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ABSTRACT
In order to respond to the demand of accurate miniature in-

ertial navigation systems, ONERA has been working on the de-
sign of a vibrating beam accelerometer called the VibratingIn-
ertial Accelerometer (VIA). The accuracy of the VIA is directly
related to the thermoelastic quality factor of its sensitive ele-
ment, which is a beam made of quartz. In this work, thermo-
piezoelectric finite element analyses of the beam are carried out
in order to determine the thermoelastic quality factor. These fi-
nite element results are compared to the analytical and experi-
mental quality factors. Due to their inherent restrictive assump-
tions, analytical models overestimate the quality factor while the
finite element results are in good agreement with the experimen-
tal values. As the finite element model allows to take into ac-
count the real geometry of the beam and the piezoelectricityof
the material, it allows to quantify more precisely the thermoelas-
tic quality factor.

∗Address all correspondence to this author.

INTRODUCTION

Thermoelastic damping has been identified as an important
loss mechanism in numerous high-Q micro-resonators, see for
example Refs. [1–5]. The ability to accurately model and pre-
dict energy loss due to the thermoelastic effects is therefore a
key requirement in order to improve the performance of high-Q
resonators. Although most studies of thermoelastic quality factor
till date have been based on analytical models, which are subject
to very restrictive assumptions so that they are not sufficiently
accurate to predict the behavior of complex 3-D structures.In
this paper, a finite element formulation has been developed in or-
der to analyze the behavior of systems that are not analytically
tractable.

The resonator devices used in this study are accelerometers
fabricated at ONERA. In order to respond to the demand of ac-
curate miniature inertial navigation systems, ONERA has been
working on the design of a vibrating beam accelerometer called
the Vibrating Inertial Accelerometer (VIA) [6]. The present ap-
plications of this device are the guidance and the attitude control
of tactical missiles as well as aircraft inertial navigation. The ac-

1 Copyright c© 2006 by ASME



Figure 1. VIA DESIGN WITH THE DECOUPLING FRAME

curacy of the VIA is directly related to the quality factor ofits
sensitive element, which is a beam made of quartz. The aim of
this paper is to study the influence of the thermoelastic effects on
the behavior of the VIA.

Firstly, the VIA is introduced and the importance of the ther-
moelastic effects on its performances is highlighted. Then, ther-
moelastic damping in beam resonators is briefly reviewed andthe
thermo-piezoelectric finite element formulation is derived. Fi-
nally, finite element analyses are carried out and the results are
compared to the analytical and experimental quality factors.

THE VIBRATING INERTIAL ACCELEROMETER
The Vibrating Inertial Accelerometer (VIA) [6–8] is a Vi-

brating Beam Accelerometer (VBA) made of monocrystalline
quartz. Its concept is based on the resonance frequency shift
of a beam when submitted to axial stresses induced by accel-
eration. More precisely, in the VIA design, a micrometric beam
(cross section 30µm x 60 µm, length 2.26 mm) is clamped at
one of its ends and is connected to proof mass at the other (see
Fig. 1). When an acceleration is applied along the sensitiveaxis
of the sensor (perpendicular to the transducer plane), the proof
mass generates an axial stress into the beam, which modifies its
bending resonance frequency.

As quartz is a piezoelectric material, it is possible to actu-
ate and detect the oscillations of the beam by metallic electrodes
which are deposited on it. An electronic oscillator, with gain and
phase control, is used to excite the beam at its resonance. The
output of VIA is thus the frequency of the oscillator signal,and
its variations represent the applied acceleration. Bias stability,
i.e. beam frequency without acceleration, requires a resonator
with high quality factor, in order to reduce the sensitivityof elec-
tronic phase drift. The quality factor (Q) is defined by the ratio

of the stored energy in the resonator (W) and the total dissipated
energy per cycle of vibration (∆W):

Q = 2π
W
∆W

(1)

Q is affected by several loss mechanisms, which are extrin-
sic (losses by gas damping, losses into support,...) or intrinsic
(viscosity, thermoelastic damping,...). The global quality factor
Qtotal can be express as [9] :

Q−1
total = ∑

i

Q−1
i = Q−1

sur f ace+Q−1
support+Q−1

visco+Q−1
TED (2)

whereQsur f ace represents the surface losses (such as gas
damping),Qsupport are the energy losses due to the fixation to
the support,Qvisco corresponds to losses due to intrinsic losses
andQTED is the effect of thermoelastic damping

In the VIA, extrinsic losses have been decreased as much
as possible. Indeed, gas damping is avoided by operating under
vacuum (p= 0.1 mbar). Moreover, a specific insulation frame has
been developed in order to reduce the losses out of the quartz
structure. Finite element analyses show that, due to this frame,
less than 10−8 of the whole energy is dissipated into the support,
and really high quality factors are allowed. Lastly, due to the
quality of quartz crystal, viscosity losses can be neglected.

