched sample extracted from a UD laminate is illustrated in
Fig. The layup corresponds to a [90°/0°]s stacking sequence. One quar-
ter of the sample is discretised into finite elements as illustrated in Fig. .
Quadratic hexahedral elements are considered, and the element size at the
notched part is about 40 ym in the x —y plane, so that the distance between
integration points remains lower than the matrix non-local and phase-field
characteristic lengths.

A tensile test is studied using a dynamic implicit solver.

6.1.2. Material properties

The exact matrix and fibre material system was not provided in Ref.
[3]. We thus consider a composite material made of the 8552 epoxy resin,
modelled with a saturated damage law and whose properties are reported in
Table [3] reinforced with AS4 fibre, whose properties are reported in Table [2]
We consider a nominal fibre volume fraction v = 0.6 for the AS4/8552 UD
composite material which is modelled using the MFH approach embedded
with a non-local damage approach for the matrix and a phase-field approach
for the fibre bundle damaging process as presented in Section 3| The phase-
field and non-local damage auxiliary equations parameters are reported in
Table [5| Quadratic hexahedral elements were used in this simulations with
linear shape functions for the auxiliary equations.

The inter-laminar failure is governed by a delamination law. As discussed

in [34], delamination initiation is triggered by the criterion

Lo>2 72

~

~2
O1c ife

< (1 - Dy)?, (127)
where d1¢ and 7y7¢ are the maximum tension and shearing of the cohesive
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model. The presence of the matrix damage Dy in Eq. (127)) accounts for the
existence of the damaging process taking place in the plies. The delamination
process is governed by the two delamination modes energy release rates G

and Gy, with a complete fracture obtained for

oy —1, 128
(GIC Gre (128)

where G1¢ and Gyic are the mode I and mode II critical energy release rates

respectively, and where « is a mixed mode parameter. The surface traction
is governed by an effective stress o.g which obeys to an exponential law in
terms of the maximum reached opening A, = maxy ., (A(t')) during the
delamination process as detailed in [34]. The delamination model parameters
listed in Table [6] were used in [34] although they correspond to values used
for IM7/8552 carbon-epoxy composite laminates in Ref. [4], with a critical

stress reduced to 25 [MPa] to account for the finite size of the elements.

Table 6: Material properties of the delamination model [34].

Property Value

Mode I critical energy release rate Gy¢ [J/m®]  277.0
Mode II critical energy release rate Gyic [J/mQ] 788.0

Mode I critical stress 1¢ [MPal 25
Mode II critical stress 7;1¢ [MPa 25
Mixed mode parameter « [-] 1.0
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Figure 9: Experimental damage modes of the notched sample as observed in Ref. [3].
Reprinted from Composites Science and Technology, 71/12, A.E. Scott and M. Mavro-
gordato and P. Wright and I. Sinclair and S.M. Spearing, In situ fibre fracture measure-
ment in carbonepoxy laminates using high resolution computed tomography, 1471-1477,

Copyright (2011), with permission from Elsevier.

6.1.3. Results

A double notched sample of the same geometry was in situ tested so that
the damage modes could be observed by Synchrotron radiation Computed
Tomography (CT) in Ref. [3]. The different damage modes experimentally
observed are illustrated in Fig. [9

Figure |10 compares the forces vs. displacement curves obtained by con-
sidering successively a local damage model [34] and a phase-field damage
model for the fibre bundles. Whilst the local approach fails when the dam-
age localises in a finite element, preventing the simulation to be achieved, the
phase-field method proceeds up to failure of the laminate. The damage and

delamination distributions predicted for the four configurations indicated in
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Figure 10: Comparison between numerical predictions of the MFH framework using either
a local damage model [34] or a phase-field formulation to represent the failure of the fibre

bundle phase.

Fig [10[ are reported in Figs. 13

For a load corresponding to about 50% of the maximum load, i.e. at
configuration #1, the damage and delamination distributions obtained by
the two approaches are comparable, see Fig. [11] except concerning the fibre
bundle damage in the 0°-ply which concentrates at the notch with the local
approach, see Fig. The damage distributions can also be compared
to the experimental observations of Fig. [9(d). For the 0°-ply, the damage

evolution in the matrix, see Figs. 11(b)| forms the so-called 0° splits,
which are experimentally observed in Fig. [9)(d). For the 90°-ply, the damage

develops only in the matrix near the notch, see Figs. [11(c){11(d)], in agree-
ment with Fig. [9(d). The slight delamination predicted at the notch in Figs.

11(g)H11(h)|is visible on the CT-scan image related to the 57% loading, see
Fig. [9(e).

