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Abstract

The purpose of this work is to present a study on heat conduction in systems that

are composed out of spherical and cylindrical micro- and nanoparticles dispersed in a

bulk matrix. Special emphasis is put on the dependence of the effective heat conductivity

on various selected parameters as particle size and also its shape, surface specularity and

density, including particle-matrix interaction. The heat transfer at nanometric scales is

modelled using extended irreversible thermodynamics, whose main feature is to elevate

the heat flux vector to the status of independent variable. The model is illustrated by

a Copper-Silicium (Cu-Si) system. It is shown that all the investigated parameters have

a considerable influence, the particle size being especially useful to either increase or

decrease the effective thermal conductivity.

Keywords: nanometric heat transfer, thermal conductivity, extended

irreversible thermodynamics, spherical and cylindrical nanocomposites.
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1. Introduction

We investigate in this work some particular properties of heat conduc-
tion at nanometric scale. We are interested in systems where spherical or
cylindrical nanoparticles are embedded in a host matrix, i.e. nanocompos-
ites. Nanocomposites know a huge variety of applications, such as heat
conduction enhancement in polyesters [1] or energy storage systems [2], to
mention a few. Studies on the thermal conduction in porous media have
been of great interest due to their applications in, for instance, material de-
sign, geophysical exploration, biological and medical engineering [3,4]. The
change in thermal conductivity has also been exploited to increase the fig-
ure of merit ZT of thermoelectric materials which behaves as the inverse of
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the heat conductivity [5]. The nanocomposite is generally made out of a ho-
mogeneous matrix in which nanoparticles are dispersed. For particles with
diameters of the same order of magnitude or smaller than the phonon mean
free path, the Fourier theory, based on the classical approach of thermody-
namics, is not able to predict the heat flux of thermal interactions between
the matrix and the nanoparticles. Therefore, we propose to investigate the
problem of heat conduction in nanocomposites by a more sophisticated
thermodynamic formalism, namely Extended Irreversible Thermodynam-
ics (EIT) [6]. In this approach, the heat flux is elevated to the status of
independent variable at the same footing as the temperature. EIT has been
successfully applied to transient heat transport in nanofilms in a previ-
ous paper [7]. The main problem investigated in the present work is the
determination of the effective heat conductivity for nanocomposites with
spherical and cylindrical embedded nanoparticles. We will make use of the
effective-medium approach [8,9] which provides a process of homogeniza-
tion of the heterogeneous medium formed by the matrix and the particles.
The basic formula for the effective heat conductivity coefficient λeff ,s for
spherical nanoparticles is Maxwell’s relation

(1) λeff ,s = λs
m

2λs
m + (1 + 2αs)λs

p + 2φ((1− αs)λs
p − λs

m)

2λs
m + (1 + 2αs)λs

p − φ((1− αs)λs
p − λs

m)
.

The effective heat conductivity for cylindrical nanoparticles λeff ,c is given
by [8]

(2)

λeff ,c = λc
m

3
(
λeff ,c
r
λc
m

+ 1
)
+ φ

(
2
(
λeff ,c
r
λc
m

− 1
)
+
(
λeff ,c
r
λc
m

+ 1
)(

λeff ,c
L
λc
m

− 1

))
3
(
λeff ,c
r
λc
m

+ 1
)
− 2φ

(
λeff ,c
r
λc
m

− 1
) ,

with λeff ,c
r the radial component and λeff ,c

L the longitudinal component of
the cylindrical nanoparticles:

(3) λeff ,c
r = λc

m

λc
m + (1 + αc)λc

p + φ((1− αc)λc
p − λc

m)

λc
m + (1 + αc)λc

p − φ((1− αc)λc
p − λc

m)
,

(4) λeff ,c
L = (1− φ)λc

m + φλc
p.

