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Random situation

= physical situation for which several outcomes
are possible

Set of possible outcomes : ()

Events

Intuitively : any subset of ()

For an observed outcome w € (), the event A
occursiff w € A

Particular events
- the impossible event : @
- the sure event: ()

Taking any subset of () as an event is not
convenient
- mathematically : if {0 is non denumerable,
taking every subset of () as an event may
lead to some contradiction
- financially : it is sometimes useful to consider
the set of events at time t as the available
information up to time t

Furthermore, we have to authorize elementary set
operations : “or” is U, “and” is N, ...



o-field (or o-algebra) of events

=Set F of subsets of  such that
-Qpe F
-If A€ F,then A€ F
- If A, Ay, ..., 4,, ... € F, then

A1UA2U...UAnU...=UAiE F
i

Consequences
-QeF
-A;NA,Nn..NA,N..EF

Examples
- F={0,0Q}
- F={0,0,A4,4}

Theorem

Given a subset (non necessarily a o-field) G
of F, there exist a unique smallest o-field
containing G : the o-field generated by @,
denoted o (G)

Exercice : in the general case describe the o-field
generated by two events {4, B}

Note
For 2 o-fields F and G on (1, the relation

G € F means “the informationin F is finer
(more precise) than the one in G”



Probability

= measure, for an event, of its tendency to occur
Axioms (Kolmogorov)

(K1) VA€ F, Pr(A) =0
(K2) VA4, ..., A, ... € F,if the events are
(pairwise) disjoint,

Pr (U Ai> _ Z Pr(A))

i
(K3) Pr(Q) =1
Consequences

AcB = Pr(4) <Pr(B)

0<Pr(d) <1

Pr(@) =0

Pr(4) = 1 — Pr(4)

Pr(AUuB) = Pr(A) + Pr(B) — Pr(An B)

Probability space

= probability triple : (Q,F, Pr)

Finite equiprobable model

If Q isfinite (Q = {w4, ..., w,}) and
equiprobable (Pr{wj} = 1/n Vj), then

#(4) _ #(4)

Prid) === %@




Random variable

Definitions

o Intuitively

o Mathematically

o Borel sets of R

o o-field generated by a r.v.
Probability law

o ldeally

o Cumulative distribution function
Types of r.v.

o Discrete

o Continuous

o Mixed
Random vector

o Borel sets of R™

o Definition

o Joint cumulative distribution function

o Types of random vectors

Definitions

Intuitively : a variable whose value depends on
the result of a random situation

X:0-R:we X(w)

Furthermore, expressions like "X € E" must be,
for “reasonable” E, an event

Mathematically, a r.v. is a function from Q to R
that is F-measurable : for every borelian set E of
R,

X 1E]l={w: X(w) EE}=[X € E]

is an element of F.
The support of a r.v. = the set of possible values of

thisr.v. :
X[Q] ={X(w) : w € O}



Borel sets of R

= denumerable unions of intervals (bounded or
not ; closed, open or semi-interval) and their
complementaries

Notation : B

Property : B isthe o-field on R generated by

{[a;b] : a < b}

o-field generated by ar.v.

= the smallest sub-o-field of F that contains
every event of the form [X € E] with E € B

Notation : o(X)

Probability law

Ideally, Pr[X € E] forevery E €B

Cumulative distribution function
Fx(t) = Pr[X < t]

Properties :
0<F(t) <1 foreveryt
F(t) is a non decreasing function
lim,,_, F(t) =0
lim,,, F(t) =1
F(t) is continuous to the right
@ : itis possible to construct the probability
law from the c.d.f.

F@)




Types of r.v.

Discrete

The support X[Q] is finite or denumerable :

X~ o )

with Pr[X = x]-] =p;>0and Xp; =1
Probability law : Pr[X € E] = Y.(.x,cr} P

C.d.f.:

Ya0)

Continuous

The support is a non denumerable set (generally
aninterval) and, Vx,Pr[X =x] =0

The probabilities are continuously distributed via a
density function fy(x) = 0, with

4o

f(x)dx =1

— 00

Prix <X <x+h]=f(x) h
Probability law : Pr[X € E] = [ f(x)dx

C.d.f.:

t
F(t) =j f(x)dx

is a continuous function and, if it is derivable,

F'(t) = f(t)



Mixed
Is @ mix of discrete and continuous

Example : ther.v. C represents the cost for the
company of an insurance policy

- for >0 cost, it is easier to consider the cost as
a continuous r.v.
- but, Pr[C =0] >0

A F( t)

v

Random vector

Borel sets of R™

= denumerable unions of intervals (bounded or
not ; closed, open or semi-interval), like

laq; b1] X {az} X] — 00; b3] X ... X [@y; +0]
and their complementaries
Notation : B,,

Property : B,, isthe o-field on R™ generated
by
m
| [t 511 = 1023 Balx o X [ams bl
=1

J



Definition

A random vector (X3, ...,X,;) is a function from
Q to R™, thatis F-measurable : for every
borelian set E of R™,

Xy, o, X)) "LE]
={w: (X1(®), ..., Xp(@)) € E}
= [(Xy, ..., X,,) € E]

is an element of F.

