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Yesterday...

k-regular sequences are much more chaotic...
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Equivalence between
e w = (w;)j>o is a k-automatic word
o w = 7(¢p“(a)) with ¢ k-uniform, 7 1-uniform, a € A

@ w; is the output of a DFAO when reading (i) [Cobham 72]



Equivalence between
e w = (w;)j>o is a k-automatic word
e w = 7(¢*(a)) with ¢ k-uniform, 7 1-uniform, a € A
@ w; is the output of a DFAO when reading (i) [Cobham 72]
o the k-kernel of w

Ki(w) ={w(kn+r)p>0:e>0and 0 <r < k®}

is finite [Eilenberg 1974]
Example: 2-kernel of the Thue-Morse word

t= 01101001100101101001011001101001 - - -



Equivalence between
e w = (w;)j>o is a k-automatic word
e w = 7(¢*(a)) with ¢ k-uniform, 7 1-uniform, a € A
@ w; is the output of a DFAO when reading (i) [Cobham 72]
o the k-kernel of w

Ki(w) ={w(kn+r)p>0:e>0and 0 <r < k®}

is finite [Eilenberg 1974]
Example: 2-kernel of the Thue-Morse word

t= 01101001100101101001011001101001 - --

(t2n)(n>0) =



Equivalence between
e w = (w;)j>o is a k-automatic word
e w = 7(¢*(a)) with ¢ k-uniform, 7 1-uniform, a € A
@ w; is the output of a DFAO when reading (i) [Cobham 72]
o the k-kernel of w

Ki(w) ={w(kn+r)p>0:e>0and 0 <r < k®}

is finite [Eilenberg 1974]
Example: 2-kernel of the Thue-Morse word

t= 01101001100101101001011001101001 - - -
(t2n)(n>0) = =t



Equivalence between
e w = (w;)j>o is a k-automatic word
e w = 7(¢*(a)) with ¢ k-uniform, 7 1-uniform, a € A
@ w; is the output of a DFAO when reading (i) [Cobham 72]
o the k-kernel of w

Ki(w) ={w(kn+r)p>0:e>0and 0 <r < k®}

is finite [Eilenberg 1974]
Example: 2-kernel of the Thue-Morse word

t= 01101001100101101001011001101001 - - -
(ton)(nz0) = 01101001100101101001011001101001 - - - =t
(t2nt1)(n>0) =



Equivalence between
e w = (w;)j>o is a k-automatic word
e w = 7(¢*(a)) with ¢ k-uniform, 7 1-uniform, a € A
@ w; is the output of a DFAO when reading (i) [Cobham 72]
o the k-kernel of w

Ki(w) ={w(kn+r)p>0:e>0and 0 <r < k®}

is finite [Eilenberg 1974]
Example: 2-kernel of the Thue-Morse word

t= 01101001100101101001011001101001 - - -
(ton)(nz0) = 01101001100101101001011001101001 - - - =t
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Equivalence between
e w = (w;)j>o is a k-automatic word
e w = 7(¢*(a)) with ¢ k-uniform, 7 1-uniform, a € A
@ w; is the output of a DFAO when reading (i) [Cobham 72]
o the k-kernel of w

Ki(w) ={w(kn+r)p>0:e>0and 0 <r < k®}

is finite [Eilenberg 1974]
Example: 2-kernel of the Thue-Morse word

t= 01101001100101101001011001101001 - - -
(ton)(nz0) = 01101001100101101001011001101001 - - - =t
(t2nt1)(n>0) =
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Ka(t) = {t, t}



Thue—Morse word t = 0110100110010110- - -

Factor complexity ,Pt(oo) [Brlek 1989, de Luca—Varricchio 1989]

P(oo)(n)— 4n—2.2m—4 if2.2"m<n<L3.27
t 2n+4-2m -2 if3.2"<n<4.2m
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Thue—Morse word t = 0110100110010110- - -

Factor complexity ,Pt(oo) [Brlek 1989, de Luca—Varricchio 1989]

P(oo)(n)— 4n—2.2m—4 if2.2"m<n<L3.27
t |l 2n+4-2"—2 if3-2m<n<4.2m
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PM(2n) =3 and PV (2n +1) = 2