For a load corresponding to about 70% of the maximum load, i.e. at con-
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Do [] Dy []
1x10° 1x103 1x10% 1x103
| - | -
(a) 0°-ply-Local (b) 0°-ply-Phase-Field
ol . - . .
1x10% 1><1o3 1x10% 1x103
| - rC -
) 90°-ply-Local (d) 90°-ply-Phase-field

Dy [] 1 [
1x10% 1x10° 1x10% lx103 1
| - | I .|
(e) 0°-ply-Local (f) 0°-ply-Phase-field
Active delamination Active delamination
(g) 0°/90°-interface-Local (h) 0°/90°-interface-Phase-Field

Figure 11: Damage and delamination distributions for the notched sample at configuration
#1, see Fig. predicted with the local damage formulation (left column) and the phase-
field formulation (right column) of the fibre bundle damage process: (a-b) Matrix damage
(logarithmic scale) in the 0° ply; (c-d) Matrix damage (logarithmic scale) in the 90° ply;
(e-f) Fibre bundle damage (logarithmic scale) in the 0° ply; and (g-h) Delamination zones
at the 0°-90° interface.
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Dy [ Dy []
1x10°® 1x10°3 1x10° 1x10°3
| I - | I -
(a) 0°-ply-Local (b) 0°-ply-Phase-Field
Dy [1] Dy []
1x10% 1x 103 1 1x10% 1x103 1
| _ | | - A
(c) 90°-ply-Local (d) 90°-ply-Phase-field
Dy [1] Dy [1]
1x10% 1x10° 1x10% 1x103
| - | I -
(e) 0°-ply-Local (f) 0°-ply-Phase-field
Active delamination Active delamination
(g) 0°/90°-interface-Local (h) 0°/90°-interface-Phase-Field

Figure 12: Damage and delamination distributions for the notched sample at configuration
#2, see Fig. predicted with the local damage formulation (left column) and the phase-
field formulation (right column) of the fibre bundle damage process: (a-b) Matrix damage
(logarithmic scale) in the 0° ply; (c-d) Matrix damage (logarithmic scale) in the 90° ply;
(e-f) Fibre bundle damage (logarithmic scale) in the 0° ply; and (g-h) Delamination zones
at the 0°-90° interface.
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Do [ Dy []
1x10°% 1x102 1 1x10% 1x10° 1
| e | | I B
(a) 0°-ply-Phase-Field, #3 (b) 0°-ply-Phase-Field, #4
Dy [-] Do []
1x10% 1x102 1 1x10% 1x10° 1
- | s |
(c) 90°-ply-Phase-Field, #3 (d) 90°-ply-Phase-field, #4

Dy [] Dy []
1x10% 1x10° 1x10% 1x103
| |
(e) 0°-ply-Phase-Field, #3 (f) 0°-ply-Phase-field, #4

7 XN

Active delamination Active delamination

(g) 0°/90°-interface-Phase-Field, (h) 0°/90°-interface-Phase-Field,
7#3 #4

Figure 13: Damage and delamination distributions for the notched sample at configuration
#3 (left column) and at configuration #4 (right column), see Fig. predicted with
the phase-field formulation of the fibre bundle damage process: (a-b) Matrix damage
(logarithmic scale) in the 0° ply; (c-d) Matrix damage (logarithmic scale) in the 90° ply;
(e-f) Fibre bundle damage (logarithmic scale) in the 0° ply; and (g-h) Delamination zones
at the 0°-90° interface.
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figuration #2, the fibre bundle damage in the 0°-ply has localised with the
local approach, see Fig. [12(e)|, whilst it extends along the fibre orientation
with the phase-field method, see Fig. The matrix damage distribu-
tions are comparable with the experimental observations of Fig. @(g), with
a 0° splits in the 0°-ply and transverse cracking in the 90°-ply, see Figs.
12(a)H12(b)| and Figs. [12(c)12(d)] respectively. The delamination zone has
extended from the notch as seen in Figs. [12(g)H12(h), and is less extended
than in the experimental observation of Fig. [0(g). It is actually in better
agreement with the CT images of the previous stage, Fig. @(f)

At this point the local approach looses convergence because of the fibre
bundle damage localisation, see Fig. . The phase-field simulation al-
lows capturing the maximum loading, i.e. configuration #3 see Fig. (left
column), and the failed configuration, i.e. configuration #4 see Fig. [L3{right
column). Compared to configuration #2, the 0° splits first increases in dam-
age amplitude, see Fig. and extends to a large region at total failure,
see Fig. [13(b). The transverse cracking in the 90°-ply, tends to localise in
bands along the fibre directions, see Figs. 13(d)}l The fibre bundle
damage in the 0°-ply extends across the cross-section, see Figs. ,
yielding loss of stress carrying capacity of the laminate. Finally, the de-
lamination zone develops, see Figs. [13(g){13(h)| as already experimentally
observed at 80% of the total load in Fig. [9(h).

