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5 Plastic analysis of continuous beams’
5.1 Introduction

It is stated in Eurocode 2 (EN 1992-1-2, 2004 that is an important question is whether
load redistributions between different sections of a member in bending can be accepted in
case of fire, these redistributions being allowed by the plastic behaviour of both the
reinforcement and the concrete. One of the key condition for this plastic behaviour is the
ductility of the section, i.e. the capacity of the section to keep on developing the plastic
bending moment, when the curvature increases to very high values. This seems to be the case
according to some numerical examples that show how the ductility of a section tends to
increase during a fire. For instance, the moment-curvature diagrams of a 160x400mm
rectangular concrete section heated on three sides are plotted in Fig. 5-1. Four curves are
presented, namely at time ¢ = 0°, 30°, 60’ and 90’ of ISO 834 fire. In each case, a linear (L)
and a nonlinear (NL) descending branch has been considered for concrete stress-strain
diagram, with hardly any difference between the two; the nonlinear formulation yields a
slightly higher ductility than the linear formulation. Note that the ductility increases

significantly in a fire situation, as also observed in a 140 mm-thick slab, where ductility
increased much less than in beams.

Moment [kNm]

250 300 350 400 450 500
Curvature [10-3]

Fig. 5-1. Moment-curvature diagrams of a recktangular section subjected to ISO 834 fire

The main difference between the hot and cold situations is the ratio between the ultimate
plastic moment and the first-yielding moment. This ratio is much higher in fire, which means
that much higher rotations have to take place before the full plastic moment is reached. This is
In no contradiction with what is generally observed during the laboratory tests, where the
failure of R/C structures is often accompanied by very large displacements.

The theory of plasticity gives a theoretical validation to the fact that several effects
leading to self-equilibrated stress distributions can be neglected in nonlinear numerical
analysis. Among these effects, (a) those occurring either in the construction phases or during
the service life at room temperature, before the fire starts (due for instance to shrinkage, creep
and thermal strains), and (b) those occurring during the fire (due to creep and thermal
expansion) should be mentioned. A consequence of neglecting these effects is that the strains,

* by Jean-Marc Franssen and Paolo Riva
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stresses and tangent moduli that are computed in any given point of a structure are only
approximate — or “mean” — values compared to the “true” values that would be computed 1f
all these effects were taken into account. The computed values are indeed based on the
hypothesis of a virgin initial stress distribution, which is far from reality.

Neglecting these self-equilibrated stress distributions is subjected to some limitations,
since it is justified as long as the ensuing displacements are small. This is why the effects of
thermal expansion during the fire must be taken into account. The thermal strains can indeed
reach values up to 1% in steel and up to 1.4 % in concrete, these values being higher or of the
same order of magnitude of those occurring at the peak stress, depending on the temperature.

Another strain component that may affect deformations — second-order effects included —
in concrete structures submitted to fire is the transient-creep strain. Whether this component
has to be taken into account explicitly or implicitly is still a subject of debate. In the stress-
strain relationships presented in Eurocode 2, for example, transient-creep strains are
incorporated implicitly. Possible reasons why this apparently very simplified model yields
reasonable results are:

e the behaviour of a concrete structure is mainly dictated by the behaviour of the steel

bars, not by the behaviour of concrete;

e transient creep is not absent from the afore-mentioned simplified model, since it is
introduced in an implicit manner;

e an explicit transient-creep model leads to different predictions compared to a simple
implicit model only when the material exhibits strain reversals or - more importantly -
when the temperature decreases.

These, plus the advantage of utilising a single, widely adopted general model, are
probably the reasons why the simple concrete model of Burocode 2 is so popular among the
designers in spite of its many limits.

Nevertheless, it should be noted that the evolution of the strain at the peak stress proposed
in the ENV version of Eurocode 2 has been found to be too stiff for representing transient

creep. In the revised EN version, the concrete model has been made somehow softer, in order
to improve the prediction of the deformations.

5.2  Use of plastic analysis

The objective of plastic analysis is generally to evaluate the load-carrying capacity of a
beam. In the following, the fire resistance (R) of the beams analysed in Chapter 3 (concerning
the parametric study of continuous beams) is verified by means of Plastic Analysis for a 120
fire duration. 7 :

With reference to Fig. 5-2, according to plastic analysis the verification is positive if the
ultimate load at the requested fire duration is larger than the applied load, at the onset of beam
collapse because of the formation of a suitable number of plastic hinges.