(-abelian complexity [Karhumiki-Saarela~Zamboni 2013]

Two words u, v are (-abelian equivalent if
lulx = |v|x for any x of length at most /.
Example:

u |lulo fuls Juloo ulor |ulo |uliz

11010011 | 3 5 1 2 2 2
11101001 | 3 5 1 2 2 2



Two words u, v are (-abelian equivalent if
lulx = |v|x for any x of length at most /.
Example: 2-abelian equivalent

u |lulo fuls Juloo ulor |ulo |uliz

11010011 | 3 5 1 2 2 2
11101001 | 3 5 1 2 2 2



(-abelian complexity [Karhumaki-Saarela—Zamboni 2013]

Two words u, v are (-abelian equivalent if
lulx = |v|x for any x of length at most /.
Example: 2-abelian equivalent but not 3-abelian equivalent

u |lulo fuls Juloo |ulor |ulio ulix [0li1

11010011 | 3 5 1 2 2 2 0
11101001 | 3 5 1 2 2 2 1



Two words u, v are (-abelian equivalent if
lulx = |v|x for any x of length at most /.
Example: 2-abelian equivalent
u ‘ lulo |uls fuloo [ulor Julio fuli1

11010011 | 3 5 1 2 2 2
11101001 | 3 5 1 2 2 2

Number of factors of length n up to f-abelian equivalence: P\Ef)(n)

Pa(n) <o < P(n) P (0) < < PO ()

The f-abelian complexity of a word w is the sequence P&,)(n)nzg.



2-abelian complexity of the Thue—Morse word
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2-abelian complexity of the Thue—Morse word
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@ Bounded? No [Berthé-Delecroix 2014, Karhumiki-Saarela~Zamboni 2014]
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@ Behavior? In log(n) [Karhumski-Saarela~Zamboni 2014]



2-abelian complexity of the Thue—Morse word

15 +

10 +

50 100 150 200 250

@ Bounded? No [Berthé-Delecroix 2014, Karhumiki-Saarela~Zamboni 2014]
@ Behavior? In log(n) [Karhumski-Saarela~Zamboni 2014]

@ Regular?



A definition of regularity [Allouche-Shallit 1992]

A sequence s = s(n),>0 is k-regular if the Z-module generated by
its k-kernel

Ki(s) ={s(k°n+r)p>0:e>0and 0 < r < k°}

is finitely generated.



A sequence s = s(n),>0 is k-regular if the Z-module generated by
its k-kernel

Ki(s) ={s(k°n+r)p>0:e>0and 0 < r < k°}

is finitely generated.

Example: s(n) = sum of digits in the representation in base 2 of n

s(2n) = s(n) and s(2n+1) =s(n) +1
= s(2°n+ r)p>0 = s(N)n>0 + s(r) - 1n>0
— s and 1 are generators

= s is 2-regular



@ The factor complexity of a k-automatic sequence is k-regular.
[Carpi-D’Alonzo 2010, Charlier-Rampersad-Shallit 2012]
@ The abelian complexity of
o the Thue-Morse sequence
the paperfolding sequence [Madill-Rampersad 2013
the period-doubling sequence [Karhumiki-Saarela~Zamboni 2014]
the 2-block coding of Thue-Morse sequence
[Parreau-Rigo—Rowland-V. 2015]
e the 2-block coding of period-doubling sequence
[Parreau-Rigo—Rowland-V. 2015]
e the Rudin-Shapiro sequence [Li-Chen-Wen-Wu 2016]
are 2-regular.
@ The 2-abelian complexity of
o the Thue-Morse sequence [Greinecker 2015, Parreau-Rigo—Rowland-V. 2015]
e the period-doubling word [Parreau-Rigo-Rowland-V. 2015]

are 2-regular.
@ The (-abelian complexity of the Cantor sequence is 3-regular
for all £ > 1 [Chen-Lii-Wu 2017]



How to prove regularity?

One method: find and prove relations for the sequences of the
2-kernel

e Find?



One method: find and prove relations for the sequences of the
2-kernel

e Find?
We need to compute Pt(é)(n) for large n!

Naive idea
@ Construct the first N letters of t with N large enough

o If the value of Pt(g)(n) is unchanged for several values of N,

then we can suppose that the detected value of Pt(e)(n) is
correct.