6.2. Applications on a woven unit cell

In this section we apply the MFH model to represent the yarn behaviour
of a plain woven composite material made of the 8552 epoxy resin reinforced

with AS4 fibre. The 8552 epoxy properties are used as such for the matrix
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phase embedding the yarns.

6.2.1. Geometry

L/4  L/4

(a) Unit cell (b) Cross-section
Figure 14: Definition of the plain woven unit cell: dimensions associated to (a) The 3D

cell; and to (b) The cross-section.

The geometrical model of the plain woven unit cell represented in Fig.

lies on the following assumptions

e The yarns cross-section is approximated by an ellipse of semi-axes ag

and by, see Fig. [14(a)

e The size of the unit cell is L, x L, x L, see Fig. ;

e The central axis vertical location of a yarn along ( = = or { = y reads

z=0 2 —1| for ¢ € [0; %], (129)

1+ exp (—g (2 . %))

where b governs the waviness of the yarn and [ its asymptotic behaviour

(%)

b

such that the yarn reaches the location ab with a = , see Fig.

14(b)

e In order to avoid contact between yarns, the condition b > by is enforced

by constraining b = £by with the eccentricity € > 1.
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Table 7: Geometrical description of the woven unit cell.

Geometrical relationships Value
Cell length L, = L, = 4ag + 2e; [mm] 3.294
Cell thickness L, = 4b 4 2e2 [mm] 0.2245
Yarn axis location b = by [mm] 0.053625

Vertical distance between yarns oo = 2 <1+exp(1—”w) - %) [-]  0.99889

4

Experimental measurements Value
Yarn cross-section area Ag [mm?] 0.12
Yarn small semi-axis by [mm]| 0.04875
Yarn large semi-axis ap = 7‘% [mm] 0.78353
Yarns horizontal gap e; [mm)] 0.08
Model parameters Value
Yarns vertical gap ez [mm] 0.005
Yarn eccentricity £ [-] 1.1
Asymptoticy [ L, [-] 30

e The distances between the yarns in the cross-section is governed by e;

and e, see Fig. [14(b)}

Using the parameters reported in Table [7] allows obtaining a unit cell with

64.3% volume fraction of yarns.

6.2.2. Material properties

The yarns are modelled using the MFH model with damage enhanced
matrix and fibre bundle behaviours presented in Section [3] This model is
defined using the Euler angles characterising the initial fibre direction. To

this end, since each Gauss integration Point (GP), see Fig. belongs to an
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Figure 15: Definition of the non-local MFH model at the Gauss integration Point (GP)
from the yarn cross-section defined by its Central Point (CP).

ellipsoidal cross-section, the fibre direction is defined from the normal to the
cross-section at its central point, whose directrix is governed by Eq. .

The AS4 fibre properties of the yarn are reported in Table 2] The 8552
epoxy properties, using a the saturated damage model, of the yarn are re-
ported in Table [3] These properties are completed by the phase-field model
and non-local model parameters of Table [f] Finally we consider that the
yarns have a 85% volume fraction of fibres, yielding a 55% volume of fibres
for the woven unit cell as specified by the manufacturer [58].

The remaining matrix part, 7.e. the out-of yarns phase, of the woven
unit cell is also modelled with the 8552 epoxy properties reported in Table
Bl Since this part has no fibre, the characteristic lengths matrix ¢y is taken
isotropic with the values reported in Table

Linear tetrahedral elements with volume average volume deformation

were used in this simulations.
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Figure 16: Magnified deformation (10 times) and epoxy damage distribution at macro-

strain softening onset in the woven unit cell: model with (a) KUBC; and (b) PBC.
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Figure 17: Homogenised stress-strain evolution of the woven unit cell submitted to uni-
axial tension; comparison between the results predicted using KUBC and PBC; The man-

ufacturing tensile stiffness and strength are also reported [58].

6.2.3. Results

A uni-axial tension is applied on the woven unit-cell. We successively
consider the cases in which the lower and upper faces are constrained to i)
deform following Periodic Boundary Conditions (PBC) and ii) remain planar
following Kinematically Uniform Boundary Conditions (KUBC) in order to
study the effect of the out-of-plane deformation mode. For both cases the pe-

riodic boundary conditions are considered on the lateral faces although they
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naturally remain planar under uni-axial tension. The resulting (magnified)
deformed configurations at macro-strain softening onset are compared in Fig.
16l The PBC model allows out-of-plane deformation and the warp yarns tend
to straighten inducing extra deformation in the weft yarns. As a results the
predicted homogenised stress-strain curve is more compliant for the PBC
model than for the KUBC model, predicting an earlier strain softening onset
as illustrated in Fig. [I7} The latter figure also reports the manufacturer data
[58], which provide only elastic modulus and tensile strength values.