2
| W ziMPZ‘l‘Of(MPl-FMP})
MPI Mps U o (1= a)

R *

ALY

<G+ ‘//1.le,1

Fig. 5-2: Verification by means of Plastic Analysis
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The plastic (e.g. ultimate) moments at critical sections may be determined according to
various sectional-analysis method, such as the constant-isothermal method or the zone
method, both suggested by EC2.

In axially-unrestrained beams, the application of plastic analysis is straightforward and
generally leads to a conservative estimate of the ultimate load.

In case of axially-restrained beams, the ultimate bending-moment value depends on the
axial force developed during the fire. Accordingly, the axial-force value has to be estimated
prior to sectional analysis, based on fire effects and on the actual axial restraint of the beam.

An approximate estimate of the axial force, to be adopted in plastic analysis, can be
performed via the simplified procedure outlined below and shown in Fig. 5-3 (Riva, 2005):

e based on the results of the thermal analysis after a time t of exposure to the fire, the
average temperature distribution at each level along the section is determined as shown in
Fig. 5-3a and the average temperature in the section is found, as shown in Fig. 5-3b;

e the axial force ensuing from the restrained thermal elongation under a constant
temperature distribution is evaluated by computing the normal stress oy, arising in a beam
of stiffness Kyeam = (EaTaveA)/l, axially restrained by a spring of stiffness
K =k(EcacA)/l, as a consequence of an average thermal elongation ET Ave, and
multiplying such a stress by 0.30A, A being the cross-section area of the beam (Figs. 5-3¢
and d). The value of the axial force determined in this way has been checked against the
results of the nonlinear parametric analysis (Chapter 3) and has been found to be - in
most cases - acceptable for design purposes.

e the plastic (i.e. ultimate) moments of the critical sections are determined by means of
either the 500°C-isotherm method or the zone method (CEN 2005, Anderberg and
Thelandersson 1976), considering also the axial force.

e) (LTI .. @
Sl ls O = b g Rt

3 Ec s + Esrme 1

ATave

K=k EC,20°CA

/ N,=oc,-030-4
W = DL + LL (Dead + Live Load)
Ec20°c Young’s modulus of concrete at ambient temperature
Esrave  Young’s modulus of concrete at average section temperature after t min. of fire

exposure
Erave average thermal strain
O axial stress arising from the axial restraint due to thermal strain & arme

AT e average temperature due to fire after t min. of fire exposure (Fig. 5-3b)

Fig. 5-3: Evaluation of the axial force in axially-restrained beams

¥
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The results of the plastic analysis verification after 120° of exposure to a standard
ISO 834 fire for the same set of single-span, clamped-end beams analysed in the parametric
study is presented in Tables 1 to 6, where reference is made also to the results obtained by
means of nonlinear analysis (Chapter 4). In the plastic analysis, the section capacity has been
determined by means of the 500°C isothermal method. On the basis of the results shown in
the afore-mentioned tables, the following comments can be made:

e in the case of no axial restraint (K=0), the ultimate bending capacity of the critical
sections at any given fire duration is generally underestimated. As a result, plastic
analysis underestimates the ultimate load-carrying capacity of a beam, thus leading to
conservative results;

e the assumed axial force in axially-restrained beams results in a lower-bound estimate of
the actual force (as given by nonlinear analysis). Hence, the proposed method
underestimates the effects of the axial restraint;

e in most cases, the ultimate bending moment of fully axially-restrained beams 1s
overestimated, particularly close to the end sections. As a result, plastic analysis leads - in
most cases - to a non-conservative estimate of the ultimate load-carrying capacity. In the
case of the fully- restrained 6m-span T-beam, plastic analysis leads to the conclusion that,
after-a 120’ fire duration, the beam is still able to carry a load equal to 90.3 kN/m, while
the collapse occurs earlier on the basis of nonlinear analysis.

e for partially-restrained beams, plastic analysis leads in most cases to acceptable results,
i e. to conservative results or to slightly non-conservative results.

Though the results of plastic analysis demonstrate that the safety of a beam at a given fire
duration can be assessed rather easily also in axially-restrained beams, one should observe
that the proposed method is affected by some rather crude approximations, for example (2) in
the estimate of the axial force due to the axial restraint, and (b) in the choice of the effective
section (enveloped by the 500°C-isothermal line). These assumptions may lead to some non-
conservative results.