In Equations (2)-(4), λs
m and λs

p stand for the heat conductivities of the
matrix and the suspended particles, respectively, in the case of spherical
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nanoparticles, while λc
m and λc

p designate those in the case of cylindrical
nanoparticles. Note that, as we will see later on, that also the heat conduc-
tivity of the matrix is influenced by the shape of the nanoparticles. Also,
φ is the volume fraction of the particles and αs and αc are dimensionless
parameters, describing the thermal resistance due to particle-matrix inter-
action for spherical and cylindrical nanoparticles, respectively:

(5) αs = λs
mR/ℓp,s,

(6) αc = λc
mR/ℓp,s.

The quantity R is the thermal boundary resistance coefficient given by [9]

(7) R =
4

Cmvm
+

4

Cpvp
,

while ℓp,s is the so-called ”specular” characteristic length defined by

(8) ℓp,s = ℓp
1 + s

1− s
,

with ℓp the characteristic length of the (spherical or cylindrical) nanoparti-
cle. The symbols Cm, vm, Cp and vp in Equation (7) stand for the specific
heat capacities and group velocities of the bulk matrix and the particles,
respectively. In Equation (8), the symbol s (0 ≤ s ≤ 1) denotes the surface
specularity of the nanoparticles, expressing the probability of specular scat-
tering of phonons on the particle-matrix interface. For s = 0, the surface is
called diffuse, meaning that the direction of phonons after impact is inde-
pendent of the direction of the impacting phonons, in which case ℓp,s ≡ ℓp.
For s → 1, we have a surface on which the impacting phonons influence the
direction of the outcoming phonons and the surface is said to be perfectly
specular. Note that the result (5)-(6) was established in the case of diffusive
surfaces [10]. The characteristic length ℓp is given by

(9) ℓp = rp,

in the case of spherical nanoparticles, where rp is the particle radius, and
by

(10) ℓp =

√
1

1
r2p

+ 1
L2

,
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in the case of cylindrical nanoparticles, where L is the cylinder longitudinal
length. Of course, in case L >> rp, we would have ℓp = rp for the cylindrical
nanoparticle.

An expression for λs
m and λc

m is established in the framework of the
effective-medium approach [8,9], while λs

p and λc
p will be derived from EIT.

In the next section, we discuss briefly the principles of EIT, followed by
the development of expressions for the matrix and particle thermal conduc-
tivities for both spherical and cylindrical nanoparticles. The model will be
applied to a Copper-Silicium (Cu-Si) nanocomposite with comparisons to
other models.

2. Thermal conductivity by extended irreversible thermodynam-
ics

2.1. Principles of extended irreversible thermodynamics

In this subsection, we recall briefly the background of EIT. More details
can be found in [6,11]. The principle idea behind EIT is to elevate the
dissipative fluxes, as the fluxes of mass, energy and momentum to the status
of independent variables at the same level as the classical variable like mass,
energy or momentum. As a consequence, the space V of state variables will
be formed by the union of the (slow and conserved) classical variables C
and the (fast and non-conserved) flux variables F so that V = C

∪
F.

In this work, we consider heat conduction in a rigid body at rest. In the
problem of a rigid heat conductor, the only relevant conserved variable
is the internal energy e (or the temperature T ) whereas the energy flux
(here, the heat flux vector q) is the non-conserved flux variable so that
the space of state variables is V = V(e,q). In more complex materials
like in nanomaterials, fluxes of higher order should be introduced as shown
later on. The corner stone of EIT is to assume the existence of an entropy
function η(V), depending on the whole set V of variables: here η = η(e,q),
or in terms of time (t) derivatives,

(11) ∂tη =
∂η

∂e
dte+

∂η

∂q
· dtq,

wherein e and η are measured per unit volume and a dot stands for the
scalar product. The symbol dt denotes the time derivative which is indif-
ferently the material or the partial time derivative as the system is, respec-
tively, in motion or at rest. It is assumed that η is a concave function of the
variables to guarantee stability of the equilibrium state and that it obeys a
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general time-evolution equation of the form

