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Abstract 

Recent studies have shown that ferromagnetic materials can be used together with bulk high temperature 
superconductors in order to improve their magnetic trapped field. Remarkably, it has also been pointed 
out that ferromagnets can help in reducing the crossed field effect, namely the magnetization decay that 
is observed under the application of AC transverse magnetic fields. In this work, we pursue a detailed 
study of the influence of the geometry of the ferromagnetic part on both trapped fields and crossed field 
effects. The magnetic properties of the hybrid superconducting / soft ferromagnetic structures are 
characterized by measuring the magnetic moment with a bespoke magnetometer and the local magnetic 
field density with Hall probes. The results are interpreted by means of 2D and 3D numerical models 
yielding the distribution of the superconducting currents as a function of the ferromagnet geometry. We 
examine in details the distortion of the shielding superconducting currents distribution in hybrid 
structures subjected to crossed magnetic fields. These results confirm the existence of an optimum 
thickness of the ferromagnet, which depends on the saturation magnetization of the ferromagnetic 
material and the current density of the superconductor. A hybrid structure providing an efficient 
protection against the crossed magnetic field while maintaining the magnetic induction along the axis 
of the structure is suggested. The limitations of the 2D modelling in this configuration are discussed. 

 

I. Introduction 

Bulk superconductors have proved their significant potential [1-3] in comparison to traditional 
permanent magnets in several engineering applications including magnetic bearings, levitation systems 
or rotating machines [4-8]. Recently, the investigation on the combination of ferromagnetic (FM) and 
bulk superconducting (SC) materials in macroscopic SC/FM structures was intensively conducted in 
order to study the influence of the ferromagnet behaviour on the enhancement of the magnetic properties, 
in particular the trapped flux density [9, 10].  The ferromagnetic part can be a disk placed on the SC 
sample [9], a surrounding tube [3, 11] or even powder or rods inserted inside holes drilled in the SC 
pellet [12-14]. In addition to the improvement of the magnetic properties [15, 16], the metallic character 
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of the FM part can play a beneficial role as mechanical reinforcement [3] or as a heat conductor [14, 
17].  

 Recently, we investigated experimentally the magnetic behaviour of premagnetized hybrid 
SC/FM structures when they are subjected to cycles of magnetic field applied perpendicularly to their 
magnetization, in a so-called “crossed field” configuration [18]. In a bulk superconducting trapped field 
magnet, the trapped field is known to slowly decrease as a temperature dependent logarithmic function 
of time [19, 20]. In applications (including rotating machines, magnetic bearings or levitation devices), 
however, the sample can be subjected to a time-varying transverse magnetic field that can be produced 
by another part of the system. For instance, consider a superconductor pellet which is used as a rotor of 
a synchronous motor and is supposed to perfectly follow the rotating magnetic field produced by the 
three-phase stator. In real operation, because of variations of the applied torque of the shaft, the 
superconductor experiences a variable magnetic field rather than the theoretical constant field of the 
stator. This causes a lag in the motion of the rotor and a temporary misalignment of the superconductor 
magnetization with respect to the stator field [21]. Therefore, a magnetic field component transverse to 
the initial magnetization appears, which may impact this magnetization. It has been shown that when a 
sample is subjected to cycles of magnetic field applied perpendicularly to their magnetization, in a so-
called “crossed field” configuration, this transverse field leads to the collapse of the trapped 
magnetization. This problem has already been studied by several groups on different materials both 
theoretically [22-29], and experimentally, either on large samples in a liquid nitrogen bath [30-36] or on 
smaller samples (~ a few mm³) at other temperatures [37-40]. In our recent work, we studied 
experimentally the magnetic behaviour of a large bulk sample (~1cm³) in the crossed field configuration. 
We showed the beneficial influence of a FM disk placed on the top of a bulk gadolinium barium copper 
oxide (GdBCO) sample, in the same crossed field configuration, by measuring the local magnetic 
induction at the centre of the surface opposite the FM disk. 

 In the present work we aim at studying, both experimentally and numerically, the effect of a FM 
disk placed in contact with a SC pellet in a crossed field configuration, by analysing not only the local 
magnetic induction close to the sample but also the magnetic moment of the whole SC/FM structure 
itself. Magnetic induction measurements are local by definition. So results depends strongly on the 
location of the sensor and mappings at several elevations are often required to fully characterize a given 
sample. By contrast, even if the magnetic moment is not a characteristic that is directly exploitable for 
applications, it is an integral quantity that is an intrinsic characteristic of the sample. Therefore it is 
important to measure the magnetic moment of such hybrid SC/FM structures as it can give valuable 
information about the modification of the current distribution inside the sample when the transverse 
magnetic field is applied. In particular, we examine how evolves the magnetic moment with the FM 
thickness (i) after magnetization and (ii) during crossed field experiments. We are also interested in 
knowing if this beneficial effect of the FM layer increases linearly with the thickness of the ferromagnet. 
This, combined with the local magnetic induction measurements, will help in understanding the crossed 
field phenomenon. 

 To reach this goal, a number of experiments are carried out with FM disks of several thicknesses, 
placed on one or both surfaces of the SC pellet which is subjected to very low frequency (< 1 Hz) 
transverse magnetic field with amplitudes ranging from 12.5 mT to 200 mT. In addition to these 
measurements, finite element method (FEM) models in 2D and in 3D are carried out (i) to support the 
experimental results and, once validated, the model can then be used to extend the range of investigated 
parameters accessible experimentally and (ii) to bring more information on the nature of the processes 
at the basis of the demagnetization of the SC pellet and of the protective role of the FM layer against the 
transverse magnetic field. In particular, we calculate separately the SC and the FM contributions of the 
magnetic moment and their relative variation with the transverse magnetic field. Then, the penetration 
of the shielding currents against this transverse field, the possible saturation of the FM layer, and its 
effect on the SC pellet behaviour are examined as a function of the FM thickness.  
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 Finally we highlight the care that is necessary when analysing the 2D modelling results. We 
also emphasize the limitation of their generalization to describe the behaviour of a real 3D SC/FM 
structure. To this aim we study the crossed field configuration for a concentric FM ring placed around 
a cylindrical SC pellet. This hybrid structure is modelled first by using a 2D approximation of an infinite 
SC bar with two FM layers on its sides and second by using a true 3D model. We show the differences 
on the penetration of shielding currents in the superconductor and the saturation of the FM layer. 

 

II. Experiment 

The studied superconducting (SC) sample is a GdBCO pellet from Nippon Steel and Sumitomo Metal 
Corporation (9 mm in diameter and 5 mm in height). The magnetic induction at the surface of the sample 
at 77 K was measured by Hall probe mapping. The central magnetic induction reaches 200 mT at 77 K.  

 Soft ferromagnetic (FM) disks (“Supra50” from Aperam) of various thicknesses and same 
diameter as the superconductor are attached on one or both plane surfaces of the SC pellet to build either 
SC/FM or FM/SC/FM structures. The magnetic properties of this material were characterized previously 
[9], the saturation magnetization µ0 Msat is 1.4 T. In the following, the SC pellet is labelled 0mm (cf. 
figure 1a), the hybrid structures consisting in the same SC pellet and ferromagnetic disks of 0.35, 0.95, 
1.96 and 2.89 mm attached to the top surface are respectively labelled 0.35mm, 1mm, 2mm and 3mm 
(cf. figure 1b). A last hybrid structure where two 1 mm ferromagnetic disks are attached to the top and 
the bottom surfaces is labelled 2*1mm (cf. figure 1c).  

 The axial component of the total magnetic moment of the structures (SC only, SC/FM or 
FM/SC/FM) is measured at 77 K in a bespoke magnetometer designed to accommodate large bulk 
samples up to 17 mm in diameter. The specifications and the operations of the experimental system are 
described in a previous work [41]. The magnetometer is able to measure very large magnetic moments 
(up to 1 Am²), which is two orders of magnitude above the maximum magnetic moment of commercial 
cryogenic measurement systems. The samples are first magnetized at 77 K under 0.625 T in a separate 
electromagnet under field-cooling (FC). Then the time dependence of the magnetic moment is recorded 
using the magnetometer. The initial magnetic moment m0 – i. e. when the magnetic field was switched 
off – is extrapolated from the measurements.  