One method: find and prove relations for the sequences of the
2-kernel

e Find?
We need to compute Pt(()(n) for large n!

Naive idea
@ Construct the first N letters of t with N large enough

o If the value of Pt(g)(n) is unchanged for several values of N,

then we can suppose that the detected value of Pt(e)(n) is
correct.

— Impossible to compute Pt(e)(n) for large n



Proposition

Two words u,v (of length at least ¢ — 1) are (-abelian
equivalent if and only if

(a) |ulx = |v|x for any x of length ¢;

(b) prefy_1(u) = prefy_1(v).



Proposition

Two words u,v (of length at least ¢ — 1) are (-abelian
equivalent if and only if

(a) |ulx = |v|x for any x of length ¢;
(b) prefy_1(u) = prefy_1(v).

For ¢ = 2, we associate a vector in N0 to each word
u=uyup---Upn—1Up,:

\U1|0
\U1|1
|uloo
|ulor
u

Wy (u) = }uti W,(11101) =
‘Un—lun|00
‘un—lun|01
‘U,,,lu,-,|10
‘Unflun|11

OO R ONFRFEFORFO



Two words u and v are 2-abelian equivalent if and only if
(a) [Wau)logi = [Wa(v)]ayi for i € {1,...,2°},

(b) [Wa(u)]i = [Wa(v)]; for i € {1,2}.

In this case, we write Wy(u) ~ Wa(v).

001 010 011 100 101 110
‘ul‘o 1 1 1 0 0 0
luip| 0 0o o0 1 1 1
‘u‘oo 1 0 0 1 0 0
ulg| 11 1 0 1 0
‘u‘lo 0 1 0 1 1 1
up| 0 0 1 0 0 1
lUp_1tnloo| O O 0 1 0 0
|un_1u,,\01 1 0 0 0 1 0
lUp_1tnlo| O 1 0 0 0 1
|un_1un\11 0 0 1 0 0 0




Computation for odd length factors

From a factor of length n to a factor of length 2n — 1




Computation for odd length factors

From a factor of length n to a factor of length 2n — 1




Computation for odd length factors

From a factor of length n to a factor of length 2n — 1
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Computation for odd length factors

From a factor of length n to a factor of length 2n — 1

j 2
n ! 2n
l ® !
l e
t —a  mn N o




Computation for odd length factors

From a factor of length n to a factor of length 2n — 1

j 2
n ! 2n
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From a factor of length n to a factor of length 2n — 1

J 2
n ! 2n
| ® |
1 —
e——"
| | v :
| | 174 ]

We know precisely what is happening
¥
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Computation for even length factors

From a factor of length n to a factor of length 2n — 2
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Vo (u) =(|prefra1(u)a; .a_» 77 € {1, AL},
size |A|¢—1
|ulay .z i € {1, A},
sizev|A|‘~7

[sufty1()] .2, _+ i € {1, |AI})

~—
size |A]¢-1

Proposition

Two words u, v (of length at least £ — 1) are ¢-abelian equiv-
alent if and only if

(@) We(ljaperpi = [Ve(W)] a1y for i€ {1, |AIY;
(b) [We(u)];i = [We(v)]; for i € {1,..., A" 1}

In this case, we note Wy(u) ~ Wy(v).



Idea

Let ¢ be a k-uniform morphism and w = p(w).
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Idea

Let ¢ be a k-uniform morphism and w = p(w).
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Idea

Let ¢ be a k-uniform morphism and w = p(w).

p (g—VDk+r k—r—p

withg>1,pe{0,....,k—1}andre{2—k,...,—1,0,1}.



Idea

Let ¢ be a k-uniform morphism and w = p(w).

p (g—VDk+r k—r—p
withg>1,pe{0,....,k—1}andre{2—k,...,—1,0,1}.
Then

B 0] O0
Vyv)=| C |B| D | WVy(u)
0| 0 |Bs




S3={veN®|3ueAd:v="U,u)and uis a factor of t}

Sy = {MOOy, MOy |y e S5}/
S5 = {MONy, MOy |ve S}/

000000

MO0,y \wl) ML)
M (0,0) MlO/ \M01) M(1.1) M(OO

Se

Pi(n) =

#5n

Ss

10/ \M(Ol M(1.1)

Sg




How to prove regularity?