The predictions using the KUBC model are closer to the manufacturing
data, both in term of initial slope and strength. This can be explained
by the fact that in a real structure the out-of-plane deformations are not
totally free because of the laminate-like structure. This behaviour is further
studied in where it is shown that the response of the layer in
laminate unit-cell is closer to that of the KUBC. Besides, as discussed in
[60], when comparing the homogenised in-plane Poisson’s ratios v,, = 0.1
predicted using PBC, the value is higher than that under KUBC (v,, =
0.037). Experimental measurements of in-plane Poisson ratio on a woven
composite material are typically v,, € (0.03, 0.05) at low strain rate in [61],
which is also in better agreement with the KUBC model. Let us note that
the analytical result [62] and experimental measurement [63] of the in-plane
Poisson ratios for woven fabric have shown v, € (0.2, 0.57). It indicates that
the homogenised elasticity properties of woven composites obtained under
MBC are more physical than that obtained under PBC.

The damage distributions at damage initiation (e,, = 0.005) and at

macro-strain softening are illustrated for the different phases in Fig. {18 when
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X

Figure 18: Evolution of the damage distribution in the woven unit cell simulated using
KUBC for a tensile strain €,, = 0.005 (left column) and for a tensile strain ., = 0.017
(right column): (a-b) Damage Dy distribution in the matrix phase of the yarn; (c-d)
Damage D distribution in the fibre phase of the yarn; and (e-f) Damage Dy distribution

in the matrix (out-of yarns phase).

considering KUBC and in Fig. when considering PBC. Concerning the
yarns, the damage in the matrix phase propagates in the wefts along a direc-

tion parallel to the fibres, i.e. perpendicular to the tensile direction, when
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Figure 19: Evolution of the damage distribution in the woven unit cell simulated using
PBC for a tensile strain ,,, = 0.005 (left column) and for a tensile strain €., = 0.011 (right
column): (a-b) Damage Dy distribution in the matrix phase of the yarn; (c-d) Damage D
distribution in the fibre phase of the yarn; and (e-f) Damage D distribution in the matrix

(out-of yarns phase).

considering KUBC, see Figs. [18(a)|and [18(b); the final failure is triggered by

the fibre damage in the warps, see Figs. [18(d)| and [19(d)| for respectively the

KUBC and PBC cases. Finally it appears that the out-of-yarn epoxy phase
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experiences a damage near the intersections between the warps and wefts,

see Figs. [18(f)| and [19(f)!

7. Conclusions

A micro-mechanical model for fibre reinforced matrix has been developed
by extending Mean-Field Homogenisation theory to account for fibre bundle
breaking and matrix damage. In order to ensure mesh-independence and to
recover the correct energy release rate for fibre dominated failure, the dam-
aging process of the fibre bundle has been framed in a phase-field approach.
The diffuse damage of the matrix phase has been formulated using an im-
plicit non-local approach. The fibre-matrix interface debonding as well as the
matrix yielding and cracking occurring during fibre breaking have been as-
sumed to develop via the evolution of the matrix damage variable [34], which
is realistic since the behaviours of the fibre and matrix phases are implicitly
coupled.

This micro-structure informed formulation of the UD composite failure

presents several features:

e Only micro-structure parameters such as the phase material responses
have to be identified to represent the composite UD elastic and elasto-

plastic responses;

e Knowing the longitudinal critical energy release rate and strength of
the fibre-reinforced matrix, which can be obtained by common experi-
mental tests, the phase-field parameters are obtained in order to respect
these two values through micro-mechanical argumentation such as the

representation of the stress build-up;
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e Correctly representing the energy released during transverse failure can

also be done by identification of the non-local characteristic length that

allows recovering the transverse critical energy release rate;

All the required parameters are physical parameters that can be identi-
fied easily from either micro-mechanical arguments, manufacturer data
sheet, or experimental tests commonly available in the literature, at
the exception of the characteristic lengths of the non-local and phase-
field models; Although the latter have also a physical meaning, they
are identified, on the one hand, in order to recover the transverse crit-
ical energy release rate and constrain the matrix cracking direction for
the non-local damage model, and, on the other hand, in order to re-
cover the composite material longitudinal strength for the phase-field

parameters;

The anisotropic non-local formulation allowed predicting failure modes
such as matrix cracking and fibre failure in good agreement with ex-

perimental observation;

The MFH model is implemented as a classical constitutive material law
in a finite element code without particular difficulties, whilst both non-
local and phase-field formulations require the resolution of additional
elliptic equations that have to be integrated at the finite element level,
as it is now commonly done finite-element code considering thermo-

mechanical coupling, e.g. or phase-field equations.

