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Introduction

Carbon fiber polymer composites W/

® Multifuctional materials Q/ﬁ/vé/

® Structural capabilities

Polymer matrix

Reinforcing fibers

_ _ Carbon fiber reinforced composite
® Electrical and thermal functions

Application:  Activation of fiber

reinforced shape memory polymer

composites in its application in deployable

hinge in space [1].

Shape recovery process of a prototype of

solar array actuated by SMPC hinge @
[1] L. Xin and Z. Ruirui. Smart materials and structures, 2011
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Governing equations for Electro-Thermo-Mechanical

+ coupling

P-N=T VX e
Jo N=1J, VXen
Jy-N=jy VXE&NQO N

Ino
u=u VXepi
V=V VXep
T=T VX e dpQ

vu, V, T € [H3(Q)]" x H3(Q) x H' (Q)

Conservation of Conservation of
momentum balance electric charge

Vo-PT=0 VXeQ Vo-Je=0 VXe&Q Vo-J, =0 VX

Conservation of energy

P =PF,T,I) J.=J.(F,V,T) Jy =J,(F,V,T)
Electric current density Jo =L-(=VoV)+aL. (-VyT)
Energy flux J, =Q+ VI,

Heat flux Q =K -(—ViT)+aTlJ, ‘



+ Electro-Thermal constitutive relations

® \Vector of the unknown fields: ( fv ) _ ( _1¥ )

fr

® Matrix form of fluxes and fields gradient

1 f 1
( J. ) B Fr L —gLltagl ( Vofy )
Jy )\ “BLtail X -2alL4o2lL+ YL Vofr

/ Ny /

Fluxes Coefficient matrix Field gradients

Z

Jo Vot : : : :
o ( ] ) and ( Y ) are conjugated pairs of fluxes and fields gradient

y ©



+ Discontinuous Galerkin (DG) method

® Similarity to FEM, to solve PDE’s
® Geometry approximated by polyhedral elements
® Continuity ensured inside elements
® Polynomial solution of finite degree

® Main difference with FEM:

® Compatibilty weakly ensured
® Inter-element continuity weakly constrained

® Support of nodal shape functions restrained to one
element

" 9 3 9 o(+)
XK = {Gh € [17(Qon)]" x L*(Q0n) x L™ (Q0n) |Gh98e[pk(ﬂg)wxpk(sBS)ka”)(Qg)vase%h}

® Allows / eases:
® High scalability and high accuracy order
® |rregular and non-conforming meshes

® hp-adaptivity @
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+ DG main concepts and equations o

* Strong form: Vo-Pt =0, (+BC’s) o f; XN

e DG weak form: / (Vo -P1) - 6udQy =0 A ONIE
Qon

f by parts v 0o,
® Define operators

Jump operator [u] =u" —u”

Average operator (u) = u? —;—u‘
/ P : VyoudQy + / [[511]] . (P) -N7dSg + ( ) + ( ) = b(5U)
Q()h al\QOh A
® Supplementary terms: T T T—> BC’s terms
® Consistency term*<

(appears naturally above)
® Symmetrisation term

v

[u] - (Hy : Vobu) - N~dSg
O1Qon

\ /4
® (Quadratic stabilization term 4B
[[u]]@N_:< }f’ >:[[6uﬂ®N‘dSo

(optimal convergence rate)

( B = stabilisation parameter) /,



Nonlinear DG formulation of Electro-Thermo-
+ Mechanical coupling

On{on ‘
OnQ5_ >
. . u N \
® Introducing vector of the unknowns field G = ( £y ) A0 :
Vo PT fr Inton 1 X \\?KO)}SF \
fi .ge Nt AN, 005
® Deflnlng Vo(d) = VoJ(G, VoG, 1) = ( Vo - Je ) =0 'FaDQO ! \\\\ ',
Vo-Jy ! Q- ang\\\i :
. . N A s \
® Finding Gy € X ! =\
py dI“Oh
A(Gh, (SGh) = B(G, (SGh) Vo Gy € Xk
Structural term + DG terms = Boundary terms :
- Consistency
A(Gh,5Gh) = / VQ5Gh J(Gh, V()Gh)dﬂo -+

[[5(;{5 ]] (J(G1, VoG)) dSo
N QonUInNon
+ GN '

n (Jovg(Gh)vo5Gh dSo-l-
I1Q20nUODNon - -

[5G, | <J0G(Gh>Gh>dso
5190hu8DQOh

O1Q20nU0D 200 -

B(G,§Gy) = BC's \-

Remark: we use an abuse of notations when defining VG, N

Symmetry



Nonlinear DG formulation of Electro-Thermo-
Mechanical coupling

.