Find and prove relations for the sequences of the 2-kernel
e Find?

10


https://people.hofstra.edu/Eric_Rowland/packages/IntegerSequences.m

Find

X5

X9

X12
x13
X16
x17
x18
X20
X21
x22
x23
X24
X25
X26
x27
x28
x29
X30
X31
x32
X33
X34
X35
X36
X37
X38

@ Find? Mathematica experiments

and prove relations for the sequences of the 2-kernel

X3

X3

—X6 + X7 +x11

X7

X8

X3

X10

—x10 + x11 + X19

X11

—x3 — 2xg + X7 + 3x10 + X11 — X19
—x3 — 3xg + 2x7 + 3x10 + X11 — X19
—x3 + X7 + X10

X7

—x3 + X7 + X10

—2x3 + x7 + 3x10 — X19

—2x3 + x7 + 3x10 — X14 + X15 — X19
X15

—x3 + 3Xg — X7 — X130 — X11 + X15 + X19
—3x3 + 6xg — 2x11 — 3x14 + 2X15 + X19
X8

X3

X10

X11

—Xx10 + X11 + X19

X19

—X3 + X10 + X19

X39
X40
X41
X42
X43
X44
X45
X46
X47
X48
X49
X50
X51
X52
X53
X54
X55
X56
X57
X58
X59
X60
X61
X62
X63

Xpeqy = Pt(z)(Zen +r)

—x3 + X11 + X19

—x3 + X10 + X11

X11

—x3 + X10 + X11

—2x3 + 3x19

—2x3 — Xg + X7 + 3x10

—x3 — 3xg + 2x7 + 3x10 + X11 — X19

—2x3 — 3xg + 2x7 + 5x19 + x11 — 2X19
—2x3 + x7 + 3x10 — X19

—x3 + X7 + X10

X7

—x3 +x7 + x10

—x3 — 3xg + 2x7 + 3x10 + X11 — X19

—2x3 — 3xg + 2x7 + 5x10 + X171 — 2X19
—2x3 + x7 + 3x10 — X19

—4x3 + 3xg + x7 + 3x10 — X11 — 2X14 + X15
—4x3 + 3xg + x7 4+ 3x10 — X311 — 3X14 + 2X35
—x3 + X10 + X15

X15

—x3 + X10 + X15

—2x3 + 3xg — X7 — X11 + X15 + X190

—4x3 + 6xg + x10 — 2x11 — 3X14 + 2X15 + X19
—3x3 + 6xg — 2x11 — 3x14 + 2x15 + X19
—x3 + 3xg — X7 — X10 — X11 + X15 + X19
X15


https://people.hofstra.edu/Eric_Rowland/packages/IntegerSequences.m

Find

X5

X9

X12
x13
X16
x17
x18
X20
X21
x22
x23
X24
X25
X26
x27
x28
x29
X30
X31
x32
X33
X34
X35
X36
X37
X38

@ Find? Mathematica experiments

and prove relations for the sequences of the 2-kernel

X3

X3

—X6 + X7 +x11

X7

X8

X3

X10

—x10 + x11 + X19

X11

—x3 — 2xg + X7 + 3x10 + X11 — X19
—x3 — 3xg + 2x7 + 3x10 + X11 — X19
—x3 + X7 + X10

X7

—x3 + X7 + X10

—2x3 + x7 + 3x10 — X19

—2x3 + x7 + 3x10 — X14 + X15 — X19
X15

—x3 + 3Xg — X7 — X130 — X11 + X15 + X19
—3x3 + 6xg — 2x11 — 3x14 + 2X15 + X19
X8

X3

X10

X11

—Xx10 + X11 + X19

X19

—X3 + X10 + X19

X39
X40
X41
X42
X43
X44
X45
X46
X47
X48
X49
X50
X51
X52
X53
X54
X55
X56
X57
X58
X59
X60
X61
X62
X63

Xpeqy = Pt(z)(Zen +r)