In this paper, the material parameters of both fibre and epoxy matrix

phases have been identified from manufacturer data sheets in the case of AS4
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fibre reinforced 8552 epoxy matrix. A sensitivity analysis has been conducted
on the phase-field model parameters governing the smearing of the damage,
whilst constraining the amount of dissipated energy. The model has been
studied on the failure of a ply loaded along the longitudinal direction, and it
has been shown that the predicted strength is in agreement with the reported
values by the manufacturer. The non-local damage parameter of the matrix
phase have been identified by micro-mechanical analyses [6l, 36].

The developed multi-scale model has first been applied to predict the fail-
ure modes of a notched laminate. It was found that the damage delamination
patterns were similar to the experimentally observed ones. The multi-scale
model has then been applied to represent the yarn failure of a plain wo-
ven composite unit-cell under uni-axial tension. To this end, the warps and
wefts were modelled as dense unidirectional fibre reinforced epoxy using the

developed damage enhanced MFH model.

Appendix A. Material operators of the constitutive models

Appendixz A.1. Damage-enhanced transverse isotropic elasticity

Appendiz A.1.1. Algorithmic operators of damaged fibre bundles

Because of the existence of the auxiliary damage variable dj, the elastic
behaviour of the fibre bundle becomes non-linear, and the stress o (e, d;) in
the fibre bundle depends not only on the fibre strain, but also on the auxiliary

damage variable d;. Therefore, the variation of the fibre stress reads

dCP OD
bo = 6(CP:e)=CP:de+e: 8DII aTlII(SdI, (A1)
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and the algorithmic operators of the damaged fibres bundle stress read

€e
G

ed
&

oo
e = CP, and (A.2)
do  9CP oD, ~oCy

= n(l — dl)niléf .

do _ _ O0Cr 0Dy _ A.
od; S oDy ody (A-3)

oDy’

according to the definition of Dy in Eq. (9).

Besides, in order to solve the coupled system of equations, Eq. also

has to be linearised, which requires the evaluation of the following terms

0 (—l—l—aﬁ) n—1 D
wg . Gc adl o _n(]. - dl) lI aCI . A 4
/™ = 9% = a. 2D, te, and (A4)
0 (—l—l—aw;> D
vd G. Bdy __lI _ ~1)(1 — 42 %
Cy ad e [ n(n—1)(1 —d)" “e: 9D €
O*CP
+ [n(1 —d)" Pe s ——=: s} , (A.5)
! dD?

20D

. acb 92C
where we have used Eq. 1} and where the derivatives 55~ and —5F are
I

0D

respectively given in [Appendix A.1.2l and [Appendix A.1.3|

Appendiz A.1.2. First order derivative of the damaged transverse isotropic

elasticity tensor

According to the definition of the damaged transverse isotropic elasticity

tensor, Eq. (21), and of AP = (1 + }2)(1 — }}2 — 20433 1P) with 1710 =

7



e (1 — D)t and EPP = (1 — D)E?, it yields

aCPy, _ ICP g, _ By ! EIl(l v D) 0AP
0D 0D AD AD2 oD; "’
oCP _ oCP,, _ _Ellz/llg’ vt Ell( 24+ yf31D) oAP
0D 0D AD AD2 oD;’
ICP 5 _ 9CP _ ICP g _ ICP 3,
0D 0D 0D oDy '
_ E3< —|—V112 I13) E3D( —I—V112 13)@AD
AP AD2 oD; "’
0Py _ B BPU-wHIN
oDy AP AD2 oDy’ ‘
with
OAP
oD v P (1 + 17 ?). (A7)
ws Finally, one has
dCp  9CP oD
Y = OD1 - ith i,j=1,2,3. (A.8)

Jdy ODI ady

wo  Appendiz A.1.3. Second order derivative of the damaged transverse isotropic
967 elasticity tensor

Using equation ((A.8)), the second derivative of CP reads

0°CP  9*CP (9Dy\* OCP 0*Dy
od? 0D} \ 0d; OD; Od?
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with

PCPy _ PCPy 2Bl OAP 2E](1 -y Pf1P) (9APN
oD} oD} ADP2 9Dy AD3 oDy )
PCPyy _ PCPy _ 2B 0AP  2Bi(W* + v *1}'P) (9AD ’
oD} oD} AP2 9D AD3 oDy )
82CY%313 8201 31 _ 8201 23 _ 8201 32
oD} oD} oD} oD}
2E13(V113+ 12 13) aAD QESD( —|—l/12 13) 8AD 2

AD? oDy ADS3 oD, ’
FCPy _ 2B 0A> 2B vit?) (OAPNT
oD} AD2 dD; AD3 oDy ) T

Appendixz A.2. Matriz non-local damage model

Appendix A.2.1. Radial return mapping of enhanced Jo plasticity

During the occurrence of plastic flow, f = 0 in Eq. , Do is positive,

and the normality rule yields the plastic strain tensor increment

_poNo, with NO

of _
pys

"~ 2(1 = Dy)gea’

3 dev(o) (A1)

where Ny is the normal to the yield surface in the effective stress space, and

where the equivalent plastic strain py = [2€P' : €P']"/2. The set of internal

variables Zj is thus {po, e"'}.