 In some experiments, after a given time of 1888 s for the relaxation of the currents (and the 
trapped field), the sample is subjected to cycles of transverse magnetic field. A ferrite magnetic circuit 
with two 1200 turn commercial coils and two 400 turn homemade coils is powered by a controlled 
current source Kepco (50 V - 20 A). The circuit is used to generate the transverse field cycles at low 
frequency (1 mHz - 10Hz). Amplitudes up to 25 mT can be achieved with our magnetic circuit. Since 
the waveform would no longer be triangular above 12.5 mT, we choose to limit the maximum applied 
magnetic induction in the linear range. Twenty groups of 10 cycles of 12.5 mT amplitude at 1 Hz 
(triangular waveform) are applied to the sample and the magnetic moment is measured every ten cycles.  

 In order to characterize the crossed field effect at various temperatures below 77 K, a home-
made tool is designed for being inserted inside the sample chamber of a 9 T Physical Property 
Measurement System (PPMS) from Quantum Design. This tool is built with non-magnetic materials 
(brass, aluminium, copper). It allows a superconducting pellet to be rotated with respect to the direction 
of the magnetic field generated by the PPMS from a parallel to a perpendicular direction with an 
accuracy of 0.1°. The tool is designed to sustain a maximal torque of 0.5 Nm. The dimensions of the 
sample holder are 9 mm in diameter and up to 8 mm in height. A high sensitivity cryogenic Hall probe 
(Arepoc HHP-VU)  and a Pt100 temperature sensor are placed in the sample holder in close contact with 
the superconductor in order to measure the magnetic flux density at the centre of the sample surface and 
the local temperature of the sample. The electrical wirings of the sensors are connected to an external 
dual-channel Agilent 34420A nanovoltmeter through a PPMS blank puck plugged at the bottom of the 
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sample chamber. The experiments are controlled with a Labview® interface. The sensors signals are 
acquired alternately on both nanovoltmeter channels. The temperature control is performed by the PPMS 
system through GPIB commands and using the sample chamber thermometer. The reading of the Pt100 
sensor is used to ensure that the thermal stabilization of the sample is achieved before to start any 
measurement. The magnetic field is also controlled by GPIB commands and the electronics of the PPMS 
system. The waveform of the applied magnetic field is not a continuous triangular waveform but a 
succession of “0 – Bmax – 0” triangular shape at a sweep rate of 0.91 mT/s followed by a dead time of 
88 s. Cycles are called “unipolar” when Bmax is always positive and “bipolar” when Bmax is alternately 
positive and negative. This specific waveform was chosen to mimic the procedure used for magnetic 
moment measurements. A schematic graph of the waveform is displayed in figure 3(c). 

 

III. Modelling  

Finite element method (FEM) numerical modelling is carried out using an open-source solver (GetDP) 
with an A-φ formulation in 3D and an A- formulation in 2D. The formulations are described in [42-44]. 
The constitutive law used to describe the behaviour of the superconductor is an isotropic E(J) power law  

    𝐸𝐸(𝐽𝐽) = 𝐸𝐸𝑐𝑐 �
𝐽𝐽
𝐽𝐽𝑐𝑐0� �

𝑛𝑛
,      (1) 

where n is the critical exponent and a constant Jc0 denotes the critical current value at the critical field 
Ec (1µV/cm). The parameters for modelling the superconducting properties are chosen in order to match 
as close as possible the magnetic moment measurements and the local magnetic induction measurements 
on the top surface. A field-independent critical current Jc0 = 2.5 108 A/m² and the n value of 31 are used 
in Eq. (1). The FM behaviour is described by the interpolation of the measured B(H) curve displayed in 
Ref. [9]. We emphasize, however, that care should be taken in interpreting the 3D results because this 
model neglects potential effects related to longitudinal currents [26].  

 For the 3D modelling the structure is meshed with tetrahedrons of characteristic length of 
500 µm in the SC volume and of 150, 250, or 350 µm in the 1 mm, 2 mm and 3 mm FM layer, 
respectively. The total number of elements ranges between 76000 and 250000. The calculations are 
stopped at a fixed residue tolerance, which is set to 10-3. 3D models are the most realistic ones, even 
though the constitutive law of Eq. (1) ignores potential effects associated with longitudinal currents [45]. 
Here, 2D models are also considered for two reasons: (i) their geometry can be chosen so that the current 
density is everywhere perpendicular to the magnetic induction; they are then free from longitudinal 
current effects; (ii) 2D models are less computationally expensive and can thus be carried out with finer 
meshes. 

 For the 2D geometry, we choose an infinite bar with the same cross section as the system. Under 
an applied magnetic field, currents will be induced in or out the page, perpendicular to the cross section. 
This geometry can be simulated with less computational effort that the full 3D geometry, while it already 
captures many aspects of the interaction between the superconductor and the ferromagnet. However, as 
the induced current flow in or out the page without return loops (or, in other words, the current lines 
loop 'at infinity'), some of the 3D effects will be neglected. A discussion on the comparison between 3D 
and 2D approaches will follow in Section V. For the 2D model, the mesh consists of triangles with a 
characteristic length of 100 µm in the SC part, and either 40 µm or 70 µm in the FM parts (40 µm for 
the FM layers with a thickness of 0.25 or 0.5 mm, and 70 µm for the layers of thicknesses greater than 
1 mm). The number of elements ranges between 40000 and 60000. The less expensive calculations 
allows one to set a lower residue tolerance, of 10-6. For the flux creep relaxation and for the smallest 
applied magnetic field, the lower residue tolerance is set to 10-10. 
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Figure 1: Schematic representations of the studied geometries in experiments (a-c), 3D modelling (a-d) and 2D 

modelling (e-h). The SC pellet/bar (diameter/width 2a and height 2b) is labelled 0mm (a and e). The hybrid 
structures consisting in the same SC pellet/bar and FM disks/bar of several thicknesses (d = x mm) attached to 

the top surface are respectively labelled xmm (b and f). The hybrid structure where two FM disks/bars are 
attached to the top and the bottom surfaces is labelled 2*xmm (c and g). In 3D, the hybrid structure where a FM 
ring is placed around the SC pellet is labelled coax-xmm (d). In 2D, the hybrid structure where two FM bars are 

attached to the top and the bottom surfaces of the SC bar is labelled coax-xmm (h). 

 

 In both 2D and 3D models, the sample is magnetized along the z axis by increasing the magnetic 
field at a constant rate µ0 dHapp/dt = 15 mT/s up to a maximal value µ0 Happ = 3 T and then decreased to 
0 at the same rate. The transverse magnetic field is applied along the y axis for 1888 s (the same time as 
for the trapped field relaxation in experiments) after the end of the magnetization process. We 
investigated a variety of SC/FM structures; their names are reported in table 1. The structure labelled 
0mm (cf. figures 1a and 1e) corresponds to the superconductor alone. The hybrid structures where 
ferromagnetic disks of 0.25, 0.5, 1, 2 and 3 mm are attached to the top surface of the 0mm sample are 
respectively labelled 0.25mm, 0.5mm, 1mm, 2mm and 3mm (cf. figures 1b and 1f). A hybrid structure 
where two 1 mm FM disks are attached to the top and the bottom surfaces is labelled 2*1mm (cf. 
figures 1c and 1g). Finally, we have studied another SC/FM structure where two FM layers are placed 
on the sides of the 0mm structure to mimic the behaviour of a FM ring surrounding the SC pellet.  

 Following the same convention as above, these structures are labelled coax-xmm where x is the 
thickness of the FM layer in millimetres (cf. figures 1d and 1h). Notice that even if in 3D the modelled 
structure is indeed a FM ring around a cylindrical SC pellet (cf. figure 1d), it corresponds to two thin 
FM bars on the sides of an infinite SC bar in 2D (cf. figure 1h).  

