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Abstract. We present an experimental protocol that allows one to tune the
packing fraction ! of a random pile of ferromagnetic spheres from a value
close to the lower limit of random loose packing !RLP ! 0.56 to the upper limit
of random close packing !RCP ! 0.64. This broad range of packing fraction
values is obtained under normal gravity in air, by adjusting a magnetic cohesion
between the grains during the formation of the pile. Attractive and repulsive
magnetic interactions are found to affect stongly the internal structure and the
stability of sphere packing. After the formation of the pile, the induced cohesion
is decreased continuously along a linear decreasing ramp. The controlled
collapse of the pile is found to generate various and reproducible values of the
random packing fraction !.
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1. Introduction

How a large number of spherical objects can fill a volume is one of the most puzzling problems
in mathematics and science [1]–[4]. Indeed, this question concerns a broad range of systems:
structures of living cells, granular media and amorphous solids. The relevant parameter that
characterizes a pile of spheres is the dimensionless packing fraction !, defined as the volume
of all particles divided by the apparent volume of the assembly. This packing fraction has a
maximum value !fcc = "/3

"
2! 0.74 for spheres, corresponding to the face-centered cubic

(fcc) lattice. When marbles are however randomly packed [5], a so-called random close packing
(RCP) is created. Repeated experiments lead to a broad range of values for the packing fraction:
0.60< !RCP < 0.64, far below !fcc. The value of the packing fraction depends strongly on the
history of the pile, i.e. on the way particles are sequentially placed in the assembly. When a
dense fluid provides a strong buoyancy, settling particles form a so-called random loose packing
(RLP) with values 0.56< !RLP < 0.60, depending on the fluid density [6]. In all experimental
situations, mechanically stable random configurations cover a broad spectrum of ! values.

Random assemblies have been extensively studied through experiments and numerical
simulations. Experimentally, three-dimensional (3D) structures of large packings have been
analyzed by x-ray tomography [7, 8]. These studies emphasize the random character of a 3D
monodisperse spheres packing. Numerical models permit a wide variety of pile initialization
methods to be explored and easy variation of the physical parameters. Different procedures for
pile creation give different values of ! in the range defined by !RLP and !RCP. Moreover, the
physical parameters used in the simulations select a range of ! values. In some cases, the values
are found in a narrow interval. The packing fraction ! is also affected by the particle shape
[9, 10], particle size distribution [11] and forces defined between particles [12].

Ordered assemblies have also been the subject of numerous studies. One can consider some
ordered mechanically stable packing with very low packing fraction values. The lowest known
packing fraction for a stable assembly is ! ! 0.0555 [13]. Regarding the upper limit of the
packing fraction, it was hypothesized by Kepler in 1611 that fcc packing is the densest possible
with ! ! 0.7404. In 1900, Hilbert included this conjecture in his list of unsolved mathematical
problems.

When the size of the grains becomes smaller than about 50µm, the interparticle cohesive
forces begin to play an important role. Indeed, cohesive forces are known to affect strongly the
structure and the flow properties of fine powders [14]–[16], since they induce the formation
of large aggregates. Also, the effects of grain bridges due to humidity and arches in the
macroscopic properties of granular packings have been demonstrated [17, 18].

In order to obtain tunable forces between particles, a magnetic field can be used with
ferromagnetic grains [19, 20]. Some experimental studies have also been performed with
permanently magnetized grains [21]. If the force is attractive for two grains situated along the
direction of the magnetic field, the force becomes repulsive along the perpendicular direction.
Therefore, the controlled magnetic interactions between particles are expected to change deeply
the internal structure of the packing and to create large voids in the structure [22], thus
decreasing the packing fraction. Indeed, the magnetic interactions between the grains may create
a strong force network inside the packing. This decrease of the packing fraction as a function of
the magnetically induced attraction between two grains has been measured in [20].

In this paper, we investigate the lower limit of the packing fraction of spheres without the
use of a dense fluid. The basic idea of our work is to use a tunable cohesive force between the
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Figure 1. (a) Sketch of our experimental set-up. A high resolution camera
(2048# 2048 pixels) records the top of the packing placed in a glass tube. The
pile is back-illuminated by a homogeneous lighting system. (b) Illustration of
the pile creation and measurement protocol. Left: a smaller bottomless tube is
inserted into the main glass cylinder. Then, a magnetic B field is applied through
the packing. Afterward, this small tube is filled with spherical particles (in gray).
The small tube is removed at constant speed v. Center: the position h of the upper
grains allows the determination of the packing fraction !B . Right: the magnetic
field starts to decrease linearly to zero (reached after T seconds), the packing
collapses partially and the new position h$ of the upper grains gives an estimate
of !B%0.

grains during the pile preparation in order to control the packing fraction ! of the pile. For this
purpose, we consider ferromagnetic spherical beads which are submitted to an external magnetic
field. After the formation of the pile, the magnetic field is decreased continuously along a linear
ramp. This method to control experimentally the packing fraction opens new perspectives in the
field of granular media and in the mathematical study of sphere packings.