® Considering small deformation

1
Ho 0 0 Vu 0 0 a)Ho z Vu
V 0 Z11 Z19 Viy + T Viy =0
0 0 0
0 Z51 Z59 VfT 0 0 0 VfT

® Strongform:  V(w(G,VG)) +0(G)VG=0 inQ +BCs

Weak form: G, e XX a(Gn,dGn) = b(G;6Gy) V6Gp € X

a(Gh, 5Gh) = V(SGEW(Gh, VGh)dQ -+ GEO(Gh)V5Gth

_|_

+

_|_

or2L,UOp 2y

O QLUOD QL

W UIOp 2

Qh Qh

5G| (w(G, VG)) as + |Gt | 0(G1)5Gw) dS— Consistency

Nh ooy,

|Gi.] wva@veGas+ [ oG] (0(G)Gr) dS—>! symmetry

.:ng]] <vek(fh)B>[[5Ghn]]dS —>-

b(G,6Gy) = BC's @



+ Solution unigueness

® The mesh dependent norm

G IIT =2 G ey + 2 hs | G [f a0y + 25 sG] 1F2 (500

® Consistency form Where 9Q° = 010" U 9pQ2

G € [H2(Q)]?® x H2(Q) x H2' () the solution of the strong form.
Thusas [G°] =0 on 9°

a(G®, 6G®) = b(G, 6G®) ViG* € X, (1)
® Weak form
The weak form, reads as finding Gy, € XX such that

a(Gp,0Gy) = b(G;0GL) V6G, € XE X (2)
Replacing 6G® = §QGy,, then subtracting (2) from (1)

a(Ge, 5Gh) — a(Gh, 6Gh) = b((_}, 5Gh) — b(G, 5Gh) =0 V(SGh = Xk



Solution unigueness

A(G%;G® — Gy, 6Gy) + B(G®; G° — Gy, 6Gy,)

Fixed Fixed

N(G®, Gy; 6Gy)

A. B Bilinear

Expansion of Taylor series
on interface terms

A(G*; G — Gy, 0Gh) = V(SGEWvg(Ge)(VGe — VG, )dQ
Qn

+ ] [[5GED] (wya (G°) (VG® — VGy)) dS
N QLUOD 2

+ f l6s" - 6l | (woa(G)V6G) as
o1, Udp Q2

[[G;f - GEH]] < &

—wya(G°)

E > [6Gy, ] dS

+ ViG] (0g(G°) (G — Gy)) dQ2
- [6GT. ] (wa(G®, VG*)(G® — Gu)) S|
Q2L UOD
(@ GuidG) = | ViG] (Ru(@ ~ Gy, VG - VG1))de o T9G] (06 (@G~ Gu)) ds
+ /BI o [GL] (Bu(@ -G ¥G - Gy as wf o [es" - 6. ] to(@*)sGu) as.
o [ -] (wee(@) - ves(@) VG ds —
of e - GR] (i twealG) ~woal@w)) iG] I
) /f>‘mansz 62" - Gi.] (er@ - o(Gm) 3@ a8 Nonlinear

®




+ Solution unigueness

Spliting ¢ into its :> (=G -G, -1,G+1,G
components ~
P =0+ The interpolant of G¢in X®
|
v v

n=G°—1,GeX ¢ =1,G -G, € Xk

A(G®; 1,G — Gy, 6Gy) + B(G®; 1,G — Gy, 6Gy)

= A(G®;n,0Gy) + B(G®;n,0Gy) + N (G®,Gy; 0Gy,)
Fixed point formulation

Map Sy : X© — X¥ as follows
Vy € X" Find Su(y) = Gy € X~

[ A(G% 1,G — Gy, 6Gn) + BG% 1,G — Gy, 9Gn) J

(*)

@

= A(G®n,Gn) + B(G®%;n,0Gn) + N (G®,y;6Gn)




Solution unigueness S, ()

The existence
of the discrete
solution Gy,

(c

Brouwer fixed point theorem

The existence
of a fixed point
Sh(y) =y in
the map Sy,

Sh IS

continuous
map

T. Gudi, N. Nataraj, A. K. Pani, Numer. Math. 2008



+ Solution unigueness

Definition of the ball O,

® Radius: o

e Center: I1G the interpolant of G°¢

0y (ILG) = {y e X¥such that ||| 1,G —y || < 0}

I TnG — G ||| 1
— hz y 0<6<Z

with o




Solution unigueness

e  Assumption C,, Cy,ck and Lemmas (e.g. trace inequality, inverse inequality )

* Boundthe bilinear terms A, B} Stabilization parameter 3 >Const (C.,, C,, C%.)

e Bound the nonlinear term N/ :