 The FEM models give us to access to the magnetic induction B in the entire modelled space, the 
current distribution J inside the superconductor, the magnetic permeability µ inside the ferromagnetic 

5 
 



material and the magnetic moment contributions of both parts of the hybrid SC/FM structure. The 
superconducting part of the magnetic moment mSC is calculated from the integral: 

    𝑚𝑚��⃗ 𝑆𝑆𝑆𝑆 = 1
2 ∫ 𝑟𝑟 × 𝐽𝐽 𝑑𝑑𝑑𝑑      (2) 

and the ferromagnetic part of the magnetic moment mFM is calculated from the integral: 

    𝑚𝑚��⃗ 𝐹𝐹𝐹𝐹 = ∫𝐵𝐵�⃗ (𝑟𝑟) � 1
𝜇𝜇0
− 1

𝜇𝜇(𝑟𝑟)�  𝑑𝑑𝑑𝑑.     (3) 

 Here we have to point out a difference in the results that can be obtained in 2D and in 3D. In 
2D, consider the simple case of a completely penetrated superconducting slab of width 2a, height 2b 
and infinite along the z axis (cf. figure 1e). In the limit of the Bean model, the z component of the 
magnetic moment per unit length unit is mSC / ∆z = Jc a² b. For a fully saturated infinite ferromagnetic 
slab of width equal to 2a and height equal to d (cf. figure 1f), the z component of the magnetic moment 
per unit length is equal to mFM / ∆z = Msat 2a d where Msat is the saturation magnetization. The ratio of 
the ferromagnetic magnetic moment over the superconducting magnetic moment is therefore: 

    𝑚𝑚𝐹𝐹𝐹𝐹
𝑚𝑚𝑆𝑆𝑆𝑆

= 2𝑀𝑀𝑠𝑠𝑠𝑠𝑠𝑠
𝐽𝐽𝑐𝑐

𝑑𝑑
𝑎𝑎𝑎𝑎

 .      (4) 

 The ratio is different in 3D. Consider now the simple case of a completely penetrated 
superconducting short cylinder of diameter 2a and height 2b (cf. figure 1a). In the limit of the Bean 
model, the z component of the magnetic moment unit is mSC = 2π/3 Jc a³ b and that of a fully saturated 
ferromagnetic disk (cf. figure 1b) of diameter 2a and height d is given by mFM = Msat π a² d. The ratio 
of the ferromagnetic magnetic moment over the superconducting magnetic moment is therefore: 

    𝑚𝑚𝐹𝐹𝐹𝐹
𝑚𝑚𝑆𝑆𝑆𝑆

= 3
2
𝑀𝑀𝑠𝑠𝑠𝑠𝑠𝑠
𝐽𝐽𝑐𝑐

𝑑𝑑
𝑎𝑎𝑎𝑎

       (5) 

 The comparison of equations (4) and (5) shows that they differ by a factor ¾ which expresses 
the nature of different demagnetization effects in different geometries. These effects need to be taken 
into account when comparing the 2D and 3D predictions. 

 We mention below 4 reference formulae that will be used for the analysis. First, the case of a 
superconductor obeying the constitutive law given by Eq. (1), the superconducting magnetic moment 
depends on the ramp rate dBapp/dt of the applied field. To take this effect into account corrections were 
calculated by Brandt in [46] for long (or infinite) bars i.e. 

    𝑚𝑚𝑆𝑆𝑆𝑆 ∆𝑧𝑧⁄ = 𝐽𝐽𝑐𝑐  𝑎𝑎2 𝑏𝑏 �d𝐵𝐵app d𝑡𝑡⁄
𝐸𝐸𝑐𝑐

𝑎𝑎�
1 𝑛𝑛⁄ 2𝑛𝑛

2𝑛𝑛+1
    (6) 

and for disks 

    𝑚𝑚𝑆𝑆𝑆𝑆 = 2𝜋𝜋
3

 𝐽𝐽𝑐𝑐  𝑎𝑎3 𝑏𝑏 �d𝐵𝐵app d𝑡𝑡⁄
2𝐸𝐸𝑐𝑐

𝑎𝑎�
1 𝑛𝑛⁄ 3𝑛𝑛

3𝑛𝑛+1
    (7) 

 Second, in the Bean model limit, the analytical expression of the penetration field Hp of the 
superconducting sample is a function of the geometry. Indeed for an infinitely long bar Hp reads [47]: 

    𝐻𝐻𝑝𝑝 = 𝐽𝐽𝑐𝑐 𝑏𝑏 
𝜋𝜋
�2𝑎𝑎
𝑏𝑏

arctan �𝑏𝑏
𝑎𝑎
� + ln �1 + 𝑎𝑎2

𝑏𝑏2
��,    (8)  

while for a short cylinder it reads [47-49]:  

    𝐻𝐻𝑝𝑝 = 𝐽𝐽𝑐𝑐  𝑏𝑏 ln �𝑎𝑎
𝑏𝑏

+ �1 + 𝑎𝑎2

𝑏𝑏2
�
1
2�
�.     (9)  
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Table 1: Magnetic moment measurements (mEXP), modelled in 3D (m3D) and in 2D (m2D). The subscripts SC 
refer to the SC contribution to the modelled magnetic moments. The subscripts FM refer to the FM contribution 
to the modelled magnetic moments. The subscripts TOT refer to the modelled magnetic moment of the whole 

hybrid structure by addition of the SC and FM contributions. mTOT
2D CORR is the addition of the SC contribution 

and ¾ of the FM contribution of the magnetic moment modelled in 2D. The names of the studied samples are 
labelled according the nomenclature used in figure 1. 

Sample mEXP 

(Am²) 
mSC3D 

(Am²) 
mFM3D 

(Am²) 
mTOT3D 

(Am²) 
mSC2D 

(Am) 
mFM2D 

(Am) 
mTOT2D  

=mSC2D+mFM
2D 

(Am) 

mTOT2D CORR 

=mSC2D+¾mFM2D 

(Am) 

0mm 0.1169 0.1127 - 0.1127 12.298 - 12.298 12.298 
0.25mm - - - - 12.298 0.358 12.657 12.567 
0.35mm 0.1204 - - - 12.298 0.499 12.797 12.672 
0.5mm - 0.1125 0.0042 0.1167 12.298 0.707 13.005 12.829 
1mm 0.1258 0.1126 0.0083 0.1209 12.298 1.386 13.685 13.338 
2mm 0.1340 0.1126 0.0161 0.1287 12.298 2.695 14.994 14.320 
3mm 0.1404 0.1125 0.0236 0.1361 12.298 3.971 16.270 15.277 
2*1mm 0.1314 0.1125 0.0179 0.1304 12.298 3.046 15.345 14.583 
coax-0.25mm - - - - 12.298 -2.761 9.538 10.228 
coax-0.5mm - - - - 12.298 -5.040 7.258 8.518 
coax-1mm - 0.1126 -0.0487 0.0639 12.298 -7.125 5.174 6.955 
coax-2mm - - - - 12.298 -7.763 4.536 6.476 
coax-3mm - 0.1126 -0.0549 0.0577 12.298 -8.076 4.223 6.242 

 

IV. Results 

 IV. 1. Magnetic moment after magnetization process: experiments, 2D and 3D modelling 

First, the magnetic moment of the hybrid SC/FM structures mEXP is measured with the magnetometer as 
described above and the respective values are reported in table 1. The magnetic moment for the SC/FM 
structures is found to increase almost linearly with the FM thickness. Note that the value obtained for 
the 2*1mm structure which contain two ~1 mm FM disks is very close to that of the 2mm structure. 
Table 1 also reports the modelled values obtained for the 3D and the 2D geometries and, in particular, 
the separate contributions of the superconductor and the ferromagnetic parts. 

 The values of the magnetic moment obtained from the 3D model are found to match the 
experimental values within a 4% error. It can also be compared to the value calculated in the Bean model 
limit for a cylinder assuming the parameters values used for modelling. This calculated value, including 
the Brandt correction by using Eq. (7), is mSC

(3D) = 0.11395 Am². For an infinite bar, in the Bean model 
limit, including the Brandt correction by using Eq. (6), we have mSC

(2D) / ∆z = 12.298 Am which is the 
value obtained by 2D modelling. We can attribute the small difference in 3D to the less severe 
convergence criterion (10-3 instead of 10-10 for 2D modelling) used in order to save computation time.  

 In figure 2, we plot the experimental and modelled values of the total magnetic moment 
normalized to the respective magnetic moment without ferromagnetic layer. We can observe the 
excellent agreement between the 3D modelling results (open red triangles) and the experimental values 
(solid black circles). All results exhibit a linear increase of the total magnetic moment with respect to 
the FM thickness, a result which is expected for a saturated FM layer: its magnetic moment is 
proportional to the volume of the ferromagnet (and therefore to its height as the diameter is kept 
constant). However the 2D model seems to overestimate this increase. Nevertheless, if we take into 
account the considerations discussed in the last section concerning the difference in the ratio mFM / mSC 
for geometries considered in 2D and 3D we can correct the results in 2D by adding only ¾ mFM

2D to 
mSC

2D to obtain the total magnetic moment of the structure mTOT
2D CORR. These corrected values are 

reported in table 2 and plotted in figure 2. A much better agreement with the experimental data can be 
observed. For the symmetric 2*1mm hybrid structures a very good agreement between the experiment 
and both 3D and corrected 2D modelling is also found. For the FM ring (not investigated experimentally) 
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it is clear that the correction of the 2D modelling values is necessary. The comparison of the normalized 
magnetic moments reported in table 2 shows that the difference between the corrected 2D modelling 
and the 3D modelling values drops from 26 % and 33% respectively for a FM thickness of 1 mm and 3 
mm to less than 1%. The comparison of this first set of 2D modelling data with the experimental and 
3D modelling magnetic moment values draws attention to the fact that 2D modelling values have to be 
taken with caution when we deal with hybrid SC/FM modelling. 