2. Experimental set-up

A sketch of our experimental set-up is illustrated in figure 1(a). A glass tube of internal diameter
D = 21mm is placed into a vertical magnetic coil where a constant current could be injected.
The magnetic field is thus parallel to the gravity field. The strength of the magnetic field can
be fixed between 0 and 100G. We checked that the variation of the magnetic field along the
vertical axis of the coil does not exceed 10%.

The beads are monodisperse (Fe–Cr–C alloy) spheres of size d = 2± 0.001mm. We
checked that, within the magnetic values we considered (B <100G), the spheres are
ferromagnetic entities characterized by a nearly zero remanence (see the magnetization curve of
a single bead in figure 2). Therefore, after switching off the magnetic field, the cohesion inside
the packing is expected to vanish.

We measure the packing fraction of the pile by image analysis from a CCD high resolution
camera (2048#2048 pixels). The average position h of the upper interface of the packing is
measured and gives the packing fraction ! by using the known value for the volumic mass
# = 7850 kgm&3 of the beads and the total mass m of grains. One has

! = 4m
#hD2"

. (1)
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Figure 2.Magnetization M of a single grain as a function of the magnetic field B.
The magnetic field increases first from 0 to 500G (arrow 1). Then, B decreases
from 500 to&500G (arrow 2). Afterward, the loop is closed by increasing B to 0
(arrow 3). The absence of hysteresis loop means that the remanent magnetization
is almost zero.

The part of the pile situated above the coil is typically less than 10% of the total height of the
pile.

The figure 1(b) presents a sketch of the measurement protocol. In order to obtain a
reproducible and spatially homogeneous initial packing fraction, we use an initialization
protocol. A second smaller bottomless glass tube (external diameter below 21mm) is inserted
into the previous one. The magnetic field B is set at this step of the protocol. The small tube is
filled with a defined number (thousands) of beads. The small tube is then removed upward at
a low and constant velocity v = 1mm s&1, leaving the grains to rearrange themselves into the
larger tube. At the end of this initialization process, we measure optically the packing fraction
!B . Then, the magnetic field B is left to vanish linearly during a time T . Afterward, the packing
fraction !B%0 is measured.

3. Packing fraction

Figure 3 presents both packing fractions !B and !B%0 as a function of the magnetic
field B. In this figure, the decreasing time of the magnetic field is fixed to T = 0.12 s. Between
two successive measurements, a pile without magnetic field was created. Then, we checked
that !0 does not present any deviation due to a remanence of the grain magnetization. When
B = 0 (without the coils), one recovers a value !0 ! 0.61. This !0 value is reproducible for
the fixed value (v = 1mm s&1) of the rising velocity during the initialization protocol. A much
slower removal would lead to smaller !0 values. From a naked eye observation of the grains
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Figure 3. (in red) Packing fraction !B as a function of the applied magnetic
field B (expressed in gauss). (in blue) Packing fraction !B%0 after switching off
the magnetic field. Error bars are indicated. Hyperbolic tangent curves, fitting
the data, are guides for the eye. The dark gray region denotes the usual RCP
values, while the light gray region represents settling (RLP) experiments [6].
The vertical line at B = 20G corresponds to the situation for which the magnetic
force between two contacting grains along the magnetic field is equal to the
weight of a grain. Snapshots of the upper grains, just above the coils illustrate
the changes of the packing arrangements.

situated near the wall, we can conclude that the packing is completely disordered. From that
pile preparation, we checked that large RCP values up to 0.64 can be approached after tapping
the glass tube several times. After a large number of taps, the packing fraction slightly exceeds
0.64 and a crystallization of the grains is observed near the walls. This compaction-like process
has been extensively studied in recent years [4, 23, 24]. When a magnetic field is applied during
the preparation of the pile, the packing fraction could reach low values such as !B = 0.54, i.e.
significantly below the values obtained in settling experiments! One should note that, when the
magnetic field is applied after the pile preparation at B = 0, no modification is seen. From these
observations, one can conclude that global gravity forces (due to the weight of the packing)
are still larger than magnetic cohesive ones. However, the presence of B creates mechanically
metastable contacts inside the packing, as we will see below. Indeed, when cohesive forces
between grains become stronger, the formation of arches is favored, thus increasing the pile
stability for low packing densities. More interestingly, when the magnetic field is switched off,
some contacts deep inside the packing are lost and the pile collapses partially (see the blue
curve in figure 3). Internal rearrangements lead to an increase of ! to a value !B%0 = 0.585.
This reproducible value is significantly lower than !0 = 0.61, expressing the metastable nature
of magnetic arches.