W v
Snhmaps O, (IG) into itself Continuity of Sy, in the ball O, (I;,G)
by — 0 = G -Gy — 0 [| Gy, — Gy, || Sclkh’s"’_z_s\HYl—Yz I

Brouwer fixed point

Sh(y)has a fixed point Gy, \J

Brouwer fixed point theorem

The existence of unique
solution of the nonlinear

elliptic problem for k >2

©



A prior error estimates

I1G° =G llli < CRE™ || G [ls ()

@ = min {s,k + 1}

| G° = Gy [|L2(0,) < CBY || G [la=(an)




Numerical results

1-D example with one material

(Electro-Thermal coupling)

Material parameters of bismuth telluride

1[S/m]

k [W/(K-m)]

a [V/K]

diag(8.422x 107)

diag(1.612)

1.941x1074

[2]. L. Liu. International Journal of Engineering Science, 2012

0.06

0.04r

0.02¢

Electric potential [V]

=—4&— Electric potential
=8= Temperature

----- Electric potential [2]

v Temperature [2]

0.5 1

Horizontal distance [mm]

1.5

50

N
o
Temperature [°c]

(O8]
o

20

T=25[°C]

V =0.058 [V]

1.524 [mm] —sl

T=25[°C]

je=0

2.57

[\

1.57

Thermal flux [W/m2 ]

=@=— Thermal flux

'* " Thermal flux [2]

0.5 1

1.5

Horizontal distance [mm]



Numerical results
1-D example with two materials

(Electro-Thermal coupling)

The effect of the stabilization parameter on the
quality of the approximation

590

Energy [W/ (mz.K) ]

10 10’ 10° 10° 10
Stabilization parameter B

DG formulation is stable for stabilization parameter >10




Numerical results

+ 2-D study of convergence order

(Electro-Thermal coupling)

T =25[°C]
V =0.05[V]
=0 <_1 [mm]_).
r-src) [
V=0[V]
AT I ——
Electric potential [V] Temperature [°C]
0 0.025 0.05 25 33 41



Numerical results

+ 2-D study of convergence order

(Electro-Thermal coupling)

Hl _norm L2 'norm
Theor. converg. ord.: k Theor. converg. ord.: k+1
10 . 107
10 107
g —= =2 g —= =2
==l =1
10t : 10°°L
A2
10 - —_— —— 10 Y o
10 10 10° 1072 107! 10°
hs/L hs/L

Convergence rates agree with the theoretical estimates



Numerical results
3-D unit cell simulation for composite material

(Electro-Thermo-Mechanical coupling)

= T=25[°C] BCon
Material 1[S/m] k[W/K-m)] o[V/K] am[K] Ep, [GPa] Er [GPa v=o012[v] longitudinal direction
Carbon fiber diag(100000) diag(40) 3 x10~® diag(2x107%) 230 40
Polymer diag(0.1) diag(0.2) 3 x1077  diag(20x107%) 1.5 1.5 el e lelehaliaiiay |
Fiber |
- |
|
Polymer //—,l
Ld o /
DG formulation is also P —
o O B N e e —" —— S, — C— — Y— —— i i ] Si—"’ S { — Y
applicable for irregular mesh : 2x
V=0[v]

Electric potential [V] ha Temperature [°C]

0 0.06 0.12
. - . pri—— 30 S—



Numerical results

+ 3-D unit cell simulation for composite material

(Electro-Thermo-Mechanical coupling)

Temperature [K] - step 0 (1/21) Y
298 300 301 303 305 307 308 310 312 314 315 LLX

E— C—
magnified @



Numerical results

3-D unit cell simulation for composite material

(Electro-Thermo-Mechanical coupling)

Material 1[S/m] k[W/(K-m)] a[V/K] o [K™ ] EL [GPa] Er [GPa)
Carbon fiber  diag(100000) diag(40) 3 x107°% diag(2x1 ) 230 40
Polymer diag(0.1) diag(0.2) 3 x10~7  diag(20 ><10 > 18 1.5

DG formulation is also
applicable for irregular mesh

Electric potential [V]
0 4 8

T=25[°C]
V=8[V]

BC on tansversal
direction

TR ERITEEY
ot |
- |
Polymer - 4

// Fiber

30

V=0[V]



+ Conclusion & Perspectives

Conclusion
® A consistent and stable DG method was developed for Electro-
Thermo-Mechanical coupled problems

® The DG numerical properties were derived:

® Unigueness fixed point form

® Optimal convergence rates in L,, H;-norm with respect to the mesh
size

® Convergence rates agree with the error analysis derived in the theory

Perspectives

® Extension to Electro-Thermo-Mechanical coupled problems to
recover shape memory composite material behavior

® Plug in multiscale analyses
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