 

 
Figure 2: Magnetic moment normalized to the value with no FM: measurements (mEXP), modelled in 3D 

(m3D = mTOT
3D/mTOT

3D(0mm)) and in 2D (m2D = mTOT
2D /mTOT

2D(0mm)) for the whole hybrid structure. In 2D and 
3D modelling, it is obtained by addition of the separated SC and FM contributions. The superscript CORR refers 

to the corrected values obtained by the addition of the SC contribution and ¾ of the FM contribution of the 
magnetic moment modelled in 2D. 

Table 2: Normalized magnetic moment measurements (mEXP), modelled in 3D (m3D) and in 2D (m2D). The 
subscripts SC refer to the SC contribution to the modelled magnetic moments. The subscripts FM refer to the FM 
contribution to the modelled magnetic moments. The subscripts TOT refer to the modelled magnetic moment of 

the whole hybrid structure by addition of the SC and FM contributions. mTOT
2D CORR is the addition of the SC 

contribution and ¾ of the FM contribution of the magnetic moment modelled in 2D. The names of the studied 
samples are labelled according the nomenclature used in figure 1. 

Sample mEXP 

/ 
mEXP 

(0mm) 

mTOT3D 

/ 
mTOT3D 

(0mm) 

mTOT2D 

/ 
mTOT2D 

(0mm) 

mTOT2D CORR 

/ 
mTOT2D CORR 

(0mm) 
0mm 1 1 1 1 
0.25mm - - 1.029 1.022 
0.35mm 1.0302 - 1.040 1.030 
0.5mm - 1.0355 1.057 1.043 
1mm 1.076 1.0728 1.113 1.085 
2mm 1.1467 1.142 1.219 1.164 
3mm 1.2007 1.2076 1.323 1.242 
2*1mm 1.124 1.157 1.248 1.186 
coax-0.25mm - - 0.776 0.8232 
coax-0.5mm - - 0.590 0.693 
coax-1mm - 0.567 0.421 0.565 
coax-2mm - - 0.369 0.527 
coax-3mm - 0.512 0.343 0.508 
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Figure 3: Magnetic induction measured at the bottom surface of the SC pellet (face opposite the FM disk) for 10 

cycles of 100 mT unipolar transverse magnetic field (along y axis) and 5 cycles of 100 mT bipolar transverse 
magnetic field for 0mm and 1mm samples: (a) raw measurements, (b) normalized measurements and (c) 

schematic graph of the specific waveform used in the experiments. 

 

 IV. 2. Measurements of local magnetic induction with Hall probe 

Figure 3 shows the experimental results of the magnetic induction measured by the Hall probe at the 
bottom surface of the SC pellet (face opposite the FM disk) for several cycles of 100 mT transverse 
magnetic field (along y axis) applied at dBapp/dt = 0.91 mT/s. We apply either 10 unipolar cycles (i. e. 
the field is always positive) or 5 bipolar cycles (the field changes its polarity each half-period). A 
schematic graph of the specific waveform used in the experiments is displayed in figure 3(c). Here, 0mm 
and 1mm samples are compared.  

 First, it can be observed that, at the location of the Hall probe, the magnetic induction is found 
to increase from 163 mT to 191 mT (17 %) in the presence of a 1 mm thick FM disk placed on the 
opposite side. Unambiguously bipolar cycles have a more detrimental effect on the axial magnetic 
induction than unipolar cycles for both samples. If we normalize the experimental data to the respective 
magnetic induction measured just before applying the transverse magnetic field, as presented in 
figure 3(b), we can also see that the presence of the FM disk leads to smaller decay of the normalized 
magnetic induction at the location of the Hall probe, as it was already shown in our previous work [18].  

 The increment of the initial magnetic induction for the 1mm sample with respect to that of the 
0mm sample varies along the axis and depends on the FM thickness. Indeed, at a larger distance from 
the sample, the local value of the magnetic induction can even be smaller with FM disk than without 
due to the difference in the return line paths. Moreover, the measurement error can be relatively large 
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due to (i) imprecision in the Hall probe distance from the SC surface, (ii) misalignment with respect to 
the axis (the transverse field may not be applied exactly at 90°) and (iii) in-field alignment of the sample 
due to the magnetic torque applied to the sample considering the backlash of the sample holder. The last 
two sources of error are probably the cause of the ripple that can be seen on the bipolar cases. Indeed a 
closer look to the measurements within the cycle period shows that the magnetic induction increases 
slightly during the positive part of the cycle. A very small misalignment coupled to the high Jc anisotropy 
of the material leads to the appearance of remagnetizing currents which slightly increase the magnetic 
moment (and therefore the local magnetic induction) when the magnetic field sign changes [50]. 

 
Figure 4: Magnetic moment modelled in 3D for one cycle of 100 mT transverse magnetic field (along y axis) for 

0mm and 2mm samples. (a) transverse component of the SC, FM and SC+FM contributions to the magnetic 
moment my, (b) axial component of the SC, FM and SC+FM contributions to the magnetic moment mz. 

 

 IV. 3. 3D modelling of the magnetic moment 

We now turn to a 3D model of the magnetic moment of a structure which is first magnetized along the 
z axis and then subjected to a transverse field applied. The transverse field is applied 1888 s after the 
initial magnetization has ended. It has a strength of 100 mT and is applied for a full cycle. Figure 4 
shows the transverse (a) and the axial (b) components of the resulting magnetic moment. The 
components are split up into the SC and FM contributions. The modelling results are shown for the 0mm 
and the 2mm samples. During the 1888 s time interval, the magnetic moment mz was reduced because 
of the flux creep, from 0.1127 Am² (cf. table 1) to 0.0908 Am² (initial value in figure 4(b)) and from 
0.1287 Am² to 0.1033 Am² respectively for 0mm and 2mm.  

 The results show first that the z component of the magnetic moment of 0mm structure (open 
black circles) decays to 0.075 Am² after one complete cycle of transverse magnetic field. The y 
component of the magnetic moment of 0mm structure (initially null) opposes to the transverse magnetic 
field and describes a hysteretic curve during the cycle with a final value of -3.6 mAm². 

 For the 2mm sample (open red triangles) – i. e. the hybrid SC/FM structure with 2 mm thick 
FM layer) – the z component of magnetic moment mz is larger than for the SC pellet alone by 38 % 
before the application of the transverse field. After one complete cycle of transverse magnetic field, its 
value decays to 0.085 Am². 
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 Despite the fact that the 3D model does not give accurate quantitative results, it is clear that the 
presence of the FM layer increases mz even after one complete cycle of transverse magnetic field.  

 When looking more closely on the SC and the FM contribution to both y and z components of 
the magnetic moment, we see that the SC contributions of 0mm and 2mm samples are very close. Both 
SC and FM contributions to the z component of the magnetic moment are positive. Then, their addition 
in the hybrid SC/FM structure leads to the increase of mz. By contrast, the SC and the FM contributions 
to the y component of the magnetic moment have opposite signs. Indeed the magnetic moment of the 
superconductor opposes the applied transverse magnetic field while that of the ferromagnet aligns with 
the applied magnetic field. As a result, the transverse component of the magnetic moment my is smaller 
for the hybrid SC/FM structure (i.e. 2mm) than for the SC pellet alone (0mm).  

 In what follows, the simulations will be carried in 2D in order to reduce the dispersion of the 
results. Even though these simulations will not exactly represent the geometry of the hybrid SC + FM, 
they will already capture the main physics of crossed field effects. Their limitations will be further 
discussed at the end of this paper, through a comparison between 2D and 3D simulations.  

 Therefore, most of the following modelling results will be obtained in 2D. Even if it does not 
represent exactly the geometry of the hybrid SC/FM structure, valuable results can be obtained to 
improve our understanding of the crossed field effect. A discussion between the results relative to 2D 
and 3D modelling and their differences is carried out at the end of this paper. 

