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INTERACTIONS AT LARGE DISTANCES AND SPIN EFFECTS
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Abstract

The momentum-transfer dependence of the slopes of the spin-non-flip and
spin-flip amplitudes is analysed. It is shown that the long tail of the hadronic
potential in impact parameter space leads for hadron-hadron interactions to
a larger value of the slope for the reduced spin-flip amplitude than for the
spin-non-flip amplitude. It is shown that the preliminary measurement of AN

obtained by the E950 Collaboration confirms such a behaviour of the hadron
spin-flip amplitude.

The diffractive polarised experiments at HERA and RHIC allow to study the
spin properties of the quark-pomeron and proton-pomeron vertices, and to search
for a possible odderon contribution. This provides an important test of the spin
properties of QCD at large distances. In all of these cases, pomeron exchange is
expected to contribute to the observed spin effects at some level [1].

In the general case, the form of the analysing power AN and the position of its
maximum depend on the parameters of the elastic scattering amplitude σtot, ρ(s, t),
on the Coulomb-nucleon interference phase ϕcn(s, t) and on the elastic slope B(s, t).
The Coulomb-hadron phase was calculated in the entire diffraction domain taking
into account the form factors of the nucleons [2].

The dependence of the hadron spin-flip amplitude on the momentum transfer
at small angles is tightly connected with the basic structure of the hadrons at large
distances. We show that the slope of the “reduced” hadron spin-flip amplitude (the
hadron spin-flip amplitude without the kinematic factor

√

|t|) can be larger than
the slope of the hadron spin-non-flip amplitude as was observed long ago [3].

The first RHIC measurements at pL = 22 GeV/c [4] in p12C scattering indi-
cated that AN may change sign already at very small momentum transfer. Such
a behaviour cannot be described by the Coulomb-Nuclear Interference effect alone,
and requires some contribution of the hadron spin-flip amplitude.

The total helicity amplitudes can be written as

Φi(s, t) = φh
i (s, t) + φem

i (t) exp[iαemϕcn(s, t)],

where φh
i (s, t) comes from the pure strong interaction of hadrons, φem

i (t) from the
electromagnetic interaction of hadrons (αem = 1/137 is the electromagnetic con-
stant), and ϕcn(s, t) is the electromagnetic-hadron interference phase factor. So,
to determine the hadron spin-flip amplitude at small angles, one should take into
account all electromagnetic and interference effects.
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As usual, the slope B of the scattering amplitudes is defined as the derivative of
the logarithm of the amplitudes with respect to t. For an exponential dependence
on t, this coincides with the standard slope of the differential cross sections divided
by 2. If we define the forms of the separate hadron scattering amplitude as:

Im Anf (s, t) ∼ exp(B+
1 t), Re Anf (s, t) ∼ exp(B+

2 t),

ImÃsf (s, t) ∼ exp(B−

1 t), ReÃsf (s, t) ∼ exp(B−

2 t), (1)

(Anf (s, t) and Ãsf (s, t) are non-flip and “reduced” spin-flip amplitudes respec-
tively), then, at small t (∼ 0− 0.1 GeV 2), most phenomenological analyses assume
B+

1 ≈ B+
2 ≈ B−

1 ≈ B−

2 . Actually, we can take the eikonal representation for
the scattering amplitude

φh
1 (s, t) = −ip

∫

∞

0

ρ dρ J0(ρq)[eχ0(s,ρ) − 1],

φh
5 (s, t) = −ip

∫

∞

0

ρ dρ J1(ρq) χ1(s, ρ) eχ0(s,ρ). (2)

where q =
√
−t and χ0(s, ρ) represents the corresponding interaction potential

Vi(ρ, z) in impact parameter space. If the potentials V0 and V1 are assumed to have
a Gaussian form in the first Born approximation, φh

1 and φh
5 will have the same

Gaussian form

φh
1 (s, t) ∼

∫

∞

0

ρ dρ J0(ρq) e−ρ2/2R2

= R2 eR2t/2,

φh
5 (s, t) ∼

∫

∞

0

ρ2 dρ J1(ρq) e−ρ2/(2R2) = q R4 eR2t/2. (3)

In this special case, the slopes of the spin-flip and of the “residual”spin-non-flip
amplitudes are indeed the same.