In order for the incremental-secant operator C5* in the MFH scheme to be

naturally isotropic, it has been suggested in [27), [43] to consider the normal to

the plastic flow from the residual state, 7.e. using IN =

as a normal direction in Eq. (A.11]).

3 dev(6—65°%)
2 \/%dev (6—671e8):dev(6—6TL°)

Appendiz A.2.2. Algorithmic operators of the matriz damage model

Because of the existence of the non-local damage variable pg, the damage-

enhanced elasto-plastic response can be stated as o (e, pg), with the lineari-
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sation
bo = C:de+ C5 opy, (A.12)

with the material operators of the constitutive law reading

e (90' alg aDO
CF = o= (-DCF 60", (A.13)
5 0Ao 8D0
C? = — =—0—, A.14
0 Ipo opo ( )

where C3'® = % is the algorithmic operator of the undamaged stress detailed
here below. Besides, in order to solve the coupled system of equations, Eq.
also has to be linearised, which requires the evaluation of the following

terms

0 2
Cgs Po Ho

0
p Ipo
Cpp - A< — 0, A16
0 apo ( )

with hg = 3pug + aRO as detailed here below.
In the case of the radial return mapping assumption, the derivative of the

undamaged stress increment with respect to the strain increment reads (e.g.

[64, chapter 12])

IAG (2110)* (210)*(Apo)
algO el . dev
C3*" = Gae = G = No @ No — = 2]1 ~Ny® Ny )

(A.17)

with ge®™ = \/ 3dev (6r) : dev (6tr) the equivalent stress of the elastic pre-
dictor 6% = &, + C® : Ae used in the radial return mapping, Ap, the accu-

mulated plastic strain increment, the coefficient hy = 3 + 8R° > 0 and the

normal direction which reads Ny = %deY (@) with 6% = \/ dev (6) : dev (o).

&ed )
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When performing the incremental-secant formulation, and in order to de-
fine the incremental-secant operator as isotropic in the case in which the
residual was not neglected, the radial return mapping was modified to point

to the residual stress, with IN = %%, where the equivalent effec-

tive stress increment reads (o — o)™ = \/ 3dev (6 — 61) 1 dev (6 — o1).

Equation (A.17) thus becomes

St (2410)* (210)2(Apo) 3
algr _ Y42Y el AP0/ _ (2p0)"(Apo) (Sidev
Col = gae Ty NeN (&tr_&aes)eq(zﬂ N®N),

(A.18)

with b = 3o+ %N : No’l%% > 0. We note that h and IN reduces to hg and

NNy when the residual stress vanishes.

In the following, C3'® holds for either Eq. (A.17) or (A.18).

The material operators of the constitutive law are then obtained, first for

the derivatives of the Cauchy stress tensor (A.12), as

.  OAo ag . - 0D

C¢ = ao=(1-D)C¥ 60—, (A.19)
5 0Ao 0Dy

Cep - = - —6’—~ . AQO
‘ Ipo Ipo ( )

and then for the derivatives of the equivalent local plastic strain (38) with

the operators (A.15HA.16)) reading

dpo  2p0 2410
pe — N, pe — 227 A21
Co Ohe ~ g Yo orC no (A.21)
p dpo
Cpp —- — O A22
0 8]7() ( )

These expressions are completed by the linearisation of the damage law

(35) written in the incremental form following [42):

= (—)* Apy , (A.23)
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where
1
o = 5% Cg:e® and 4y, = (1 — )y, +atdy,,, - (A.24)

It can be easily deduced that

awo + ase alg
— 2 — e = e’ : : A2
9ec - Be de = ae®: Cy® : e, (A.25)
leading to
N OAD 0Oy 0e° 0ADy . _
0D ~ nte . ) 0
0(67 pO) a¢0n+a 856 as €+ aﬁo Po
Yoora o .l Youra )
= OéS()AﬁO nga e°: ng 10 + (%) 5ﬁ0 (A26)
0 0

When considering the damage law , during the damage increase yg =
Po and one has

B Dinaxe 1 1

Dy = 1 ( i B
1- 14exp (801700) 1+ exp (_So(po o pCO)) 1 4 exp (Sopco)