 

 IV. 4. Comparison between 2D modelling of the magnetic moment and experimental results 

A large number of cycles of small amplitude transverse magnetic field (12.5 mT) was applied at 50 mT/s 
by sets of 10 cycles in order to measure the dipolar magnetic moment of several hybrid SC/FM 
structures. The results are presented in figure 5. The measured samples are those with FM thicknesses 
of 0, 0.35, 2 and 3 mm and the FM/SC/FM hybrid structure with two FM layers of 1 mm. After 200 
cycles we observe that the decay for the sample without FM layer (0mm) reaches 6 % (normalized 
magnetic moment = 0.94) while the decay decreases monotonically from approximately 5 % to 4.5 % 
for samples with FM layers of 0.35 mm to 3 mm. The magnetic moment of the FM/SC/FM hybrid 
structure with 1 mm thick FM layers decays only by 4 %. 

 For comparison, we model in 2D the SC/FM and the FM/SC/FM structures listed in table 1 
(with exclusion of the coax-xmm structures) with the same amplitude and sweep rate as in the 
experiments (i. e. 50 mT/s). Due to the large calculation time, we limit the modelling to 10 cycles. In 
order to investigate the influence of the sweep rate, all structures are modelled at a sweep rate of 1 mT/s 
and for the 0mm structure we add the cases of dBapp/dt = 5 mT/s and 10 mT/s.  

 At a given dBapp/dt we observe the same order of curves as in experiments, i. e. a monotonic 
reduction of the decay with the FM thickness and a larger effect in the case of the symmetric FM/SC/FM 
structure. For dBapp/dt = 50 mT/s the modelling results give a slightly larger decay after 10 cycles than 
the experimental data but the agreement is fair considering the very small decay of less than 1 %. The 
decay of the magnetic moment after 10 cycles of transverse magnetic field is larger for smaller sweep 
rates mainly because of a smaller current density in the superconductor and a larger penetration of the 
shielding currents. 

 The observed difference between experimental and modelling results at the same sweep rate – 
i. e. dBapp/dt = 50 mT/s – can arise from several causes including (i) Jc difference and inhomogeneity in 
the measured SC pellet, (ii) limitations of the 2D geometry, (iii) insufficient mesh refinement and 
convergence criterion, etc.   
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Figure 5: Normalized magnetic moment of samples subjected to several cycles of 12.5 mT transverse magnetic 
field (along y axis). The experimental results (circles) are obtained with a sweep rate of 50 mT/s (solid lines) on 

samples with FM thicknesses of 0 mm (black), 0.35 mm (orange), 2 mm (purple) and 3 mm (dark yellow) and on 
the FM/SC/FM hybrid structure with two FM layers of 1 mm (blue). The 2D modelling results (squares) are 

obtained with a sweep rate of 1 mT/s (dot lines) and 50 mT/s (solid lines) on samples with FM thicknesses of 
0 mm (black), 0.25 mm (green), 0.5 mm (red), 1 mm (light blue), 2 mm (purple) and 3 mm (dark yellow) and on 

the FM/SC/FM hybrid structure with two FM layers of 1 mm (blue). Additional results on the 0mm structure 
(black squares) are obtained by 2D modelling with sweep rates of 5 mT/s (dashed line) and 10 mT/s (dashed-dot 

line).  

 

 Another set of modelling results in 2D is obtained for a premagnetized SC/FM structures 
subjected to one cycle of transverse magnetic field of 100 mT applied with dBapp/dt = 1 mT/s, after a 
flux creep relaxation of 1888 s.  We aim at comparing the 2D modelling results to the experimental 
results obtained (i) by the magnetometer and (ii) by the Hall probe measurements below the surface 
opposite to the FM disk. The individual contributions of the SC pellet and the FM layer to the total 
magnetic moment are shown in figure 6 and the total magnetic moment of each structure is plotted in 
figure 7 as well as their normalized values. 

 First, we observe that after the flux creep period (and before application of any transverse field) 
the SC contributions to the magnetic moment of the different structures have decayed from 12.2 Am 
(see table 1) to approximately 10.1 Am with a spread of 1 % among structures. The smallest magnetic 
moment is that of the 0mm sample and it increases with the thickness of the FM layer. The 2*1mm 
structure has the largest magnetic moment. Concerning the initial value of the FM contribution, we can 
observe on figure 6(b) that it increases proportionally with the thickness of the FM layer. However, as 
it was shown already, after the magnetization process in 2D and in 3D, even if the total thicknesses of 
2mm and 2*1mm are the same, the FM magnetic moment is 13.5 % larger in the latter case. Indeed in 
the 2mm structure the upper half part of the FM layer is shielded by the lower part resulting in a reduction 
of the total magnetization while in the 2*1mm structure both 1 mm FM layers see the large magnetic 
induction in the vicinity of the SC pellet top and bottom surfaces which therefore provides a larger total 
magnetization.  

 After one bipolar cycle of 100 mT, the SC magnetic moment decay appears smaller when 
increasing the FM thickness with a trend to saturate above 1 mm as can be seen in figure 7. For the 
2*1mm structure the decay is reduced in a more effective way in comparison to the unilateral SC/FM 
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structures. It is informative to examine both SC and FM contributions of the magnetic moment. 
Concerning the FM magnetic moment, all structures present a decay to approximately 80 % of the initial 
value (cf. figure 7). The total magnetic moment of SC/FM structures (calculated by mSC

2D + ¾ mFM
2D as 

discussed above) is presented in absolute values as inset in figure 7. Two effects can be observed: (i) the 
increase of the magnetic moment value due to the FM contribution and (ii) the reduced decay of the 
magnetic moment decay due to the FM layer. In particular, the enhanced action of the symmetrical 
FM/SC/FM structure can also be observed, similar to what was observed at a smaller amplitude of the 
transverse field in figure 5. 

 
Figure 6: 2D modelling of the separated contributions of the SC pellet (a) and the FM layer (b) to the total 

magnetic moment of SC/FM structures subjected to one cycle of transverse magnetic field of 100 mT applied 
with dBapp/dt = 1 mT/s. There is obviously no FM contribution for the 0mm sample. 

 

 
Figure 7: Normalized decay after one complete 100 mT magnetic field cycle obtained by 2D modelling. Inset: 
absolute values of magnetic moment (in Am) of whole SC/FM structures subjected to one cycle of transverse 

magnetic field of 100 mT applied with dBapp/dt = 1 mT/s modelled in 2D.  
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Figure 8: Tilt angle of the total magnetic moment with respect to the axis (inset) for SC/FM structures subjected 
to one cycle of transverse magnetic field of 100 mT applied with dBapp/dt = 1 mT/s. 

 

 The transverse magnetic field does not affect only the axial component of the magnetic moment. 
As shown by 3D modelling in figure 4(a), the transverse components of the magnetic moment of both 
SC and FM parts of the SC/FM structure evolve also during the cycle of transverse applied magnetic 
field. Therefore, the total magnetic moment of the structure depends on the relative amplitudes of its 
transverse and axial components and its angle with respect to the axis of the structure changes with the 
applied magnetic field. We characterize this situation by analysing the tilt angle of the total magnetic 
moment for one cycle of a transverse field for several thicknesses of the FM layer (see figure 8).  

 For the 0mm structure, it can be observed that the magnetic moment tilts in the direction 
opposite to the magnetic field because of the induced superconducting currents near top and bottom. In 
the negative part of the cycle, at µ0 Happ = - 0.1 T, the tilt angle is even larger (16.6°) that at 
µ0 Happ = 0.1 T (11°) showing a larger penetration of the transverse superconducting currents to the 
detriment of the currents providing the axial magnetization. On increasing the FM thickness, this tilt 
angle is reduced and even reversed for FM thicknesses above 2 mm. In this regime the transverse 
magnetic moment of the SC/FM structure then varies in phase with the applied transverse magnetic 
field. The 2*1mm structure presents similar variations for increasing magnetic fields up to 
µ0 Happ = 0.1 T, and a larger negative value of the tilt angle at µ0 Happ = - 0.1 T.  

 These results shows that, under a transverse magnetic field, the FM layer tends to increase its 
magnetic moment in phase with the applied magnetic field, whereas the SC tends to expel flux from its 
bulk and develop a counter magnetization. The resulting magnetic moment of the structure is thus a 
compromise between ferromagnetic and diamagnetic individual responses which depends on the 
thickness of the FM layer. 