However, a Gaussian form for the potential is at best adequate to represent the
central part of the hadronic interaction. This form cuts off the Bessel function and
the contributions at large distances. If we keep only the first two terms in a small
x expansion of the Ji,

J0(x) ≃ 1 − (x/2)2; and 2 J1/x = (1 − 0.5 (x/2)2), (4)

the corresponding integrals have the same behaviour in q2 [5]. So, the integral
representation for spin-flip and spin-non flip amplitudes will be the same as in (3).
If, however, the potential (or the corresponding eikonal) has a long tail (exponential
or power) in impact parameter, then the approximation (4) for the Bessel functions
does not lead to a correct result and one has to perform the full integration.

Let us examine the contribution of the large distances. The Hankel asymptotic
of the Bessel functions at large distances are

Jν(z) =
√

2/πz [P (ν, z) cosχ(ν, z) − Q(ν, z) sin χ(ν, z)],

P (ν, z) ∼
∞
∑

k=0

(−1)k (ν, 2k)

(2z)2k
, Q(ν, z) ∼

∞
∑

k=0

(−1)k (ν, 2k + 1)

(2z)2k+1
(5)

with χ(ν, z) = z − (ν/2 + 1/4) and P0(x) and Qi(x) some polynomials of x. The
leading behaviour at large x will thus be proportional 1/

√
qρ.
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Let us calculate the corresponding integrals in the case of large distances

φh
1 (s, t) ∼ 1

q2

∫

∞

0

√
x

[(

1 − 0.125

x

)

cosx +

(

1 +
0.125

x

)

sinx

]

e
−

x2

2R2q2 dx

≈ R

q
1F1(3/4, 1/2,−q2R2/2), (6)

φh
5 (s, t)

q
∼ 1

q4

∫

∞

0

x3/2

[(

0.375

x
− 1

)

cosx +

(

1 − 0.375

x

)

sin x

]

e
−

x2

2R2q2 dx

≈ R3/2

q5/2 1F1(3/4, 1/2,−q2R2/2), (7)

Figure 1. The ratio of the effective slopes - RBB for

the case n = 1 (dashed line) and for n = 2 (solid line) as

function of the upper bound of the integrals b.

The exponential asymp-
totics of both representa-
tions are the same, but the
additional q3/2 in the de-
nominator of (7) leads to a
larger slope for the resid-
ual spin-flip-amplitude. So,
although the integrals have
the same exponential be-
haviour asymptotically, the
additional inverse power of
q leads to a larger effective
slope for the residual spin-
flip amplitude at small q al-
though we take a Gaussian
representation in impact pa-
rameter.

These investigations are
confirmed numerically. We
calculate the scattering am-
plitude in the Born approximation in the cases of exponential and Gaussian form
factors in impact parameter space as a function of the upper limit b of the corre-
sponding integral

φh
1 (t) ∼

∫ b

0

ρ dρ J0(ρ∆)fn, φh
5 (t)/q ∼

∫ b

0

ρ2 dρ J1(ρ∆) fn. (8)

with fn = exp [−(ρ/5)n], and n = 1, 2. We then calculate the ratio of the slopes of
these two amplitudes RBB = Bsf/Bnf as a function of b for these two values of n.
The result is shown in Fig.1. We see that at small impact parameter the value of
RBB is practically the same in both cases and depends weakly on the value of b. But
at large distances, the behaviour of RBB is different. In the case of the Gaussian
form factor, the value of RBB reaches its asymptotic value (= 1) quickly. But in
the case of the exponential behaviour, the value RBB reaches its limit RBB = 1.7
only at large distances. These calculations confirm our analytical analysis of the
asymptotic behaviour of these integrals at large distances.

In [5], it was shown that in the case of an exponential tail for the potentials,
χi(b, s) ∼ H e−a ρ, one obtains

Anf (s, t) ∼ 1

a
√

a2 + q2
e−Bq2

,
√

|t|Ãsf (s, t) ∼ 3 aq B2

√

a2 + q2
e−2 Bq2

. (9)
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In this case, therefore, the slope of the “residual” spin-flip amplitude exceeds the
slope of the spin-non-flip amplitude by a factor of two. Hence, a long-tail hadron
potential implies a significant difference in the slopes of the “residual” spin-flip and
of the spin-non-flip amplitudes.