—x3 + X11 + X19

—x3 + X10 + X11

X11

—x3 + X10 + X11

—2x3 + 3x19

—2x3 — Xg + X7 + 3x10

—x3 — 3xg + 2x7 + 3x10 + X11 — X19

—2x3 — 3xg + 2x7 + 5x19 + x11 — 2X19
—2x3 + x7 + 3x10 — X19

—x3 + X7 + X10

X7

—x3 +x7 + x10

—x3 — 3xg + 2x7 + 3x10 + X11 — X19

—2x3 — 3xg + 2x7 + 5x10 + X171 — 2X19
—2x3 + x7 + 3x10 — X19

—4x3 + 3xg + x7 + 3x10 — X11 — 2X14 + X15
—4x3 + 3xg + x7 4+ 3x10 — X311 — 3X14 + 2X35
—x3 + X10 + X15

X15

—x3 + X10 + X15

—2x3 + 3xg — X7 — X11 + X15 + X190

—4x3 + 6xg + x10 — 2x11 — 3X14 + 2X15 + X19
—3x3 + 6xg — 2x11 — 3x14 + 2x15 + X19
—x3 + 3xg — X7 — X10 — X11 + X15 + X19
X15

https://people.hofstra.edu/Eric_Rowland/packages/IntegerSequences.m
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If the relations hold, then any sequence x, for n > 32 is a linear
combination of x3, ..., Xjg.



If the relations hold, then any sequence x, for n > 32 is a linear
combination of x3, ..., Xjg.

Example: xi54 = Pt(2)(128n +26),>0
Using xsg = —X3 + X109 + X15,
PP (128n + 26) = PP (32(4n) + 26)
= —PP(2(an) + 1) + PP (8(4n) + 2) + P (8(4n) +7)
= —PABn+1)+ PP 32n+2) + PP 320+ 7).

So
X154 = —Xg + X34 + X39 = —2X3 + X10 + X11 + X10.



If the relations hold, then any sequence x, for n > 32 is a linear
combination of x3, ..., Xjg.

Example: xi54 = Pt(2)(128n +26),>0
Using xsg = —X3 + X109 + X15,
P& (128 + 26) = PP (32(4n) + 26)

= PP (2(4n) + 1) + P (8(4n) + 2) + PP (8(4n) +7)
= —PABn+1)+ PP 32n+2) + PP 320+ 7).

So

X154 = —Xg + X34 + X39 = —2X3 + X10 + X11 + X19.
Theorem (Greinecker 2015)

The relations hold and the 2-abelian complexity of t is 2-regular.



A more general approach

15 ¢
10 +
| 2°f + r
51 |
)
5‘0 160 150 260 250
e Symmetry of the form 73t(2)(2"ZJrl r) = (2Z +r)

@ Some relation between 77t(2)(2Z +r) and Pt( )(f)

21



It is the case for lots of 2-abelian complexity functions

25
15 15
20
10 15 10
10
5 5
5
20 40 60 80 100 120 20 40 60 80 100 120 20 40 60 80 100 120
04501, 1+502, 2+ 01 0501, 1+512, 2+ 01 0501, 1512, 2+ 11
25 25
15
20 20
10 15 15
10 10
5
5 5
20 40 60 80 100 120 20 40 60 80 100 120 20 40 60 80 100 120

001, 112, 2+ 21 001, 120, 2+ 01 001, 120, 2+ 10



On a simpler function

Abelian complexity of the fixed point of 0 — 12, 1+ 12, 2+ 00

12
10
8
6

4

0

0 20 40 60 80 100 120

o Recurrence: P24 +r) =PP(r)+3
o Symmetry: P21 — ) = PM(2¢ + 1)



On a simpler function

Abelian complexity of the fixed point of 0 — 12, 1+ 12, 2+ 00

) 1M
’ i LI
: .

6 \H | H(\ H\H \‘\ \‘\ \H\L

: | |

2

0

0 20 40 60 80 100 120

@ Recurrence: (1)(25 +r)= P,Sl)(r) +3
o Symmetry: P21 — ) = PM(2¢ + 1)

N



On a simpler function

Abelian complexity of the fixed point of 0 — 12, 1+ 12, 2+ 00

: I Immi
10 I ST i
8 \ I ‘H H\‘ ‘H‘ ‘\‘ ‘H‘ H H H\‘

6 I |11

4 | \
2 J \ |

0

0 20 40 60 80 100 120

o Recurrence:  PLV(2 ) =) 43
o Symmetry: P21 — ) = PM(2¢ + 1)