 

 IV. 5. 2D modelling of the local magnetic induction 

The local magnetic induction is also calculated along the axis of the SC/FM structures and in particular 
at the location of the Hall probe in the experiments z = - 4.5 mm (i.e. 2 mm below the SC surface for 
SC/FM structures and 1 mm below the bottom 1 mm FM layer surface for the 2*1mm structure, as 
shown schematically on the inset of figure 9(a)). The modelling results are presented in figure 9. The 
magnetic induction increases nonlinearly with the FM thickness, starting from 171.5 mT for the structure 
without FM layer to 176.8, 181.7, 185.9, 189.2, 191.8 mT for FM thicknesses of 0.25, 0.5, 1, 2 and 
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3 mm (cf. figure 9(a)). These numbers correspond to increments by 3, 5.9, 8.4, 10.3, and 11.8 % 
respectively. In the case of the 2*1mm structure, the magnetic induction drops to 89.2 mT of the 
magnetic induction calculated for 0mm structure at the same elevation z and to 82.15 mT at a constant 
distance of 2 mm from (corresponding respectively to 52 % and 47.9 % of the magnetic induction 
calculated for the SC pellet alone). The decay of the normalized magnetic induction after one 100 mT 
magnetic field cycle as a function of the FM thickness is displayed as inset. Here again, the FM layer 
seems beneficial since it helps in obtaining larger magnetic flux densities. Two effects can be observed. 
First, there is a smaller decay which tends to reach saturation for the structures with the thicker FM 
layers and secondly, a better relative protection against transverse field is provided by the symmetrical 
FM/SC/FM structure. Specifically, the magnetic induction decay after one cycle of 100 mT calculated 
in 2D modelling can be compared to measured values for the 0mm and the 1mm structures shown in 
figure 4. Experimentally the magnetic induction decays to 71.7 % and 81.5 % from their initial value 
respectively for 0mm and 1mm structures, while the 2D calculations give respective values of 77.9 % 
and 80 %. Even if the magnetic induction decay for the 0mm structure seems underestimated in the 2D 
modelling results, there is a fair agreement of the orders of magnitude. 

 

V. Discussion 

In order to explain how the FM layers influence the magnetic moment and the magnetic induction around 
the SC/FM structures, we investigate (i) how the supercurrents in the SC pellet are affected in the 
presence of the FM layer and (ii) how the magnetization of the FM layer varies considering the nonlinear 
magnetic behaviour of this material and, in particular, its saturation magnetization value. 

 

 
Figure 9: Modelled initial value of the magnetic induction Bz as a function of the FM thickness at z = - 4.5 mm 
(i.e. 2 mm below the SC surface for SC/FM structures and 1 mm below the bottom 1 mm FM layer surface for 

the 2*1mm structure) by 2D modelling on SC/FM structures subjected to one cycle of transverse magnetic field 
of 100 mT applied with dBapp/dt = 1 mT/s. The value calculated 2 mm below the 2*1mm structure (i.e. at z = -5.5 

mm) is added and labelled with a star in order to be compared to the value at the same physical distance below 
the entire structure. Inset: Schematic z elevations of the calculations. (b) Decay of the magnetic induction after 
one 100 mT magnetic field cycle as a function of the FM thickness. The decay is normalized with respect to the 

corresponding values before applying the transverse magnetic field cycle.  
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Figure 10: Distribution of the superconducting currents in the SC pellet in the case of (top) the “virgin” state and 

(bottom) the “premagnetized” state (see inset and text). The left part illustrates the case of the 0mm structure 
(SC pellet alone) and the right part illustrates the case of the 2mm structure where the 2 mm FM layer is located 
above the SC pellet. All distributions correspond to a transverse magnetic field increased up to µ0 Happ = 0.1 T. 
For clarity, the critical current density equals 1.25 108 A/m² i. e. half the Jc value used in the main part of the 

paper (see text). Coloured circles and squares correspond to the labels of the results plotted in figure 11. 

 

 V. 1. Penetration depth dpen 

First, we study the penetration of the superconducting currents, induced by the transverse magnetic field, 
from both surfaces, the top surface which is in contact with the FM layer and the bottom surface which 
is opposite to the FM layer. We study the current distribution when a transverse magnetic field is applied 
by 2D modelling in two situations: (i) a SC pellet without premagnetization, i.e. in the virgin state (“pure 
transverse” case) and (ii) a SC pellet which was premagnetized in the z direction (“crossed field”). 
Figure 10 shows the current distribution in both cases for the 0mm structure (SC pellet alone), left part 
of the figure and the 2mm structure (right part of the figure). The 2 mm FM layer is located above the 
SC pellet. All distributions correspond to a transverse magnetic field increased up to µ0 Happ = 0.1 T. 
For clarity, the critical current density was chosen as 1.25 108 A/m² i. e. half the Jc value used in the 
main part of the paper, in such a way that the penetration is larger and the differences between the two 
cases are amplified.  

 We calculate and we report in figure 11 the penetration depth dpen at four radii (vertical black 
dashed lines of figure 10), in order to observe the relative penetration inside (locations B and C) and at 
the vicinity of the lateral surface (locations A and D) of the SC pellet. The penetration depths are counted 
from the top surface (close to the FM layer) for the negative y (depicted by squares in figures 10 and 11) 
and from the bottom surface (opposite to the FM layer) for the positive y (depicted by circles in figures 
10 and 11). Additional results concerning the symmetrical 2*1mm structure are plotted with upward and 
downward triangles (cf. figure 11). 
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Figure 11: Penetration depths (normalized to the half-height of the SC pellet b) of the superconducting currents 

as a function of the FM thickness in the case of the “virgin” state subjected to a transverse field and the 
“premagnetized” state subjected to a crossed field (see text). Squares correspond to the penetration from the 

surface close to the FM layer and circles correspond to the penetration from the surface opposite the FM layer. 
Additional results concerning the symmetrical 2*1mm structure are plotted with upward and downward 

triangles. All distributions correspond to a transverse magnetic field increased up to µ0 Happ = 0.1 T. The critical 
current density equals 1.25 108 Am-².  

 

 We first consider the case of the 0mm structure, i. e. in the absence of FM layer. As can be seen 
in the left part of figure 10, the structure is symmetric and the penetration depths from either top (square) 
or bottom (circle) surfaces are equal. In the case of the pure transverse field, the penetration is complete 
near the lateral surfaces but the penetration is partial at locations B and C. When the sample is 
premagnetized (bottom left part of figure 10), the initial currents distribution is such that the currents 
are positive (red) in the whole left half of the pellet and negative (blue) in the right half. Under a 0.1 T 
crossed field, we observe a step shape of the current distribution. Despite of the strong current 
distribution modification induced by the transverse or crossed field, the positive and negative currents 
still counterbalance each other’s and it is verified that the integral of the current density over the total 
SC surface is null. 

  When a FM layer is placed on the top of the SC pellet, an asymmetry arises between the top and 
the bottom parts of the SC pellet. The case of a 2 mm FM layer structure is shown in the right part of 
figure 10. In the case of the pure transverse field, the penetration is complete but, in opposition to the 
previous case without FM layer, at the sides, the penetration of the negative currents from the top surface 
(close to the FM layer) is deeper than the positive currents from the bottom surface. As the total current 
has to be null, the penetration inside the SC pellet is modified accordingly. We calculate that at locations 
b and c the penetration of the negative currents from the top surface is smaller than for the 0mm structure 
while the penetration of the positive currents from the bottom surface is close to the value for the SC 
pellet without FM layer. Again, the total current is verified to equal zero. 

 In figure 11, the penetration depths at the four locations discussed above are plotted as a function 
of the FM thickness. We can see the asymmetry of the penetration depths due to the presence of the FM 
layer appears for the smallest modelled thickness (dFM = 0.25 mm). Above a given thickness of the FM 
layer of 0.25 mm, hereafter called d //

, the difference in penetration depths is almost independent of the 
FM thickness. In the case of the 2*1mm structure a symmetry is recovered. The penetration near the 
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lateral surfaces (magenta triangles) is the same as without FM layers so dpen/b = 1. The penetration at 
± a/2 (red triangles) is the same as the penetration of the negative currents below the 1mm FM thick 
1mm asymmetrical structure (red squares) i.e. dpen/b = 0.32.  

 In the crossed magnetic field configuration, we observe an increase of dpen/b for the negative 
currents in comparison to the value for the 0mm structure (it now equals 0.53, green squares), and a 
decrease for the normalized penetration depth of the positive currents (dpen/b = 0.37, green circles). In 
the case of the symmetrical 2*1mm structure, the penetration near both lateral surfaces (green triangles) 
is slightly higher than without FM layers. Here again, because of the fact that the total current equals 
zero, the penetration depth inside the SC pellet below the FM layer (blue squares) is reduced while it 
remains almost unaffected by the FM layer in the opposite side (blue circles). Let us remark that here 
the influence of the FM layer increases for thicknesses increasing up to a threshold thickness of 0.5 mm, 
hereafter called d + (while the threshold thickness in the pure transverse case d // was 0.25 mm), before 
to level off and to become almost independent of the FM thickness. Additional results (not shown here) 
on 2D modelling with Jc = 2.5 108 A/m² (twice that of this section) show that the threshold FM thickness 
rises to 1 mm for crossed field cases. 