Recently there has been very few experimental data for hadron-hadron scattering
at large energy. Of course, it will be very interesting to obtain data from the PP2PP
experiment at RHIC. But now, we only have the preliminary data of AN in proton-
Carbon elastic scattering. Despite the fact that these data have bad normalisation
conditions, the slope of the analysing power is very interesting.

In our analysis, the scattering amplitude is Ai(s, t) = Ah
i (s, t) + Aem

i (t)eiδ , (i =
nf, sf), where each term includes a hadronic and an electromagnetic contribution

with the Coulomb-nuclear phase [2]. The electromagnetic form factor F
12C
em was

obtained from the electromagnetic density of the nucleus. We parametrise the spin
non-flip and spin-flip part of p12C scattering as

ApA
nf (s, t) = (1 + ρpA)

σpA
tot(s)

4π
exp

(

B+

2
t

)

Ah
sf (s, t) = (k2 + ik1)

√

|t| σpA
tot(s)

4π
exp

(

B−

2
t

)

. (10)

Figure 2. AN without ( upper 3 curves) and with

hadron-spin-flip amplitude in case I (B− = B+) for

pL = 24, 100, 250 GeV/c. (dash-dot, dashed-dots, and

dots correspondingly).

We take ρpA = ρpp/2 as
a2 and ρ contributions de-
crease in the nucleus. It is
possible that in hadron scat-
tering the ratio of the spin-
non-flip to the asymptotic
part of the spin-flip ampli-
tude decreases very slowly
with energy. In this case, if
we take in our analysis only
this part of the spin-flip am-
plitude, we cannot make its
real part proportional to ρpp

in this energy region.
For the determination of

ApA
nf (s, t), we rely on the

data obtained by the SELEX
Collaboration [7]. We also
will consider the possibility
of normalising B+ on the ex-
perimental data of [6]. We
assume that the slope slowly rises with ln s in a way similar to the pp case.

According to the above analysis we investigate two variants for the slope of the
spin-flip amplitude: case I - B− = B+; case II - B− = 2B+. The coefficients k1

and k2 are chosen to obtain the best description of AN

AN
dσ

dt
= −4π[Im(Anf )Re(Asf ) − Re(Anf )Im(Asf )], (11)

at pL = 24, 100 GeV/c. Of course, we only aim at a qualitative description as the
data are only preliminary and as they are normalised to those at pL = 22 GeV/c
[4].

In Fig.2 and Fig. 3, the calculations are made at pL = 100 GeV/c for the
different normalisation of the slope B+ (on data of [6] and [7]). At pL = 100 GeV/c,
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they give B+ = 58.3 GeV−2 and B+ = 72.1 GeV−2 respectively. It is clear that this
difference changes the size of AN at |t| ≥ 0.02 GeV2 only slightly. We can see that in
both case we obtain a small energy dependence. In case I, the t- dependence of AN is
weaker immediately after the maximum. But at large |t| ≥ 0.01GeV2, the behaviour
of AN is very different: we obtain different signs for AN at |t| ≈ 0.06 GeV2. In case
I when B− = B+, AN changes its sign in the region |t| ≈ 0.02 and then grows in
magnitude.

Figure 3. AN with hadron-spin-flip amplitude in case

II (B− = 2B+) for pL = 24, 100, 250 GeV/c. (dash-dot,

dash-dots, and dots correspondingly).

In case II, when B− =
2B+, AN approaches zero
and then grows positive
again. It is interesting to
note that in more complex
cases [8], where one inves-
tigates the analysing power
for p12C-reaction in case I,
but with a more complicated
form factor, one again ob-
tains the possibility that the
slope of the hadron spin-flip
exceeds the value 60 GeV−2,
and one can show that both
slopes at very small mo-
mentum transfer are equal
to about 90 GeV−2. Of
course, such a large slope for
the spin non-flip amplitude
requires additional explana-
tions and cannot be obtained in the standard Glauber approach.

We should note that all our consideration are based on the usual assumptions
that the imaginary part of the high-energy scattering amplitude has an exponential
behaviour. The other possibility, that the slope changes slightly when t → 0,
requires a more refined discussion that will be the subject of a subsequent paper.
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