On a simpler function

Abelian complexity of the fixed point of 0 — 12,

@ Recurrence:

@ Symmetry:

: LI
‘ Al
8

0 I

|
4 ~—71|

2

0

T
I
Il
I
|1
A

0 20 40 60 80 100 120

D2+ r)=PN(r) +3
P)El)(2é+1 —r)= P)El)(ﬂ +r)

1512, 2+ 00

N



On a simpler function

Abelian complexity of the fixed point of 0 — 12, 1+ 12, 2+ 00

12

10

8

6

4

0

M

-

I

I

I
| ('
I

0 20 40 60 80 100

o Recurrence:  PLV(2 ) =) 43

@ Symmetry: 2

41— ) =PI (2! + 1)

120

23



On a simpler function

Abelian complexity of the fixed point of 0 — 12, 1+ 12, 2+ 00

12
10
8
6

4

0

0 20 40 60 80 100 120

o Recurrence: P24 +r) =PP(r)+3
o Symmetry:  PI @1 — ) =PI (2! + 1)

N



Do these nice symmetry and recurrence relations imply regularity?
@ These relations use the most significant digits

@ The kernel is made with the least significant digits



Do these nice symmetry and recurrence relations imply regularity?
@ These relations use the most significant digits

@ The kernel is made with the least significant digits

Theorem (Parreau—Rigo—Rowland-V. 2015)

If s(n)n>0 satisfies

s(r)+c if r<2f-1
26+ r) =
s 4r) {5(25le —r) ifr>2tt

then s(n)p>o is 2-regular.



Consequences of the relations and the regularity

Using the recurrence and reflection relations, we immediately have
that:

@ it is not bounded,

o it is equal to cf/2 in 26 42072 p 2674 4 422 41,
@ it is constant and minimal in 2¢.

1

: 1)

8

o

IS

s(24r) = s(r)+c if r<2tt
S s =) ifr> 2t
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For abelian complexity of the fixed point of 0 — 12,1 — 12,2 — 00
x = 120012121200120012001212120012121200 - - -

@ Consider
Ag(n) = max |ulo — min |ulo
|ul=n

|ul=n
@ It is closely related to the abelian complexity since 1 and 2 alternate.
@ Prove the recurrence and reflection relations for Ag
No(r)+2 if r<2t-1

Do(2" + 1) =
o2 +) {A0(2€+1—r) if r > 2071



For abelian complexity of the fixed point of 0 — 12,1 — 12,2 — 00

x = 120012121200120012001212120012121200 - - -

@ Consider
Ag(n) = max |ulo — min |ulo
|ul=n |ul=n
@ It is closely related to the abelian complexity since 1 and 2 alternate.

Prove the recurrence and reflection relations for Ag

No(r)+2 if r<2t-1
Ag(2H — ) if r> 201

Do(28 + 1) = {

@ Deduce the recurrence and reflection relations for 7?,51)

(1) i et
(1) (ot _ P ()43 e
Px (2 + r) B {’P)El) (2[+1 - r) If r> 26_1
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x = 120012121200120012001212120012121200 - - -

is 2-regular.



The abelian complexity of the fixed point of 0 — 12,1 — 12,2 — 00

x = 120012121200120012001212120012121200 - - -
is 2-regular.

@ It is the 2-block coding of the period-doubling word

p = 01000101010001000100 - - -

@ The abelian complexity of x is closely related to the 2-abelian
complexity of p

PP (n+1) =PM(n) if nis odd



The abelian complexity of the fixed point of 0 — 12,1 — 12,2 — 00

x = 120012121200120012001212120012121200 - - -
is 2-regular.

@ It is the 2-block coding of the period-doubling word

p = 01000101010001000100 - - -

@ The abelian complexity of x is closely related to the 2-abelian
complexity of p

PP (n+1) =PM(n) if nis odd

Theorem (Parreau—Rigo—Rowland-V. 2015)

The 2-abelian complexity of the period-doubling word is regular.



@ Consider the 2-block coding of Thue-Morse

132120132012132120121320 - - -
fixed point of 0 —» 12,1 — 13,2 — 20,3 — 21.