Thus, intrinsic losses, and especially thermoelastic damping
are now the main contribution to energy losses and limit the VIA
quality factor :Qtotal = QTED. Experimental quality factorQtotal

is about 13 000, whereas Zener’s thermoelastic model [10] eval-
uatesQTED around 17 000. This difference can be explained by
the strong assumptions of the analytical model (such as rectan-
gular beam, isotropic solid,...) which are not satisfied in the case
of the VIA beam. So, a finite element approach has been devel-
oped in order to have a better understanding of the thermoelastic
damping, and to improve the design of future accelerometers.

THERMOELASTIC DAMPING
The basic notions of thermoelasticity are well known [11].

In isotropic solids with a positive thermal expansion coefficient,
an increase of temperature creates an expansion and inversely,
a decrease of temperature produces a compression. Similarly,
an expansion lowers the temperature and a compression raises
the temperature. Therefore, when a thermoelastic solid is set in
motion, it is taken out of equilibrium, having an excess of ki-
netic and potential energy. The coupling between the strainand
the temperature fields induces an energy dissipation mechanism
which causes the system to return to its static equilibrium.The
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relaxation of the thermoelastic solid is achieved through the ir-
reversible flow of heat driven by local temperature gradients that
are generated by the strain field. Thermoelastic damping results
from this dissipation which is not always measurable. When
the vibration frequency is much lower than the relaxation rate,
the solid is always in thermal equilibrium and the vibrations are
isothermal. On the other hand, when the vibration frequencyis
much higher than the relaxation rate, the system has no time to
relax and the vibrations are adiabatic. Hence, it is only when the
vibration frequency is of the order of the relaxation rate that the
energy loss becomes appreciable.

Analytical models
Zener [10] was the first to develop expressions to approxi-

mate the thermoelastic damping. His theory is based on an ex-
tension of Hooke’s law involving stressσ, strainε as well as their
first time derivativeṡσ andε̇ [10]:

σ+ τεσ̇ = ER(ε+ τσε̇) (3)

This model is called the ”Standard Anelastic Solid” model. The
three parametersτε, τσ andER have the following physical inter-
pretation:

- τε is the relaxation time at which the stress relaxes expo-
nentially when the strain is kept constant.
- τσ is the relaxation time at which the strain relaxes expo-
nentially when the stress is kept constant.
- ER is the elastic modulus after all relaxations have oc-
curred.

The unrelaxed value of the elastic modulusEU can be de-
fined using the three previous parameters:

EU = ER
τσ

τε
(4)

In order to analyze the characteristics of the solid vibrations,
the stress and the strain are considered to vary harmonically at
the natural pulsationωn. The dissipation in the solid can be mea-
sured byQ−1, the inverse of the quality factor of the resonating
structure, which is defined as the fraction of energy lost percy-
cle:

Q−1 = ∆E
ωnτ

1+(ωnτ)2 (5)

where τ =
√

τστε is the effective relaxation time and

∆E =
√

τσ
τε
−

√

τε
τσ

= EU−ER√
EREU

is the relaxation strength.

Thus, the dissipation exhibits a Lorentzian behavior as a
function ofωnτ with a maximum value of∆E/2 whenωnτ = 1.
This agrees with the previous qualitative explanation. When the
frequency is small compared to the relaxation rate, i.e.ωnτ << 1,
the thermoelastic dissipation is negligible and the oscillations are
isothermal. On the other hand, when the frequency is large com-
pared to the relaxation rate, i.e.ωnτ >> 1, the oscillations are
adiabatic. Therefore, it is only when the frequency is of theor-
der of the relaxation rate, i.e.ωnτ ≈ 1, that the thermoelastic
dissipation takes importance.
For a beam in flexion, assuming that the relaxation occurs only
through the first transverse conduction mode and that the ther-
moelastic natural frequencyωn can be approximated by the
isothermal frequencyωo,n, the inverse of the quality factor for
a thermoelastic flexural beam resonator can be expressed as fol-
lows

Q−1 =
Eα2To

Cv

2ζ2/π2

1+(2ζ2/π2)2 (6)

whereE is the Young modulus,α is the heat expansion coeffi-
cient,Cv is the heat capacity at constant volume,To is the refer-
ence temperature andζ is a dimensionless parameter which de-
pends on the thermal diffusivityχ = κ/Cv whereκ is the thermal
conductivity, the beam thicknessb and the isothermal frequency

ωo,n: ζ = b
√

ωo,n
2χ .