) (A27)

whose derivative reads

5Do(e. fin) = 0 : b + — 2w ( %0 &P (~50(fo ~ Py)) > 5o -

— 1 ~ 2
1+€Xp (Sopco) []' + eXp (_80<p0 - ng))]

(A.28)

Appendix B. Tensors derivatives

Appendiz B.1. Jacobian matriz of MFH resolution
We here recall the expression of F :

1 —_ r r r
F=C3P: [(Ae)f — —S7HI, C5P) : ((Ae)t — Agy,) | —CPP : (Ae)t. (B.1)

Vo
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The Jacobian matrix reading

OF (U} OF
J= - — , B.2
el v (Be; 2
w20 1S detailed as
OF 1 oCyP
— (CSD: ]I__Sfl I CSD —(CSD— I 3,4: Ag)t
8<A€>f 0 |i Vo ( ) 0 ) I 8<A€>f < E:>I7
oF oCcy® 5, 1« S
= 0 34 1 (Ae) — —STHI, C3P) : ((Ae) — A€t
8<A€>6 8<A€>6 < 8)1 Vo ( ) 0 ) (( 6)1 8l\/[) +
1 oS
—CiP @ ((Ae)i — Aely) = (SteS™) = . (B3
v O ® ((Ae); eu) ( ® ) B(Ae)r (B.3)
1021 Besides, the other required derivatives read
OF 1
= —C3P:.s™! B.4
8A€f\4 Vo 0 ( )
OF ocsP 1
_— = : A r——S_ll(cSDZ Ae) — Agt
Br oI (Ae)y " (L, C57) : ({(Ae) em)| +
1 SD r r -1 -1 IS
—Cy 7 ® ((Ae)] — Agy) = (S XS ) : e (B.5)
Vo Po
OF ocgP
— = - {(Ae)T. B.6
8d1 (9d1 < €>I ( )
w2 Appendiz B.2. Derivatives of the secant operators
w3 Appendiz B.2.1. Derivatives of the matrixz secant operator
1024 The derivatives of the matrix phase damaged incremental-secant operator
1025 read [43]
ocsP oCs S 0D,
—— = (1=-Dy) =——— — —_— d B.7
oy — T aae 0 aaay e B0
- = ———Cj. B.8
IPo Ipo 0 (B:8)
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The derivative of the matrix phase effective incremental-secant operators

(62) reads

S 2 ]Idev - (Ae)r
a(CO - = Q]Idev ® |: 1 - QA&S . ]Idev : Cglg _ _,ug < :;1)02 :
d(Ae)g 615 (((Ae)p)™) 37 (((Ae)p) )(B 9

with ((Ae)f)® = \/gdev((Aa%) : dev((Ae)f). In the case in which CJ' is
used, C3% is obtained from Eq. (A.18), xS is defined by Eq. (58), and

~ A A . . . lg . .
A6l = 6y — 5. In the case in which C3° is used, Cj® is obtained from Eq.

(A.17), i is defined by Eq. (61), and Ady = 6.

Finally the missing terms a?ALeoy and %—gg are developed in Eq. (A.26) or
0

Eq. (A.28)).

Appendiz B.2.2. Derivatives of the fibre bundle secant operator

The derivatives of the fibre bundle phase damaged incremental-secant

operator read

acs®  acd oD
_ ~ 0, and B.1

oaey — oDy D olhey VA (B.10)

acs>  acP oD,

ddy OD; Od;

(B.11)

where the last term is obtained from Eq. (A.8).

Appendiz B.2.3. Derivatives of the FEshelby tensor
One has

oS @@ Ovg  OKY N Ovy  OugP
DAey, — Ou "\ oD 0(Ae), | 9pED (A6,

_ 08 [ (L 0Dy
T Oy | OkD "O(Ae);

61/0 . 8@8 s aDo
OsP ((1 Plaacn amey )] B
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and similarly

S oS [, oD0\ Ay 9Dy
S _ B o ([ _ 89 B.1
o0 o " LMOD ( o 8]50) T 95D ( Hogs, )| (B13)

where the derivative a<8A—”§>6 is obtained as for Eq. (B.9), and maA—DEO% and the

derivatives %—?{? are developed in either Eq. (A.26]) or Eq. (A.28)).

Appendix C. Determination of matrix non-local length

DA Total failure Unloading path

MFH law Dend Loading path

\ | T Localization
S G~ - onset

00 ~| Dioe [¢-------"-====-=
S |

fe o
Fibres

orientation

Non-local matrix or
{ R > [co,

L =10, /co,
(a) Geometry (b) Dissipated energy

Figure C.20: Test performed to evaluate the matrix non-local length from the fracture
energy: (a) Geometry of the specimen of length L = 10,/co,, width [ = 0.2,/co, and of
curvature radius R >> ,/co,; and (b) Failure diagram representing the evolution of the
energy dissipation D with respect to the loading stress . The dissipated energy scales
with the volume up to localisation onset Dy, and then with the cross-section Sy (here the

width 7).