@ lts abelian complexity is closely related to the 2-abelian
complexity of the Thue-Morse sequence.
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Consider the 2-block coding of Thue-Morse

132120132012132120121320 - - -
fixed point of 0 —» 12,1 — 13,2 — 20,3 — 21.

Its abelian complexity is closely related to the 2-abelian
complexity of the Thue-Morse sequence.

Consider the function Aj 2(n).

It is closely related to the abelian complexity since 1,2
alternate and 0,3 alternate.
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Consider the 2-block coding of Thue-Morse

132120132012132120121320 - - -
fixed point of 0 —» 12,1 — 13,2 — 20,3 — 21.

Its abelian complexity is closely related to the 2-abelian
complexity of the Thue-Morse sequence.

Consider the function Aj 2(n).

It is closely related to the abelian complexity since 1,2
alternate and 0,3 alternate.

Prove the recurrence and reflection relations for Aj »(n).

Deduce the abelian complexity of the 2-block coding is
2-regular.



Theorem (Parreau-Rigo—Rowland-V. 2015)

The 2-abelian complexity of the Thue—Morse word satisfies
a “slightly more complicated” recurrence and symmetry rela-
tion. It is 2-regular.

15 +

10 +

20



@ The factor complexity of a k-automatic sequence is k-regular.
[Carpi—D’Alonzo 2010, Charlier—Rampersad—Shallit 2012]
@ The abelian complexity of
e the Thue-Morse sequence
the paperfolding sequence [Madil-Rampersad 2013]
the period-doubling sequence [Karhumiki-Saarela~Zamboni 2014]
the 2-block coding of Thue-Morse sequence [P-R-R-V. 2015]
the 2-block coding of period-doubling sequence [P-R-R.-V. 2015]
the Rudin-Shapiro sequence [Li~Chen-Wen-Wu 2016]

are 2-regular.
@ The 2-abelian complexity of
e the Thue-Morse sequence [Greinecker 2015, P—R.—R.-V. 2015
e the period-doubling word [P-R-R-V. 2015]
are 2-regular.
@ The f-abelian complexity of the Cantor sequence is 3-regular
for all £ > 1. [Chen-Lii-Wu 2017]



@ The factor complexity of a k-automatic sequence is k-regular.
[Carpi—D’Alonzo 2010, Charlier—Rampersad—Shallit 2012]

@ The abelian complexity of

e the Thue-Morse sequence

e the paperfolding sequence [Madill-Rampersad 2013]

o the period-doubling sequence [Karhumiki-Saarela~Zamboni 2014]
Conjecture ack cading of Thue-Marce cennence bR _R _\/ o015l

The (-abelian complexity of a k-automatic sequence is always
k-regular.
T ST CTETT SO TSRSy~

o the Thue-Morse sequence [Greinecker 2015, P—R-R-V. 2015]
e the period-doubling word [P-R-R-V. 2015]

are 2-regular.
@ The f-abelian complexity of the Cantor sequence is 3-regular
for all £ > 1. [Chen-Lii-Wu 2017]



Perspectives

It seems that lots of (¢-)abelian complexity functions satisfy similar
recurrence.

il M RM
///\,\ //fx \“\/\ //A\M «W Vv“\« W\M WMW v W M “ Mv w
‘w V V‘m

w At L“ “w

1

For the 3-abelian complexity of period-doubling word p, the
abelian complexity of the 3-block coding z of p seems to satisfy:

z(l)(r) +5 if r <21 and r even
Pz(l)(% +r)= z(l)(r) +7 if r <2t=1 and r odd
PUE@AL —r) ifr> 2L



Reflection symmetry

@ 2-abelian complexity of t satisfies a reflection symmetry

QO
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Same thing holds for the period-doubling word p



2-abelian complexity of t satisfies a reflection symmetry

@ t is palindromic

U= uy--- u, factor :>UR:U,,'”U1 factor

abelian complexity of 2-block coding of t
1321201320121321201 - - - satisfies a reflection symmetry

2-block coding of t is not palindromic
01 factor, but 10 not a factor
But its set of factors is closed under “reversal and coding”
u factor = 7(u)R factor with 7: 1 ¢ 2

@ Same thing holds for the period-doubling word p

@ Link between reflection symmetry and closed under “reversal

and coding”?
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