Lifshitz and Roukes (LR) [12] proposed an analysis based on the
same fundamental physics but in which the transverse tempera-
ture profile is more accurately modeled. Their model gives the
following expression for the inverse of the quality factor:

Q−1 =
Eα2To

Cv

(

6
ζ2 − 6

ζ3

sinhζ+sinζ
coshζ+cosζ

)

(7)

The quality factors predicted by LR model differ from
Zener’s ones by between 2 % and 20 % depending on the value
of the dimensionless parameterζ. Indeed, it can be showed that
the quality factor given by equation (7) is bounded between two
Lorentzians:

∆E
2
√

6
5
L

(

ζ2
√

24

)

≤ Q−1 ≤ ∆E

√
6

2
L

(

ζ2
√

24

)

(8)

where the LorentzianL is defined as:

L (η) =
η

1+ η2 (9)

For small values ofζ, the quality factor tends to its lower
Lorentzian bound. While for large values ofζ, it tends to its
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upper Lorentzian bound. Zener’s solution corresponds to the fol-
lowing Lorentzian:

Q−1 = L

(

2ζ2

π2

)

(10)

It results from this comparison that expressions (6) and (7)dif-
fer by less than 2% on the isothermal side of the peak (lowζ).
While on the adiabatic side of the peak (highζ), the difference
can reach 20 %. Hence, when considering configurations located
on the adiabatic side of the peak, it is better to use LR model than
Zener’s approximation.

Finite Element Formulation
The analytical models are based on very restrictive assump-

tions and can only be used for simple beam-like configurations.
Even if some work have been carried out to extend the analytical
models to polycrystalline beams [13], laminated beams [14]
or uniform rings of rectangular cross-section [15], in order to
investigate complex structures (i.e. non rectangular geometry,
anisotropic material,...), a numerical approach is required. The
finite element method can be used to solve the dynamics of
thermo-piezoelectric structures [16].

The thermo-piezoelectric finite element formulation can be
derived from Hamilton’s variational principle in which mechan-
ical, thermal and electric degrees of freedom are considered si-
multaneously. The displacement fieldu, the electric potentialΦ
and the temperature incrementθ are related to the corresponding
node valuesuu, uΦ anduθ by the mean of the shape function
matricesNu, NΦ andNθ

u = Nuuu (11)

Φ = NΦuΦ (12)

θ = Nθuθ (13)

Therefore, the strain fieldε, the electric fieldE and the thermal
field eare related to this nodal values by the shape function deriv-
ative matricesBu, BΦ andBθ

ε = DNuuu = Buuu (14)

E = −∇NΦuΦ = BΦuΦ (15)

e = −∇Nθuθ = Bθuθ (16)

where∇ is the gradient operator andD is the derivation operator
defined so thatε = D u according to the displacement compati-
bility equation. The finite element discretisation leads tothe fol-

lowing dynamic equilibrium equation that governs the thermo-
piezoelectric behavior of the system :





Muu 0 0
0 0 0
0 0 0









üu
üΦ
üθ



+





0 0 0
0 0 0

Cθu CθΦ Cθθ









u̇u
u̇Φ
u̇θ



+

+





Kuu KuΦ Kuθ
K Φu K ΦΦ K Φθ

0 0 K θθ









uu
uΦ
uθ



 =





Fu
FΦ
Fθ



 (17)

whereMuu is the mass matrix,Cθu andCθΦ are the damping
matrices due to thermo-mechanical and thermo-electric coupling
effect, respectively andCθθ is the damping matrix due to the ther-
mal field. MatricesKuΦ andK Φu are the stiffness matrices due
to piezoelectric coupling effect. MatricesKuθ andK Φθ are the
stiffness matrices due to thermo-mechanical and thermo-electric
coupling, respectively. MatricesKuu, K ΦΦ andK θθ are the stiff-
ness matrices due to mechanical, electric and thermal fields, re-
spectively. VectorsFu, FΦ andFθ are the force vectors due to
mechanical, electric and thermal fields, respectively.
Thermoelastic effects modify the quality factor of the response,
inducing both damping and resonance frequency shift. In order
to quantify the quality factor of a structure, a modal analysis has
to be carried out. Equation (17) takes the general form

Mq̈+Cq̇+Kq = 0 (18)

whereC andK are non-symmetric matrices. This problem may
be transformed into a linear problem of twice the size through a
linearization procedure. Partitioning the eigenvectors into elec-
tric, thermal and mechanical degrees of freedom and substituting
the time derivative of the thermal degrees of freedom by their
values, the eigenvalue problem to solve may be rewritten in the
form