The critical energy release rate of a material failure process under specific
loading conditions, usually denoted by G, measures the total fracture energy
released per unit crack surface opening. In our case, as a non-local formalism
is adopted, G. is directly related, not only to the damage evolution law

chosen, but also to the characteristic lengths ,/co; of the non-local matrix
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model. The non-local length can be evaluated by studying a virtual uni-
axial traction test in which localisation is triggered by a centred defect as
suggested in [36]. The geometry of the virtual specimen is defined by its
length L, its width [ as well as by the curvature radius R which introduces
the imperfection, see Fig. It has been shown in [36] that the dissipated
energy D scales with the test volume up to localisation onset and, providing
L> /¢y, and R > | /co,, with the cross-section S, here the width [, between
the localisation onset and the total failure, see Fig. 20(b)l The critical energy
release rate G can be then be estimated from the failure diagram as shown
in Fig. , during the post-peak localisation period, by computing the
total energy dissipation and the surface of the cross-section in consideration

Dend — Dloc
G, = —end — Zloc C.1
- ()

where Dy, and D.y,q are respectively the accumulated dissipated energies at
the onset point of localisation and at the total failure point.

We have performed this virtual test successively on a specimen made of
either the bulk epoxy matrix or the UD reinforced epoxy resin. In the latter
case, the material law is the damage enhanced MFH scheme with the fibres
direction perpendicular to the loading direction. Besides, both the Lemaitre-
Chaboche damage law and the saturation damage law described in Section
have been examined for the matrix phase. Figure illustrates the
evolution of the energy release rate GG, with respect to the loading stress o
on the specimen. It can be seen in Fig. that for the failure of the
composite material modelled with the damage enhanced MFH scheme, for
a given damage law, different values of the non-local length ,/co, do not

change the peak stress, i.e. the localisation onset, but a longer ,/cy, leads
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300 —  /¢p, =40pm 600 — Composite, sat., /¢, =50um
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(a) Effect of non-local length (b) Effect of damage model

Figure C.21: Evaluation of the matrix non-local length in order to recover the fracture
energy: (a) Effect of the non-local length /¢ on the transverse failure of the AS4 reinforced
8552 epoxy modelled using the saturation damage enhanced MFH; and (b) Recovery of
Ger >~ 100 J /rn2 for the transverse failure of, on the one hand, the AS4 reinforced 8552
epoxy and of, on the other hand, the bulk matrix; The cases of a Lemaitre-Chaboche

model and of a saturation damage law are successively studied.

to a larger G.p, which is in agreement with the physical meaning of the
non-local characteristic length.

It appears from Fig. that to recover the transverse critical energy
release rate G reported in Table[5] the non-local length with the saturation
law should be selected as /¢y, = 50um. Furthermore, repeating the same
exercise for the different damage laws and for both the bulk matrix and
composite material, Fig. 21(b)|allows evaluating the non-local lengths of the
bulk matrix as reported in Table |3 and of the non-local matrix model when

used in the MFH scheme as reported in Table
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(a) Full mesh

(b) Yarns mesh

Figure D.22: Mesh of a 2-layer 0° — 90°/ — 45° — 45° unit-cell: (a) Full mesh of the unit
cell; and (b) Mesh of the yarn.
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Figure D.23: Comparison of the homogenised stress-strain evolution of the 1-layer 0° —90°
unit cell and of the 2-layer 0° — 90°/ — 45° — 45° unit cell submitted to uni-axial tension;
The 1-layer 0° — 90° unit cell is successively modelled with PBC and KUBC; For the
2-layer 0° —90°/ — 45° —45° unit cell the stress-strain response of the full 2-layer unit-cell
and of the 0° — 90° layer are reported; The manufacturing tensile stiffness and strength

are also reported [58].

Appendix D. 2-layer laminate

In order to assess the representativity of the boundary conditions on the
unit cell deformation, we consider the 2-layer 0° —90°/ — 45° — 45° unit-cell
depicted in Fig. [D.22 and submit it to PBC. We compare its homogenised
stress-strain evolution to the 1-layer unit cell in Fig. Because of its
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layup, the 2-layer unit-cell is more compliant, so we extracted the response

of the 0° — 90° layer of the 2-layer unit-cell. It can be seen in Fig. that

the 0° — 90° layer of the 2-layer unit-cell exhibits a strength in-between the
ones predicted for the 1-layer unit cell with PBC and KUBC. This demon-

strates that the real behaviour of the composite layer in a laminate is better

represented by the KUBC than by the PBC.
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