(12) ∂tη = −∇ · Jp + σp (σp > 0),

whose rate of production per unit volume σp (in short, the entropy pro-
duction) is positive definite to satisfy the second principle of thermody-
namics, while the quantity Jp is the entropy flux. Let us define the local
non-equilibrium temperature by T−1(e) = ∂η/∂e and select the constitutive
equation for ∂η/∂q as given by ∂η/∂q = −γ(T )q, where γ(T ) is a material
coefficient depending generally on T ; it is positive definite in order to meet
the property that η is maximum at equilibrium and the minus sign in front
of γ(T )q has been introduced for convenience [6]. Under these conditions,
Equation (11), referred to as the Gibbs equation, can be written as

(13) dtη(e,q) = T−1dte− γq · dtq.

Eliminating dte by means of the energy balance which, in absence of heat
sources, can be written as

(14) dte = −∇ · q,

yields

(15) dtη = −∇ · q
T

+ q ·
(
∇T−1 − γdtq

)
.

From the comparison with the general balance relation (12) follows the
identification

Jp = q/T (entropy flux)

σp = q ·
(
∇T−1 − γdtq

)
(entropy production).

(16)

The expression for σp is a bilinear relationship in the flux q and the quan-
tity represented by the two terms between the parentheses, which is usu-
ally called the thermodynamic force X. The simplest way to guarantee the
positiveness of the entropy production σp is to assume a linear flux-force
relation of the form q = LX, where L is a phenomenological coefficient.
This procedure leads to Cattaneo’s law [12]

(17) τdtq = −q− λ∇T,
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after one has put γL = τ (relaxation time) and L/T 2 = λ (heat conduc-
tivity) and wherein τ and λ are proven to be positive quantities [6,11].
Although Cattaneo’s relation is useful at short time scales (high frequen-
cies), it is not satisfactory for the purpose to describe heat transport at
short length scales wherein non-localities play a preponderant role. Non-
local effects are introduced in the framework of EIT by appealing to a
hierarchy of fluxes. Let us define these fluxes as Q(1), Q(2), ..., Q(n) with
Q(1) being identified with the heat flux vector q, Q(2) (a tensor of rank
two) being the flux of the heat flux, Q(3) the flux of Q(2) and so on. From
the kinetic theory point of view, the quantities Q(2) and Q(3) represent the
higher moments of the velocity distribution. Up to the nth-order moment,
the Gibbs equation generalizing expression (13) takes the form

dtη(e,q,Q
(2), ...,Q(n)) = T−1dte− γ1q · dtq− γ2Q

(2) ⊗ dtQ
(2) − ...

−γNQ(N) ⊗ dtQ
(N),

(18)

while instead of Jp = q/T , the entropy flux reads as

(19) Jp = T−1q+ β1Q
(2) · q+ ...+ βN−1Q

(N) ⊗Q(N−1),

the symbol ⊗ denoting the inner product of the corresponding tensors. For
instance, in Cartesian coordinates and using the summation convention on
repeated indices, Q(3)⊗Q(2) stands for QijkQjk. We have limited ourselves
to the simplest form of the entropy and the entropy flux which are sufficient
for the present purpose. The entropy production σp, which in virtue of (12),
is given by

(20) σp = dtη +∇ · Jp,

is easily derived by substituting dtη and Jp from (18) and (19), respectively,
and by eliminating dte via the energy balance (13), the result is

σp = −
(
−∇T−1 + γ1dtq− β1∇ ·Q(2)

)
· q− ...

−
N∑

n=2

Q(n) ⊗
(
γndtQ

(n) − βn∇ ·Q(n+1) − βn−1∇Q(n−1)
)
≥ 0.

(21)

The above bilinear expression in fluxes and forces (the quantities between
parentheses) suggests the following hierarchy of linear flux-force relations

(22) ∇T−1 − γ1dtq+ β1∇ ·Q(2) = µ1q,
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(23) βn−1∇Q(n−1)− γndtQ
(n)+βn∇·Q(n+1) = µnQ

(n), (n = 2, 3, ...,N).