−Kuu −KuΦ −Kuθ 0
−K Φu −K ΦΦ −KuΦ 0

0 0 −K θθ 0
0 0 0 Muu

















xu

xΦ
xθ
ẋu









= λ









0 0 0 Muu

0 0 0 0
Cθu CθΦ Cθθ 0
Muu 0 0 0

















xu

xΦ
xθ
ẋu









(19)

If the number of electric, mechanical and thermal degrees of
freedom is denotednΦ, nu andnθ, respectively, the eigenvalue
problem (Eq. 19) has 2nu conjugate complex eigenvalues,nθ
real eigenvalues andnΦ infinite eigenvalues. The 2nu eigenval-
ues correspond to the mechanical eigenfrequencies, thenθ ones
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to the thermal eigenfrequencies and thenΦ ones to the electric
eigenfrequencies.
The quality factor of the nth mode is given by

Q =
ωi

2ωr
(20)

whereωr andωi are the real and imaginary parts of the nth con-
jugate complex eigenvalue of Eq. (19). Note that another wayto
determine the quality factor is to carry out a harmonic analysis
and to derive the value of the quality factor from the frequency
response function of the structure.

All these finite element developments are implemented in a
software called Oofelie (”Object Oriented Finite Element Led by
Interactive Executer”). This software is written in C++ language
so that it allows to solve multiphysic problems with strong cou-
pling [17,18].

THERMOELASTIC QUALITY FACTOR OF THE VIBRAT-
ING INERTIAL ACCELEROMETER

In order to quantify the performance of the VIA, the ther-
moelastic quality factor of its sensitive part, a clamped-clamped
beam, has to be determine. The beam is made of quartz, which
is anisotropic and moreover piezoelectric. Figure 2 shows the
geometry of the beam. It is to be noted that the scale in the di-
rection of the beam length is ten times smaller than the one in
the other two directions. The cross-section of the beam is a right
trapezoid. Due to chemical anisotropic etching of quartz during
the manufacturing of transducers, some crystalline planesappear
and modify the beam geometry, so that the real cross-sectionof
VIA beams is trapezoidal. The beam vibrates along the direction
of the largest sides of the trapezoid. The dimensions are given in
Tab. 1. Figure 2 shows also the configuration of the activation
electrodes. These electrodes are made of gold and their thickness
is of 200nm.

Table 1. DIMENSIONS OF VIA VIBRATING BEAM

Data Dimension [µm]

Height 33

Large base 59

Small base 54

Length 2260

Experiments have shown that the quality factor of the VIA
is around 13000 at a resonance frequency of about 62 kHz. How-

Figure 2. VIA BEAM GEOMETRY WITH ELECTRODE POSITION

ever, using equivalent isotropic material data and a resonance fre-
quency of 62 kHz, Zener’s model (Eq. 6) gives a quality factorof
16576, which is nearly 30 % higher than the experimental value.
LR model (Eq. 7) gives 14763, which is 12 % different from
Zener’s quality factor. The difference between the two analytical
models has been introduced above. It has been showed that this
difference is large when the dimensionless frequency is high. In
order to check the influence of the dimensionless frequency,the
cantilever configuration, for which the beam is clamped at one
end and free at the other one, is considered. In terms of para-
meters that are used in the analytical models, the cantilever con-
figuration differs from the clamped-clamped one only in its fre-
quency, which is lower. For the cantilever configuration, Zener’s
quality factor is 2712 while LR model gives 2620. As expected,
in this case, the difference between the two analytical models is
smaller.

Mathematically, the difference is explained by the inherent
approximations assumed in the transverse temperature profile.
As in the finite element method, no approximation is made about
the transverse temperature profile, the FE results can be consid-
ered as the exact solutions. Finite element analyses of bothcon-
figurations are carried out using exactly the same geometry and
material data as those used in the analytical models. FEM qual-
ity factors differ from a few percents from LR results. Figure
3 represents the transverse temperature profile assumed in the
two analytical models as well as the finite element profile. For
both configurations (cantilever and clamped-clamped), LR curve
gives a better approximation than Zener’s curve. As expected, the
two FE curves are different. Indeed, the deformations induced by
the bending mode of a cantilever and a clamped-clamped beam
are different and due to the thermo-mechanical coupling, the in-
duced temperature distributions are also different.
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Figure 3. TRANSVERSE TEMPERATURE PROFILE

Even if LR model gives a better approximation than Zener’s
one, LR quality factor is still more than 10 % higher than the
experimental value. This overestimation can be due to the in-
ability of LR model to take into account the real geometry and
material behavior. Indeed, the cross-section is trapezoidal, not
rectangular, the material is anisotropic, not isotropic. Moreover,
piezoelectricity as well as the electrodes can also influence the
quality factor. In order to study the effects of all these factors,
different finite element analyses are carried out.