However, it is observed that in plastic analysis, by completely neglecting the effects of

the axial restraint, the estimate of the ultimate load-bearing capacity of a beam is always on
the safe side.
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Table 5-1: Results of the plastic-analysis for a 6m beam with rectangular section

Time t=120° — Average Temperature AT,,. = 383.9°C
B [mm] H{mm]  Ecaec [MPa] Ag [mm’]  Tas [°C]  Ag[mm’]  Tag [°C] I
350 500 18 000 628 492.0 628 108.7 ‘\ il
2 o HIk
Bred [mm] Hred [mm] Ec,lZO’ [Wa] Asinf [mm-] TIAXsinfl: C] €T Ave \\‘ | ‘
295 445 5982.7 628 746.9 4 58E-03 | : " il
As1 5 | . . T “ ‘ *‘
As2 i ‘
5 |
N %" 00 e ‘;
= e |
Asinf i
T |
122 . . X :'\ s
Mid-Span: A;; =0 Temperature [°C] 3‘
Plastic Moments at Critical Sections (Anderberg’s method vs. Non-Linear Analysis) ‘
Restraint o N Nan Error M »l M., Error M o Man Error l
[MPa]  [kN]  [kN]  [%] [kNm] [kNm] [%] [kNm] [kNm] [%] I
K=0 0.0 0.0 0.0 0.0 144 366 -60.5 1864 180.6 3.2
K=EA/3L 13.71 719.7 1021.0 -29.5 1858 203.6 -8.8 2984 244.1 222
K=EA/L 20.55 1078.7 1406.0 -23.3 2384 229.1 4.0 286.1 231.5 236
K=c0 27.38 1437.2 1803.0 -20.3 254.0 234.6 8.3 247.7 201.2  23.1
Plastic Analysis — {W, = (M + M',)-8/L> > W = 42 kNm} ‘;
K=0 K=FEA/3L K=FA/L K=c0 ‘ |
W, =44.6 kNm W, =107.6 kNm W,=116.6 kNm W,=111.5 kNm il
Wonis = 48.3 kNm Wois = 99.5 kNm Wnis = 1023 kNm  Wonis = 96.8 kNm i
g i“.“
Table 5-2:  Plastic analysis data and results for the 6m span T-beam ‘ M
Time =120’ — Average Temperature AT,,. = 442.5°C "1‘1
2 o o
B [mm] H[l’l’ll’l’l] Ec,20°C [MPa] Assup [mmN] TAssup [ C] Astinf [mm2] TAslinf[ C] i
1000 400 18 000 1570 95.0 628 690.0 H!} {
Bred [mm] Hred [mm] EC,IZO’ [MPa] Aszinf [mm2] T1'\52inf [OC] ET Ave ‘H| 1'
1000 349 43857 314 620.0 5.80E-03 H |
A S Assup T = ; ‘l.“‘i,""i.’“‘ Mw: |
8 ] T Tl - ﬂ;Averaged Tr “ } }
\_Asinf_ GJ _ . |—Linearized T| “1 B
253 E T T N I | il ,:“j
End Sections z e . I
Assup = 157Omm2 E’ o I

Asmf =62 Smmz

——~7:r77‘r———:)— l‘

Mid-Span: ° AR \ ‘L
Assup:628mm2 '15_____:_——7:7"77:’""**“*‘ ***‘~—4—“ ____________ 1
Agins = 942mm? 20 |

Temperature [°C]

Plastic Moments at Critical Sections (Anderberg’s method vs. Non-Linear Analysis) “‘L ,
Restraint o N Nan  Error M, M, Error My, M, Error l|
[MPa]  [kN] — [kN]  [%] [kNm] [kNm] [%] [kNm] [kNm] [%] B
K=0 0.0 0.0 0.0 0.0 46.6 543 -14.2 201.5 2128 -5.3 “\ |
K=EA/3L 14.7 837.0 12950 -354 210.1 241.8 -13.1 164.0 111.3 474 “
K=FA/L 20.4 1164.9 1753.0 -33.5 266.8 300.2 -11.1 129.3 53.9 1398 lil
K=co 25.4 1448.8 - % 312.9 - = 93.7 - - H |
Plastic Analysis — {W, = (M, + M',)-8/L* > W = 42 kNm} N
K=0 K=EA/3L K=EA/L K=c0
W, =551kNm W, =83.1 kNm W, =88.0 kNm W, =90.4 kNm il
w VVu,NLA =59.4 kNm VVu.NLA =785 kNm Wu,NLA =787 kNm Wu_NLA = Collapsed
£
i
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Table 5-3: Results of the plastic analysis for a 6m one-way slab

Time t=120° — Average Temperature AT ave = 229.0°C
B [mm] H[mm] Ec,20"C [MPa] Assend [mmz] Asi,end [mm2] TAsint [OC] TAssup [OC]
1250 250 18 000 678 6784 463.0 29.0

B (mm]  Hed [mm] Ecuo [MPa] Assmic [mm’] Asinid [mm’] ET Ave
1250 220 10222.0 678 678 2.16E-03

_________ L o 52 SUR TR, TR PP (R

I !
— Averaged T
___________________________ — Linearized T| -

End Sections
Aqsup = 678 mm’
Aginf= 678 mm?