The latter can also be viewed as time evolution equations for the fluxes q,
Q(2),...,Q(N). Making use of Equations (22) and (23), Equation (21) of the
entropy production becomes

(24) σp = µ1q · q+ µ2Q
(2) ⊗Q(2) + ...+ µNQ(N) ⊗Q(N) ≥ 0,

with µn ≥ 0 (n = 1, 2, . . . , N) to satisfy the positiveness of the entropy
production.

2.2. Mathematical model for the thermal conductivities

Before developing the nanoparticle thermal conductivity, we start with
the matrix. For the heat conductivity of the matrix, we use the classical
Boltzmann phonon expression

(25) λs
m =

1

3
(CmvmΛs

m)|Tref
,

(26) λc
m =

1

3
(CmvmΛc

m)|Tref
.

Tref is the reference temperature, say the room temperature, and Λs
m and

Λs
m are the phonon mean free paths of the matrix in the case of spherical

and cylindrical nanoparticles, respectively. Within the matrix, the phonons
experience phonon-phonon interactions and the mean free path (for both
types of shapes) is given by the Matthiessen rule:

(27)
1

Λm
=

1

Λm,b
+

1

Λm,coll
,

with Λm,b designating the mean free path in the bulk (the same whatever
the shape of the nanoparticle) and Λm,coll the supplementary contribution
due to the interactions at the particle-matrix interface given by [9]

(28) Λs
m,coll = 4rp,s/3φ,
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in the case of spherical nanoparticles and by [13]

(29) Λc
m,coll =

1 + s

1− s

1

φ
(

2
πrp

sinθ +
(

1
L + 2ζ

πrp

)
cosθ

) ,
in the case of cylindrical nanoparticles. Here, ζ =

√
φ/(

√
φ + 1). If θ = 0,

the heat direction would be in the longitudinal direction. If θ = π/2, the
heat direction would be radial. In this work, we choose a mean value of
θ = π/4 [13], including therefore both the longitudinal and radial contri-
butions. Concerning the derivation of λp (for both spherical and cylindrical
nanoparticles), we propose a new closed-form formula

(30) λp = λ0
pf(Kn, s),

wherein λ0
p is the value of the thermal conductivity for the bulk material

of which the particle is composed of and given by an expression similar to
Equations (25) and (26):

(31) λ0
p =

1

3
(CpvpΛp,b)|Tref

,

where the quantity f(Kn, s) is a correction factor, taking into account the
dimension of the nanoparticles (via the Knudsen number Kn), their shape
(spherical or cylindrical) and their specularity (via the specularity coeffi-
cient s). Note that λ0

p is the same, whether it be in the spherical case (λs,0
p )

or in the cylindrical case (λc,0
p ). The Knudsen number is defined as

(32) Kn = Λp,b/ℓp,s.

Expression (31) is analogous to that used for the matrix with the exception
that now the mean free path is only the bulk one (so that Λp = Λp,b and
thus equal for both the sperical and cylindrical cases). The contribution of
the collisions are hidden in the correction factor f(Kn). This correction fac-
tor can be determined by continuing the development from Equations (22)
and (23). There γi, βi and µi are phenomenological coefficients related to
the relaxation times, correlation lengths and transport coefficients, respec-
tively. In order to gain insight about the physical meaning of these phe-
nomenological coefficients, let us assume absence of non-locality so that the
term in ∇ ·Q(2) will not appear in Equation (22) which reduces to Catta-
neo’s relation (see Equation (17)) [12]. If, in addition, one considers steady
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situations, the term in dtq vanishes and one recovers Fourier’s law. These
observations lead to the following identities