The cohesion in the packing is due to dipole–dipole interactions. We consider that each
grain receives a magnetic moment 'µ parallel to the magnetic field 'B. The magnetic moment
of a grain is proportional to its volume; one has µ ( (1+$)Bd3

µ0
. Attractive interactions take place

along the field direction while repulsive interactions are seen perpendicular to the magnetic
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Figure 4. Semi-log plot of the packing fraction ! when the magnetic field is
removed along a ramp during T seconds. The initial magnetic field is B = 45G.
A slow collapse (long T ) involves a loose and cohesiveless packing fraction
below ! = 0.58.

field. Chains of particles are expected to form in the packing. We will see below that the
magnetic cohesion has indeed changed the packing density. Since the attractive cohesion due to
the magnetic forces is roughly given by U ( µ0µ

2

r3 , we can estimate the magnetic force between
two contacting grains (in the field direction) to be Fm ( µ0µ

2

d4 . By comparing the magnetic force
Fm and the weight of a grain Fg ( #gd3, one has to consider the dimensionless ratio

Fm
Fg

= (1 +$)2B2

µ0#gd
. (2)

This ratio tells us that the gravity forces could dominate the magnetic cohesion in our
experimental system. We checked indeed that two contacting beads detach from each other for
B < Bc ( 20G due to gravity. Our calculation above gives the right order of magnitude which
is within the range of our measurements. In our figure 3, the critical value Bc is denoted by a
vertical line. This value corresponds roughly to the inflexion points of blue and red curves. This
is the signature of a threshold by the contact disorder of neighboring beads. One should remark
that the physical arguments given above (equation (2)) could be applied to other systems.

Figure 4 presents the final value of !B%0 after a decay of the magnetic field from B = 45G
(denoted by the vertical arrow in figure 3) to B = 0. The duration T of the current decay in the
coils is controlled such that a long time T implies a slow collapse of the granular assembly.
In that case, the final packing fraction remains below !B%0 = 0.58. This irreversible way to
prepare the collapsed packing preserves some metastable arches in the system, thus explaining
low values for !. In order to put those magnetic arches into evidence, we have observed the
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Figure 5. The thick blue curve presents a typical temporal staircase evolution of
the packing fraction ! during the 100 s collapse. The red curve corresponds to an
average over several experiments. Both the maximal and minimal values of the
packing fraction ! observed during the series of experiments are shown by the
thin blue curves.

evolution of ! during the continuous and linear B decay for a long duration T = 100 s. The thick
blue curve in figure 5 shows such a typical collapse. The packing fraction ! is seen to increase
by successive jumps, revealing the successive breaking of metastable magnetic arches. Indeed,
an arch breaking induces internal rearrangements leading to a jump of the packing fraction. This
staircase evolution is similar to what was recently observed when slowly changing the effective
gravity in granular systems [18, 25]. These previous studies have proven that they are directly
linked to the presence of arches in the system. The latter being controlled by friction between
grains. In the present case, friction plays a role but could be supplemented by cohesive forces.
When the magnetic field is decreased, the gravity forces begin to play a more important role.
Moreover, these previous experiments have shown that the average length and number of stairs
depends strongly on the container size. The temporal evolution of the packing fraction during
the magnetic field vanishing has been measured several times. From these measurements, the
average (red curve in figure 5), the maximum and the minimum (thin curves) values of the
packing fraction ! have been calculated for each time t . The difference between maximal and
minimal curves is small (around 0.005) with respect to the overall excursion (around 0.04) of
the packing fraction, emphasizing that the size of the fluctuations taking place in the assembly
is controlled by the magnetic field. A plateau is always observed at the beginning of the curve
for 0< t < 15 s. This short plateau is followed by an increase of the packing fraction ! along
a roughly linear trend. The absence of a robust plateau when the magnetic field is vanishing,
suggests that the system is still in a metastable state even for B = 0. Indeed, we checked that
a small perturbation of the system at the end of the process induces an additional densification
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of the pile. However, in the absence of any perturbation, the pile keeps a low and metastable
packing fraction value.

4. Conclusion

Our experimental results emphasize that the packing fraction of random particle assemblies
depends strongly on the preparation history. More importantly, we demonstrated that magnetic
particles can form loose packing fractions in a reproducible way, due to metastable magnetic
arches. The latter are revealed by some discontinuous collapse of the packing when the
magnetic field is slowly removed. By combining our experimental procedure and the tapping
(compaction) method, the packing fraction ! could be controlled in a reproducible way from
0.58 to 0.64. By maintaining the presence of a magnetic field, low packing fractions such
as 0.53 have been obtained. Our study proves the important role played by cohesive forces
in granular systems and opens new perspectives in the research into sphere packings. Future
work concerns the study of the internal structure of the packing by using x-ray tomography
techniques. Numerical simulations will also provide useful information on the local structure of
the sphere packing such as coordination numbers.
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