Height [cm]

Mid-Span
Agsup = 678 mm
Agjnf = 678 mm

~

~

Temperature [°C]

Plastic Moments at Critical Sections (Anderberg’s method vs. Non-Linear Analysis)

‘ Restraint - Na N,, Error M, M, Error M, Ma Error
! [MPa]  [kN]  [KN]  [%] [kNm] [kNm] [%] [KNm] [kNm] [%]
‘w K=0 0.0 0.0 0.0 0.0 485 708 -31.5 50.9 107.6 -44.3
it K=FA/3L 82 7644 11480 -33.4 143.7 179.7 -20.1 159.6 178.1 -10.4
| K=EA/L 14.] 13182 1610.0 -18.1 182.6 2158 -154 199.7 195.3 2.2

K=c0 22.0 2066.7 2222.0 -7.0 2134 2522 _154 228.0 208.9 9.1

i Plastic Analysis — (W, = (M + M')-8/L7 > W = 11.56 kNm}
! K=0 K=EA/3L K=EA/L K=c0
L W, =24.1 kNm W,=67.4 kNm W, =85.0kNm W,=981kNm

Wu.NLA = 396 kNm Wu.NLA = 795 kNm Wu,NLA = 9]4 kNm Wu,NLA = ]025 kNm

Table 5-4-  Resulis of the plastic analysis for a 9m beam with rectangular section

Time t=120° — Average Temperature AT v = 250.2°C
B [mm] H{mm]  Ecaoc [MPa] As [mmz] Tast [°C]  Ax [mmz] Tas2 [°C]

|
‘ 550 700 18 000 628 463.0 1570 98.0

H Bred [mm] Heed [mm] Ec,120’ [MPB.] Asinf [mmz] TAsing [OC] ET,Ave

i 494 698 9591.7 628/942  702.9/472.0 2.43E-03

As1

698

Height [cm]

Mid-Span: Axx =0
Asinf =1 570mm2 Temperature [°C]

Plastic Moments at Critical Sections (Anderberg’s method vs. Non-Linear Analysis)
Restraint o Nu Nan Error M’ ol M . Error My Mo, Error
[MPa] [kN] [kN]  [%] [KNm] [kNm] [%] [kNm] [kNm] [%8]
K=0 0.0 0.0 0.0 0.0 282.4 209.2 35.0 606.3 673.6 -10.0
K=EA/3L 90 1110.7 1762.0 -37.0 539.2 6774 204 892.9 1688.8 -47.1
K=FA/L 15.2 1883.0 2418.0 -22.1 726.7 782.3  -7.1 1039.0 1314.7 -21.0
K=o 23.3 28864 32350 -10.8 908.7 8674 4.8 1164.0 1234.2
Plastic Analysis — (W, = (M + M'p)-8/L" > W = 63 kNmj}
K=0 K=EA/3L K=EA/L K=o
W, =80.4 kNm W,=123.7 kNm W, =172.6 kNm W, =221.3 kNm
W yia = 87.2 kNm Woania = 233.7 kNm W,nia = 207.1 kNm Wonia = 207.6 kNm
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Table 5-5:  Results of the plastic analysis for a 9m T-beam

Time t=120’ — Average Temperature AT,,. = 321.8°C

B [mm] H[mm]  Eczooc [MPa] Asqup [MM’] Tassup [°C] Asting [mm?] Tasting [°C]
1350 750 18 000 2198 95.0 628 690.0
Brea [mm]  Hrea [mm]  Ec 120 [MPa] Aginr [mm’] TAgins [°C] ET Ave
1350 693 7017.0 942 620.0 3.48E-03
\ R | gg---__'77_3,184.45____f.___l,*_l__j'___J___thLM
—Averaged T |
—— Linearized T:

End Sections
Agsup = 2198mm’
Aging= 942mm?
Mid-Span:
Agop = 628mm>
Aging= 1570mm”

Height [cm]

Temperature [°C]

Plastic Moments at Critical Sections (Anderberg’s method vs. Non-Linear Analysis)

Restraint

o Nth Nan
[MPa]  [kN]  [kN]

Error M pl

Mﬂﬂ
[%] [kNm] [kNm]

Error M, Mg,
[%] [kNm] [kNm] [%]