 The same kind of threshold FM thickness has already been observed in a previous study 
concerning the contribution of ferromagnetic sections placed in contact to bulk high temperature 
superconductors (similar to our asymmetrical SC/FM structures) in order to enhance their trapped field 
[10]. In this previous study, the increase of the local magnetic induction measured at the centre of the 
surface opposite to the FM layer plotted as a function of the FM thickness was shown to exhibit a ‘kink’. 
According to the 2D modelling, this kink corresponds to the full saturation of the ferromagnet and a 
threshold thickness d* below which saturation occurs is roughly estimated by using a simple analytical 
model based on magnetic flux conservation. With the rough estimation of d* ≈ (Jc0 a²) / (6 Msat), where 
Jc = 2.5 108 A/m², a = 4.5 mm and µ0 Msat = 1.4 T, we find d*(Jc) = 0.76 mm and d*(Jc/2) = 0.38 mm 
which is a value close to the threshold FM thicknesses d // and d + for samples subjected to pure transverse 
or crossed magnetic fields which are obtained from the penetration depths values shown in figure 11. 

 From these results, we conclude that, because the FM layer is subjected to a concentration of 
magnetic flux, a higher magnetic induction develops at the corner of the SC pellet below the FM layer. 
This enhances the penetration of the currents in this region, while the penetration on the opposite side is 
nearly unaffected by the FM layer. Because of the net current has to be zero, the penetration inside the 
pellet directly below the FM layer is therefore reduced. 

 
Figure 12: Distribution of the relative permeability µr of the FM layer of the SC/FM structures after their 

magnetization and the application of the transverse magnetic field. The column t = 0 corresponds to the end of 
the flux creep period (1888 s) following the magnetization process. The subsequent columns correspond to each 

quarter of period of one cycle of 100 mT transverse magnetic field (as sketched in the bottom part). The 
modelling results are obtained with Jc = 2.5 108 Am-². 
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 V. 2. Saturation of the FM layer and threshold thickness d + 

 Now, in order to examine in details the cause of the kink at a threshold thickness d + in the plot 
of the penetration depth of the superconducting currents inside the SC pellet with respect to the thickness 
of the FM layer in crossed field configuration, we turn to the behaviour of the FM layer itself. The 2D 
modelling allows us to calculate the relative permeability µr of the FM layer during the magnetization 
and the application of the transverse magnetic field. In figure 12 we plot the distribution of µr for the 
SC/FM structures at t = 0 corresponding to the end of the flux creep period following the magnetization 
process, as well as for each quarter of period of one cycle of 100 mT transverse magnetic field (as 
sketched in the bottom part of the figure). The modelling results are obtained with Jc = 2.5 108 A/m². 

 Below its full saturation, the FM layer subjected to the trapped magnetic flux of the SC pellet 
(t = 0) will drive the majority of the flux lines radially towards its sides and thus will shield the free 
space above it. This situation is shown in the left column of figure 12 (t = 0): Most of the FM layer is 
subjected to a large magnetic flux which leads to its saturation and the drastic drop of the relative 
permeability when the FM thickness is below 1 mm (including the 2*1mm structure). There still exists 
a zone along the axis where the magnetic field is low enough to keep the ferromagnet below its saturation 
and therefore a high value (above 2000) of the relative permeability. For thicknesses larger than 2 mm, 
only the bottom part of the FM layer is saturated and a symmetric distribution of µr can be observed 
(light blue area for the 2mm structure and red area for the 3mm structure).  

 We now examine how the magnetic permeability of the FM layer is modified when a transverse 
magnetic field is applied. As the transverse magnetic field increases up to 100 mT (t = T/4), the magnetic 
flux is decreased in the left hand part of the layer and µr increases accordingly. The right hand part of 
the FM layer remains saturated as it was already the case before. At t = T/2, a symmetrical situation is 
recovered but the trapped field of the SC pellet has been slightly reduced in the process and therefore, 
the relative permeability has increased as can be seen when comparing t = 0 and t = T/2 for the 2mm 
structure. When the field is reversed, the magnetic flux is increased in the left part of the layer and µr 
decreases in that region. Let us remark that (i) the 2*1mm structure behaves almost perfectly like two 
independent FM layers of a 1mm structure and (ii) for FM thicknesses of 0.25 and 0.5 mm, the µr 
distribution is not strongly affected by the transverse magnetic field, at the exception of a slight 
expansion of the high magnetic permeability region along the axis. This is because the FM layer is 
always subjected to a magnetic flux large enough to lead to the full saturation in the whole FM layer. 
These results are in good agreement with the threshold thickness determined in section V. 1.  

 The results shown in figures 10-11, the apparent limited influence of the FM layer on the 
magnetic moment (figure 6(a) and figure 7(b)), and the magnetic induction below the bottom surface 
figure 9(b)) when the FM thickness exceeds 1 mm tend to show that the highest beneficial effect of the 
FM layer in such asymmetrical SC/FM structures is obtained for a FM thickness equalling d +.   

 

 V. 3. Alternative symmetrical FM/SC/FM structure 

It has been shown experimentally (figure 5) and numerically (figure 7(b) and figure 9(b)) that, among 
all the premagnetized structures subjected to crossed field, the 2*1mm structure presents the smallest 
decay of the normalized values of both magnetic moment and magnetic induction, as a FM layer of 
optimal thickness (close to d +) protects the SC pellet from the transverse field. However the FM layers 
shield the trapped induction above and below the SC pellet making them of little use for most 
applications (rotating machines, levitation …). Therefore, we study a symmetrical SC/FM structure, 
here after called coax-xmm, where the FM layers (thickness of x mm) are placed on the sides rather than 
on the top and bottom surfaces of the SC pellet. In practice this structure is a FM ring surrounding the 
SC pellet (cf. figure 1 (d)). Axisymmetric 2D modelling however cannot be carried out because of the 
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symmetry breaking due to the crossed fields. This structure was then modelled in 2D by its y-z cross 
section and infinite along the x direction as shown schematically in figure 1 (h).  

 Figure 13 presents the distribution of Bz at the end of the flux creep period for several SC/FM 
structures, i.e. 0mm, 1mm, 2*1mm and coax-1mm. Their respective magnetic moment after 
magnetization are reported in table 1. As can be seen in figure 13, above the top FM layer for 1mm and 
2*1mm and also below the bottom FM layer in the latter structure, the magnetic field is shielded. In the 
case of the coax-1mm structure, the return magnetic flux lines are concentrated inside the FM layers 
(around 1 T in figure 13 (d)). For this structure, the magnetic field is shielded on the sides of the 
structure. When comparing to the 0mm structure, the magnetic field is preserved above and below the 
SC pellet.  

 Figure 14 presents the distribution of µr at the end of the flux creep period for coax-xmm 
structures of several thicknesses of the FM layers (x = 0.25, 1, 2 and 3 mm). For a thickness below 
1 mm, the large magnetic flux density in FM layers leads to their saturation as can be seen in figure 14 (a 
and b). For thicker FM layers of 2 and 3 mm, the magnetic flux density inside the FM layers is not large 
enough to saturate the material and the magnetic permeability remains large (µr > 1000) in most of the 
ferromagnet. In this 2D geometry, the threshold thickness d # seems to be slightly higher than 1 mm. 
Therefore, like for the xmm and the 2*xmm structures, a FM thickness of x = 1 mm seems to be also a 
reasonable optimum for the coax-xmm structure. 

 
Figure 13: Distribution of the Bz at the end of the flux creep period (1888 s) for (a) 0mm, (b) 1mm, (c) 2*1mm 

and (d) coax-1mm.  
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Figure 14: Distribution of the relative permeability µr of the FM layers at the end of the flux creep period 

(1888 s) for (a) coax-0.25mm, (b) coax-1mm, (c) coax-2mm and (d) coax-3mm. 