(33) µ1 =
1

λT 2
,

(34) γ1 =
τ

λT 2
,

indicating that µ1 is related to the heat conductivity λ and γ1 to the re-
laxation time τ . The identification of the higher order coefficients is not
so easy as its demands to compare with higher order evolution equations,
but the parameters µn and γn are related to coefficients of thermal conduc-
tivity λn and relaxation times τn of order n, respectively. Moreover, since
Q(n+1) is the flux of Q(n), this implies, by the very definition of a flux,
that dtQ

(n) = −∇ ·Q(n+1). Well, when dividing Equation (22) by γ1 and
Equation (23) by γn (n = 2, 3, . . .), it follows that β1/γ1 = −1, β2/γ2 = −1
or, more generally, γn = −βn, which reduces considerably the number of
undetermined coefficients.

Let us now consider an infinite number of flux variables (N → ∞) and
apply the spatial Fourier transform

(35) q̂(k, t) =

∫ +∞

−∞
q(r, t)e−ik·rdr

to Equations (22) and (23), with q̂ the Fourier transform of q, r the spatial
variable, t the time and k the wavenumber vector. This procedure results
into obtaining the following time-evolution equation for the heat flux:

(36) τ(k)∂tq̂(k, t) + q̂(k, t) = −ikλp(k)T̂ (k, t),

where τ(k) = γ1/µ1 designates a renormalized relaxation time depending
generally on k. λp(k) is given by the continued-fraction for the k-dependent
effective thermal conductivity:

(37) λp(k) =
λ0
p

1 +
k2l21

1+
k2l22

1+
k2l23
1+...

,
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with λ0
p the classical bulk thermal conductivity, given by Equation (31)

(independent of the dimension and shape of the system) ln is the correlation
length of order n defined by l2n = β2

n/(µnµn+1). Here, it is assumed that
the relaxation times τn (n > 1) corresponding to higher order fluxes are
negligible with respect to τ1, which is a hypothesis generally admitted in
kinetic theories.

Now, in the case of spherical nanoparticles, there is only one dimension,
namely the specular radius rp of the spheres, so that it is natural to define
the wavenumber (now a scalar) k ≡ 2π/ℓp,s, with ℓp = rp. The correlation
lengths selected as l2n = an+1l

2, with an = n2/(4n2−1) and l identified as the
mean free path independently of the order of approximation. This is a rather
natural choice for phonons as shown by Dreyer and Struchtrup [14]. With
these results in mind and the definition of the Knudsen number (32), the
continued fraction (37) reduces to an asymptotic limit (the mathematical
description is given in [15]), leading finally to the following expression for
the thermal conductivity of spherical nanoparticles λs

p:

(38) λs
p =

3λ0
p

4π2Kn2 (
2πKn

arctan(2πKn)
− 1),

so that f(Kn, s) = 3
4π2Kn2 (

2πKn
arctan(2πKn) − 1).

In case of cylindrical nanoparticles, there are two dimensions, namely
the radial dimension rp and the longitudinal one L (length of the cylindrical
nanoparticle). Following [6,16], all the ln’s are equal ln = Λp,b/2 with Λp,b

the bulk mean free path of the phonons of the particles. By identifying k
as (becoming again a scalar now) k = 2π/ℓp,s (with ℓp now given by Equa-
tion (10)) and the definition of the Knudsen number (32), expression (37)
has now the asymptotic limit

(39) λc
p =

λ0
p

2π2Kn2 (
√

1 + 4π2Kn2 − 1).

so that now f(Kn, s) = 1
2π2Kn2 (

√
1 + 4π2Kn2 − 1).

Having now established the mathematical model, we proceed with ap-
plying it to a copper-silicon nanocomposite in order to assess various nano-
metric effects on the effective thermal conductivity.

3. Application to Copper-Silicon nanocomposites

3.1. Physical properties

The mathematical model described in this work is applied to a copper-
silicium (Cu-Si) nanocomposite, with Cu nanoparticles embedded in a Si
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host matrix. Table 1 presents the physical properties of the considered
system.

Table 1. Phonon properties for bulk materials at room temperature (Tref ).