Error

K=0 0.0 00 00 0.0 2121 243.0 -12.7 640.5 809.0 -20.8
K=FA/3L 11.3 1495.2 2258.0 -33.8 659.1 979.8 -32.7 6754 8674 -22.1
K=EA/L 17.6 2334.0 3127.0 -254 887.41236.8 -283 537.6 752.6 -28.6
K=c0 24.4 32439 4221.0 -23.1 1109.01529.3 -27.5 365.1 497.1 -26.6
Plastic Analysis — {W, = (M, + M,)-8/L* > W = 63 kNm}
K=0 K=EA/3L K=EA/L K=c0
W,=84.2 kNm W,=131.8 kNm W, = 140.7 kNm W,=145.6 kNm

Wu.NLA = 103.9 kNm

VVU.NLA = ]824 kNm

Wowis = 196.5 kNm

VVu.NLA = 200] kNm

Table 5-6: Plastic analysis data and results for the 9m span one-way slab

Time t=120° — Average Temperature AT,,.= 177.8°C

B [mm] H[mm] Ec,ZO“C [MPa] Ass,end [mmz] Asi,end [mm2] TAsinf [OC] TASSUp [OC]
1400 350 18 000 1608 1206 473.0 23.0
Brea [mm]  Heeq [mm]  Ec 100 [MPa] Aggmia [mm’] Agi mia [mm”] £T Ave

1400 296 12 037.7 1206 1206 1.55E-03

296

End Sections
Assup = 4870 mm
Agine= 1963 mm

[N}

Mid-Span
Agsup = 452 mm?
Asing= 3927 mm”

N

T

_____ — Averaged T
——Linearized T

Height [cm]

Temperature [°C]

Plastic Moments at Critical Sections (Anderberg’s method vs. Non-Linear Analysis)
Error M,
[%]  [kNm] [kNm] [kNm] [%] [kNm] [kNm] [%]
-7.3 222.0 320.5

Restraint o Ny N,.  Error
[MPa] [kN]  [kN]

K=0 0.0 0.0 0.0 0.0

K=EA/3L 6.2 911.8 1290.0 -29.3

K=EA/L 11.2

1642.5 1792.0 -8.3

MNIh Mpl Man

0.0 1115 120.3
111.7 349.9 308.0
201.2 433.4 3732

13.6 454.4 439.7 3.3
16.1 5337 473.0 12.8

M., FError

-30.7

K=c0 18.6 2741.0 2575.0 6.4 3358 603.3 4651 29.7 667.8 516.6 29.3
Plastic Analysis — {W, = (M, + M',)-8/L> > W = 16.45 kNm}
K=0 . K=FEA/3L K=FEA/L K=co
W,=32.9 kNm W,=794kNm W,=955kNm W,=125.5 kNm

VVII,NLA =435 kNm

VVU.NLA =73.8 kNm

Wu.NLA =83.6 kNm

I’VU.N[A = 970 kNm
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5.3 Conclusions
| The results obtained by means of plastic analysis lead to the following concluding remarks:

o Plastic analysis is a simple and straightforward method, that is very sensitive to the
evaluation
(a) of the plastic moments at the supports, and '
i (b) of the effects of the axial restraints.
i | o Neglecting the effects of the axial restraints always leads to a conservative estimate of the
i ultimate load- carrying capacity in statically-redundant beams.

; The latter observation lead to the conclusion that designing a continuous beam subjected ’

W to fire, using plastic analysis, is on the safe side, if the effects of the axial restraints are ’;
ignored.
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i Notation
HE
\ I . reinforcing steel area
i ‘\ i B cross section width
B \H Bred reduced cross section width, based on 500°C isothermal method
; \L | Ec20°c concrete Young’s modulus at 20°C
' ‘ l:‘i | Ec 120 concrete Young’s modulus after 120° of fire duration
‘M\“‘ H cross section height
‘H‘ \” i Hied reduced cross section height, based on 500°C isothermal method
oy K axial restraint of beam
B M plastic moment resulting from 500°C isothermal method
“\“l'i I Man ultimate meoment resulting from parametric study (Chapter 4)
. l ‘ Nin axial force due to thermal elongation evaluated as shown in Fig. 5-2
it Nan axial force due to thermal elongation resulting from parametric study (Chapter 4)
Tas reinforcing steel temperature '
W load applied to the beam, sum of dead and live load
Wy ultimate load resulting from plastic analysis
Wunia  ultimate load resulting from nonlinear analysis (Chapter 4)
AT e average temperature due to fire after t min. of fire exposure
ET ave average thermal elongation
c normal stress due to thermal elongation and axial restraint
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