 

 
Figure 15: Magnetic induction calculated at z = - 4 mm by 2D modelling on 0mm, coax-1mm and 2*1mm 

structures subjected to one cycle of transverse magnetic field of 50, 100 and 200 mT applied with 
dBapp/dt = 1 mT/s. 
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 The local value of the magnetic induction at z = - 4 mm for the premagnetized structures 
presented in figure 14 (a), (c) and (d) and subjected to one cycle of transverse magnetic field of 50, 100 
and 200 mT are plotted in figure 15 as a function of the applied magnetic field. The data is normalized 
with respect to the initial magnetization of the 0mm structure. Similarly to the results presented in 
figure 9 for µ0 Happ = 100 mT at z = - 4.5 and 5.5 mm, the 2*1mm structure exhibits a shielding due to 
the bottom 1 mm FM layer. The magnetic induction is reduced to 44 % of that of the 0mm structure 
while its magnetic moment is increased by 18.6 % as shown in table 2. By contrast, the initial value of 
the magnetic induction for the coax-1mm structure is increased by 2.3 % while its magnetic moment is 
reduced to 56.5 % of that of the 0mm structure as shown in table 2. 

 The decays after one cycle of magnetic field of 50, 100 and 200 mT are respectively given as 
0.90, 0.78 and 0.56 for 0mm, 0.92, 0.82 and 0.64 for 2*1mm and 0.91, 0.80 and 0.61 for coax-1mm. 
The 2*1mm structure is the most immune structure against the crossed field but the drawback is that the 
magnetic induction level is strongly reduced. By contrast, the coax-1mm structure presents also a better 
protection than the 0mm structure, with the additional advantages to slightly boost the local magnetic 
induction value and to shield the sides of the structure. 

 

 V. 4. Critical comparison of 2D and 3D modelling 

The advantage of 2D modelling are (i) the absence of longitudinal currents, (ii) faster calculations for a 
given number of elements, and (iii) larger numbers of elements for a given calculation. However, as 
mentioned several times above, great care has to be taken in interpreting results from a 2D analysis. In 
order to illustrate this point, we discuss in more details the case of a coax-3mm structure 
premagnetized along the z direction and subjected to a transverse magnetic field µ0 Happ = 0.1 T along 
the y axis (cf. figure 14). We plot in figure 16 (a) the distribution of the current density in the SC pellet 
(arrows) and the relative permeability µr of the FM layer (filled iso-values) modelled in 2D.  We observe 
the step shape in the superconducting current distribution. This is characteristic of the penetration of 
superconducting current layer shielding the transverse magnetic field that superimposes to the initial 
current distribution sustaining the premagnetization. The µr distribution is that of figure 14 (d). Because 
of the applied transverse field, the area of the saturated FM layer (µr = 1) increases slightly in the upper 
right and lower left corners of the FM layer while it is reduced in the opposite corners. The amplitude 
of the magnetic field is not sufficient to induce saturation on a larger area on these 3 mm thick FM 
layers.  

 For comparison, we modelled in 3D a 3 mm thick FM ring around a SC pellet of same diameter 
and height than the width and height of the 2D structure. The spatial resolution in 3D is lower than in 
2D as the characteristic length of the tetrahedrons in 3D is 300-500 µm while the characteristic length 
of the triangles in 2D is only 70 µm. In order to save time, we also use a less severe convergence criterion 
(a residue of 10-3 instead of 10-6 to 10-10 for 2D modelling). A lower precision, therefore, is reached in 
the 3D results.  

 The distribution of the critical current density in the SC pellet (arrows) and the relative 
permeability µr of the FM layer (filled iso-values) are shown in figure 16 (b) for a quarter of the 
geometry in the x = 0 plane (the same plane as for the FM/SC/FM bar in 2D) and in the y = 0 plane (the 
plane orthogonal to the transverse magnetic field direction). The µr distribution is also plotted in the 
additional plane z = 0 for the FM layer. There is a fair agreement between 2D and 3D modelling results 
in the x = 0 plane for both Jc and µr distributions. In the 3D model, the step shape characteristic of the Jc 
distribution can also be observed, although with a slightly lower maximum value of the current density. 
Similarly, the µr distribution is similar to the 2D results, with however a lower saturation of the FM layer 
in the internal corner similar to the 2D results. The 2D and 3D results are markedly different in the y = 0 
plane. Because of the demagnetizing field of the SC pellet, the magnetic flux lines applied in the y 
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direction are concentrated on the sides of the SC pellet (x = ± a, y = 0) while they are diluted along the 
y-axis. As a result, the relative permeability of the FM layer is reduced in the y = 0 plane in comparison 
to the µr distribution in the x = 0 plane and an eye-shape distribution can be observed in the z = 0 plane 
in figure 16 (b) for a quarter of the geometry, and the full cross section of this distribution is presented 
in the inset (c) of figure 16. In the y = 0 plane, the current flows along the y direction in the inner part of 
the SC pellet but it follows the borders of the pellet and is in-plane in order to shield the applied magnetic 
field. This distribution is fundamentally different from that in the x = 0 plane. The complex current flow 
thus contribute differently to the total magnetization than what a simpler 2D model would predict. 
 

 
Figure 16: Distribution of the current density in the SC pellet (arrows) and the relative permeability µr of the FM 
layer (filled iso-values) for a premagnetized coax-3mm structure modelled (a) in 2D and (b) in 3D. The results 
are shown at a transverse magnetic field µ0 Happ = 0.1 T in the plane x = 0 for the 2D model and in a quarter of 

the geometry in the planes x = 0 and y = 0 as well as the additional plane z = 0 for the FM layer in the 3D model 
also displayed in the inset (c). 

 

VI. Conclusions 

In this paper we investigated, both experimentally and numerically, the effect of a FM disk of various 
thicknesses placed in contact with a SC pellet in a crossed field configuration. The local magnetic 
induction and the magnetic moment of the SC/FM structure were characterized experimentally with 
bespoke systems.  

 2D and 3D modelling were carried out to (i) calculate the individual SC and FM contributions 
to the magnetic moment, as well as the magnetic induction at the vicinity of the studied structures, (ii) 
study the penetration of the shielding currents against this transverse field and (iii) examine the influence 
of the FM layer and its possible saturation on the SC pellet behaviour for various configurations and FM 
thicknesses.  

 The 3D model results are in good qualitative and quantitative agreement with the experimental 
results but the low spatial and numerical resolutions of the 3D model make it sometimes difficult to 
obtain enough details for small magnetic field amplitudes and thin FM layer.  

 The magnetic moment was shown to increase linearly with the thickness of the FM layer when 
it is placed on the top (and/or bottom) plane surface of the SC pellet, while it decreases when the FM 
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layer is placed on the sides. Both magnetic moment and magnetic induction suffer from a smaller decay 
under transverse magnetic fields when the structures are covered by a FM layer.  

 We show that 2D modelling results can be corrected in order to be compared to the experimental 
and 3D modelling results. The correction is based on the differences of demagnetizing effects in each 
geometry. With this correction, the 2D model correlates well with the main characteristics observed 
experimentally for the magnetic moment and the local magnetic induction. This model shows how the 
currents distribution inside the SC pellet is distorted because of the presence of a FM layer in unilateral 
SC/FM structures while still keeping a null net current across the cross section of the SC pellet. A 
threshold thickness is determined, which corresponds to the experimental observation of a saturation of 
the beneficial effect of the FM layer on the magnetization decay due to the crossed field. Distributions 
of the relative permeability µr for several structures support this evidence by showing that FM layers 
thinner than this threshold thickness are saturated by the pre-existent magnetization of the SC pellet.  

 In summary, we find, in the crossed field configuration, that (i) the beneficial effect of the FM 
layer on the magnetic moment increases monotonically with the FM thickness, (ii) the improvement 
becomes marginal above a given thickness d +, and (iii) this threshold thickness is related to the saturation 
magnetization of the ferromagnetic material. We show also that a symmetrical FM/SC/FM structure 
with two 1 mm FM layers presents a stronger effect against the crossed magnetic field than all unilateral 
SC/FM structures. 

 As an additional study, a comparison of 2D results between a symmetrical FM/SC/FM structures 
and the SC pellet alone shows that placing the FM layers on the top and bottom surfaces of the SC pellet 
reduces crossed field effects with the drawback of shielding strongly the magnetic induction. Placing 
the FM layers on the sides of the SC pellet also reduces crossed fields effects, but with the additional 
advantage of increasing slightly the local magnetic induction value above and below the structure while 
shield its sides.  

 Finally we show the distributions of the current density in the SC pellet and the relative 
permeability in the FM layers for a cylindrical SC pellet surrounded by a 3 mm thick FM ring subjected 
to a crossed field. The 3D model is compared to its 2D approximation consisting of an infinite SC bar 
with two FM layers on its sides. It is observed that the models agree well for describing the current 
distributions in the cross section parallel to crossed fields. The 3D model shows however different results 
in the plane perpendicular to crossed fields. 2D models are thus very helpful in understanding crossed 
field effects, but fail in describing finer characteristics of the shielding currents. 
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