Material Heat capacity[MJm−3K] Group velocity[m/s] Mean free path[nm]

Si 0.93a 1804a 268a

Cu 3.47b 7723c 45d

a [13]
b [17]
c Calculated from v = 3λ/Λb by considering λ = 402Wm−1K−1 from [18]
d [18]

3.2. Comparison to other models

We compare our model to two other models (one taking into account the
effect of phonon scattering and the other not), in order to highlight some
important aspects concerning our model, before discussing some parameters
that effect the thermal conductivity. Since the models with which we present
ours concerns spherical nanoparticles, we only discuss the latter ones in this
subsection. Figure 1 presents the effective thermal conductivity versus the
volume fraction of spherical Cu nanoparticles embedded in a Si host matrix.
The results of two other models are also included. One is an analytical
model based on Bruggeman’s model adapted for high volume fractions [18].
The second is based on Fourier’s law [8]. The comparison is performed for
four different particle radii: 50, 500, 900 and 3000 nm. For the moment, we
consider zero specularity (s = 0).
First, it is interesting to notice from the results of our model that, at rp = 50
nm, a higher volume fraction of Cu nanoparticles decrease considerably the
effective thermal conductivity, knowing that Cu has a much higher bulk
thermal conductivity than Si. This shows the strong influence of phonon
scattering on heat transfer at nanometric scales. As the particle radius
increases, we can see that for a given volume fraction the effective ther-
mal conductivity increases. This means that the scattering effect decreases.
Comparing our model with the one in [8], we can see that eventually at
rp = 3000 nm ours coincides with the latter. Indeed, we can say for the
present system that at micrometric scales the scattering effect is hardly
present, leading our model to correspond to Fourier’s limit. For smaller par-
ticle radii, our model differs considerably from the one in [8], from which
can be concluded that the validity of Fourier’s law is clearly questionable at
small length scales and that phonon scattering is an important phenomenon
to be taken into account at nanoscale. This is confirmed by the satisfactory
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Figure 1. Effective thermal conductivity (λeff ) of the spherical nanocomposite Cu-Si
as a function of the volume fraction (φ) of Cu nanoparticles for different particle radii:
rp= 50, 500, 900 and 3000 nm (s = 0). Comparison with theoretical models (see [8] and
[18]).

comparison with [18], which also takes into account the scattering effect at
nanoscale. Finally, we can say that by controlling the particle size, one may
control increase or decrease of the effective thermal conductivity.

3.3. Effect of particle size on the effective thermal conductivity

We have seen in Section 3.2 that the size of the particles play a crucial
role. Therefore, Figure 2 presents the effective thermal conductivity versus
the inverse Knudsen number for spherical particles (with zero specularity)
Kn−1 = rp/Λp,b). For information, the two other models considered in this
work [18] and [8] are included.

The minimum value of Kn−1 in Figure 2 is 0.01. This corresponds to
rp = 4.5 Å, which is the size of a few copper atoms, which we consider a
limiting value for a nanoparticle radius. Therefore, smaller Kn−1-values are
not presented. Nevertheless, Figure 2 shows two clear limits for the effective
thermal conductivity with respect to the particle size, here dimensionlessly
indicated by the inverse Knudsen number Kn−1. Figure 2 shows that for
a decreasing nanoparticle size (lower Kn−1-values), the effective thermal
conductivity decreases. Smaller nanoparticle sizes (for a given volume frac-
tion) result into a larger total particle-matrix surface, which forms more
obstacles for the colliding phonons. Also, the thermal boundary resistance
increases (see Equation (5) and also Equation (6) for the cylindrical case).
This causes a reduction in heat transfer and consequently the effective ther-
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Figure 2. Effective thermal conductivity (λeff ) of the spherical nanocomposite Cu-Si as
a function of the inverse Knudsen number (Kn−1) for different Cu nanoparticle volume
fractions: φ= 0.01, 0.1 and 0.5 (s = 0). The models [8] and [18] are also added for
information.