Table 2. RECTANGULAR CROSS-SECTION CONFIGURATION RES-

ONANCE FREQUENCY

Configuration FEM Fr. [Hz] Ana. Fr. [Hz]

Iso cantilever 9751 9682

Ani cantilever 9724 9682

Iso clamped-clamped 61871 61949

Ani clamped-clamped 61 607 61949

Firstly, the effect of anisotropy is taking into account. Ta-
bles 2 and 3 summarize the results for the clamped-clamped and
cantilever configurations. They show that anisotropy slightly in-
creases the quality factor while it lowers the resonance frequency.
However, the anisotropy effect can not explain the difference
with the experimental results.

Trapezoidal cross-section finite element models are inves-

Table 3. RECTANGULAR CROSS-SECTION CONFIGURATION QUAL-

ITY FACTOR

Configuration FEM Q LR Q Z Q

Iso cantilever 2640 2620 2712

Ani cantilever 2649 2620 2712

Iso clamped-clamped 14 111 14763 16576

Ani clamped-clamped 14 157 14763 16576

tigated. Table 4 lists the results for trapezoidal cross-section
configurations. As before, anisotropy decreases the resonance
frequency while it increases the quality factor. However, as for
rectangular cross-section configurations, quality factors are still
10 % larger than the experimental results.

Table 4. TRAPEZOIDAL CROSS-SECTION CONFIGURATION RE-

SULTS

Configuration FEM Fr. [Hz] FEM Q LR Q Z Q

Isotropic 61992 14236 14763 16576

Anisotropic 61626 14644 14763 16576

Table 5. VIA STRUCTURE RESULTS

Configuration FEM Fr. [Hz] FEM Q

TE w/o elec 61830 15125

TP w/o elec 62117 14363

TE w/ elec 60815 13700

TP w/ elec 61111 13090

Two effects are still to be investigated: piezoelectricityand
the influence of the electrodes. Piezoelectricity is known to
increase the resonance frequency, what could also affect the
quality factor. The electrodes made of gold, which is a re-
ally good thermal conductor compared to quartz, will perturb
the thermal field and hence, modify the quality factor. Table
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5 gives the quality factor of the VIA for four different models:
thermoelastic analysis without electrodes, thermo-piezoelectric
analysis without electrodes, thermoelastic analysis withelec-
trodes and thermo-piezoelectric analysis with electrodes. It can
be seen that the electrodes decrease the quality factor but also
the resonance frequency. Figures 4 and 5 show the temperature
increment magnitude distributions corresponding to the bending
mode of the VIA beam with and without electrodes, respectively.
The electrodes modify the temperature distribution on the surface
of the beam creating temperature gradient through the height of
the beam so that the quality factor decreases significantly.Piezo-
electricity increases the resonance frequency as well as italso
slightly lowers the quality factor.

Figure 4. TEMPERATURE INCREMENT MAGNITUDE DISTRIBUTION

OF THE VIA BEAM BENDING MODE WITHOUT ELECTRODES

Figure 5. TEMPERATURE INCREMENT MAGNITUDE DISTRIBUTION

OF THE VIA BEAM BENDING MODE WITH ELECTRODES

Therefore, when taking into account a model actuated by
piezoelectricity, the quality factor as well as the resonance fre-
quency correspond to the experimental values. These analyses
show that the electrodes play an important role in the quality fac-
tor and that piezoelectricity has to be taken into account inorder
to accurately determine the resonance frequency.

CONCLUSIONS
Finite element analyses have been carried out to determine

the thermoelastic quality factor of the VIA. It has been showed
that analytical models are not sufficient in order to study real
complex 3-D structures due to their inherent restrictive assump-
tions.

In the case of the VIA, finite element analyses have shown
the importance of the influence of the gold electrodes on the qual-
ity factor and the effect of piezoelectric actuation on the reso-
nance frequency. So that a thermo-piezoelectric finite element
model taking into account the gold electrodes gives the samere-
sults than the experiment in terms of the quality factor and the
resonance frequency.

Thanks to the finite element approach, the different factors
that influence the behavior of the VIA have been identified. Now,
having a better understanding of the physics involved, the design
of the VIA could be modified in order to increase the quality
factor and hence, its performance.
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