mal conductivity. In the mathematical limit of Kn−1 → 0 or Kn → ∞ (and
thus rp → 0), it can be easily verified that λs

p → 0, λs
m → 0 and therefore

λeff ,s → 0, which can be seen in Figure 1. As Kn−1 increases, we can see
that, apparently, an asymptotic maximum value for the effective thermal
conductivity exists with respect to the inverse Knudsen number as Kn → 0
and rp → ∞, for whatever volume fraction. We can find this value analyti-
cally by stating that for spherical nanoparticles

(40) λs
p|Kn→0 = λ0

p,

(41) αs|rp→∞ = 0,

(42) Λs
m|rp→∞ = Λm,b,

(43) λs
m|rp→∞ = λ0

m,

where λ0
m is the basic material thermal conductivity of the matrix without
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embedded particles. This leads finally to

(44) λeff ,s,0 (φ) = λeff ,s |Kn→0 = λ0
m

(
1 +

3φ
(
λ0
p − λ0

m

)
2λ0

m + λ0
p − φ

(
λ0
p − λ0

m

)) ,

which is only dependent on the volume fraction, knowing the basic material
thermal conductivities. From Table 1, we can find λ0

p = 402 Wm−1K−1 and

λ0
m = 150 Wm−1K−1. This allows finding λeff ,s,0 (0.01) ≈ 151 Wm−1K−1,

λeff ,s,0 (0.1) ≈ 167 Wm−1K−1 and λeff ,s,0 (0.5) ≈ 248 Wm−1K−1, which
corresponds with the asymptotic values (for Kn−1 → ∞) in Figure 2.

Figure 3 is the equivalent of Figure 2, but for the cylindrical case (pre-
senting only our model), with L → ∞.

Figure 3. Effective thermal conductivity (λeff ) of the cylindrical nanocomposite Cu-Si
as a function of the inverse Knudsen number (Kn−1) for different Cu nanoparticle volume
fractions: φ= 0.01, 0.1 and 0.5 (s = 0 and L → ∞).

The same observations and conclusions can be drawn from Figure 3 as from
Figure 2. Performing the same asymptotic study as for the spherical case,
it is for the cylindrical case easy to verify that for Kn → ∞, λeff ,c → 0. As
for the limit Kn → 0, it is also easy to verify that for L → ∞

(45) λc
p|Kn→0 = λ0

p,

(46) αc|rp→∞ = 0,
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(47) Λc
m|rp→∞ = Λm,b,

(48) λc
m|rp→∞ = λ0

m.

For L → ∞, this leads finally to

(49) λeff ,c,0
r (φ) = λeff ,c

r |Kn→0 = λ0
m

(
1 +

2φ
(
λ0
p − λ0

m

)
λ0
m + λ0

p − φ
(
λ0
p − λ0

m

)) ,

(50) λeff ,c,0
L (φ) = λeff ,c

L |Kn→0 = (1− φ)λ0
m + φλ0

p,

(51)

λeff ,c,0 (φ) = λeff ,c |Kn→0 =

(
3− 3φ2

)
(λ0

m)2 +
(
3 + 2φ2

)
λ0
mλ0

p + φ2(λ0
p)

2

(3 + 2φ2)λ0
m + (3− 2φ2)λ0

p

,

which is also only dependent on the volume fraction, knowing the ba-
sic material thermal conductivities. Again, using the values of λ0

p = 402

Wm−1K−1 and λ0
m = 150 Wm−1K−1, we can find λeff ,c,0 (0.01) ≈

150 Wm−1K−1, λeff ,c,0 (0.1) ≈ 152 Wm−1K−1 and λeff ,c,0 (0.5) ≈ 197
Wm−1K−1. This corresponds well with the asymptotic values (for Kn−1 →
∞) in Figure 3.

3.4. Effect of the particle shape on the effective thermal conductivity

We have seen that embedding spherical or cylindrical (with L >> rp)
nanoparticles has a clear influence on the value of the effective thermal
conductivity. The goal in this subsection is to asses the difference as a
function of the length of the cylindrical nanoparticle, L. Figure 4 shows the
effective thermal conductivity versus the Cu volume fraction in a Si matrix
for four different values of L: one smaller than the Cu bulk mean free path
Λp,b, L = 10 nm, one equal to the Cu mean free path, L = Λp,b, one sligthly
larger, L = 100 nm and finally L → ∞. For each L-case, the results for the
spherical nanoparticles are added for reference.
We can see from Figure 4 that the cylinder length influences greatly the
effective thermal conductivity for this system. At L = 10 nm, L is so small
that the L-contribution in the collisional mean free path is larger than the

15



H. MACHRAFI

Figure 4. Effective thermal conductivity (λeff ) of the cylindrical nanocomposite Cu-Si
as a function of the volume fraction (φ) for different Cu nanoparticle cylinder lengths:
L= 10, 45, 100 nm and L → ∞ (s = 0).

rp-contribution (see Equation (29)), so that, whatever the value of rp, the
scattering effect is quite high. This causes the effective thermal conductiv-
ity to decreases considerably, with hardly any influence of rp. For L = 45
nm, the effective thermal conductivity becomes comparable to that of the
spherical case at rp = 50 nm, but still much smaller for the other rp-values.
As L increases, we can see that at L = 100 nm, the effective thermal con-
ductivities in the cylindrical case keep on increasing. This effect is stronger
for larger rp values. This can be understood, by noticing that for smaller
rp-values, the scattering effect is caused by the radial contribution. Indeed,
this shows that the scattering effect is caused by both the radial and longi-
tudinal contributions. Finally, as L → ∞, the effective thermal conductivity
reaches its maximum value for a given rp-value. It is should be noted that
this is not equal to the absolute maximum value of the effective thermal
conductivity (when both rp → ∞ and L → ∞, which is well approached
in the case rp = 3000 nm), which is, for the cylindrical case, given by
λeff ,c,0 (φ) in Equation (51).

3.5. Effect of the specularity parameter on the effective thermal conductivity

Up until now, we have considered s = 0. In this subsection, we assess the
influence of this parameter on the effective thermal conductivity of spherical
Cu nanoparticles in Si (since the effect of s on the cylindrical case is the
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same, we do not present the results here). Figure 5 presents the equivalence
of Figure 1, considering four cases of the specularity: s = 0, 0.2, 0.5 and
s → 1. For comparison, the models of [18] and [8] are included.

Figure 5. Effective thermal conductivity (λeff ) of the cylindrical nanocomposite Cu-Si
as a function of the volume fraction (φ) for different specularities s = 0, 0.2, 0.5 and 1.

Figure 5 also shows that our model with s = 0.2 does not differ much from
the curves with s = 0. For s > 0.2, the difference becomes considerable.
Knowing that our model with s = 0 coincided well with the one in [18]
and that our model with s = 0.2 also does (since it does not differ much
from the curves with s = 0) implies that for our system the nanoparticle
surface is such that 0 < s < 0.2. We can see that, generally, increasing the
specularity factor increases the effective thermal conductivity. A nanopar-
ticle with a larger specularity means that the scattering effect is less (as if
the nanoparticle surface is smoother towards incoming phonons). So, less
scattering induces less obstacles for the phonons, which increases the effec-
tive thermal conductivity until no scattering s → 1. Note that the curves
in Figure 5 for s → 1 have approximately the same value so that they are
hardly distinguishable. This can be understood by recalling that s → 1 also
means rp,s → ∞ (so that the value of rp does hardly matter) and Kn → 0.
This observation means also that no scattering (s → 1) corresponds to ob-
taining the maximal effective thermal conductivity for the spherical case
λeff ,s,0 (φ), given by Equation (44).
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