The support of a random vector = the set of
possible values of this random vector :

Xy, -, X)) [Q] = {(X1 (@), .., Xpp(w)) : 0 € O}

Joint cumulative distribution function

Fy, . .x. (t1, 0, tm)
=Pr([X; < 4]0 .. N [Xp < t])

Properties

0 < F(ty,..,t;,) <1 forevery (t,..,tmy)

F(ty, ..., t,,) is anon decreasing function of
each variable t;

limtj_,_ooF(tl, wotm) =0 (G=1,...,m)

lim¢, 400 F(tq, ..., ty) =1

tm—+oo

@ : it is possible to construct the probability law
Pr[ (X4, ..., X;n) € E] forany E € B, from the
c.d.f.



Types of random vectors

e Discrete : the support (X4, ..., X;,)[Q] is finite
or denumerable, with

Pr([X; =x 10N [Xpy = xp]) = Px,,...%m
(and le me | e 1)

Probability law : forany E € B,,

yeXm

Pr{(X,, ... X,) € E] = Z D,

{(x1,..vXm)EE}

e Continuous : the probabilities are continuously

distributed via a density function

f(Xl,...,Xm) (X1, s Xp) = 0, with

and

+ o0
dxq ...

— 00

+

0

dx,, f(xq, ., %) =1

— 00

([x1 <Xy, <x+dxqn )
Pr
N [xy < X < X + dxgy, |
~ f(Xq, e, X) * dXyq ... dXp

Probability law : forany E € B,,

Pr[(Xy, ., X;) € E]
= j ...ff(xl,...,xm) dxq ...dx,,

(the integral is taken over the set E)

Joint c.d.f. :

F(ty, ...

:tm) =

t1

— 0

dxq ...

tm

— 00

dxm f(xll e xm)



Expectation and moments Expectation

Expectation Generalization of the notion of integral
Moments N Ag{n)
Variance

Shape parameters

o Skewness w;(cn)
o Kurtosis For every n,
Covariance and correlation - subdivisions of () : {Agn),Agn), ...,A%n)}

Moment generating function
& g Tunct - choice of a),gn) € A;cn) (k=1,2,..,n)

Inequalities - p® = max {Pr (Agn))’ . Pr (A%n))}

o Jensen’s inequality
o Markov’s inequality
o Chebyshev’s inequality We then define

E(X) = [, X(w) dPr(w)

— Tl_r)go Zn: (n) - Pr (A;cn))
p()

k=0

Interpretation : the expectation of ar.v. is a
parameter localization (= wheighted mean of X)



Particular notation : mean = E(X) = u

For particularr.v.,
- Discreter.v.: E(X) =), x;p;
- Continuousr.v.: E(X) = fj;ox fx ()dx
- Positiver.v. : E(X) = f0+00[1 — F(t)]dt

A common notation: E(X) = f_:)o t dFy(t)

Generalization : for any function g,

BGU0) = ) gGpi = | 9() fr)dx

Properties
a)The expectation is a linear operator
E(aX+bY +c)=aEX)+bE(Y)+¢c

b) E(XY) =2

Moments
Absolute moments
u, =EX*)  k=12,..
Relative (or centered) moments
w=E(X-w*) k=12,..

In particular,

w=EX) =p
p =0



Variance
var(X) = 0% = pp = E((X — p)*)
Developing,
var(X) = E(X? — 2uX + u?)
= E(X?) — 2uE(X) + u?

= E(X?2) — E2(X)

Interpretation : the variance is a dispersion
parameter

Properties

a)var(aX +b) = E (((ClX +b) — (au + b))z)

= E((aX — aw)?)
= a? - var(X)

b) wvar(X+Y)=7?

Standard deviation : ¢ = \/var(X)

Shape parameters

Skewness

E((X — )3
v (X) = L;jzz (( 0311))

Hy

Interpretation : y; is a number without
dimension and its sign indicates the type of
dissymetry :

y1(a) >0 y1(b) <0

v



Kurtosis

E(X - w*
yZ(X)=u_;_3= (X =W

3
K2 o

Interpretation : y, is a number without
dimension and its value is indicative of the fatness
of the distribution tails :

Y2(a) > y,(b)

Covariance and correlation

Covariance

cov(X,Y) = oxy = E((X —ux)(Y — HY))
Developing,

cov(X,Y) = E(XY — uxY — Xpy + pixity)
= E(XY) — E(X)E(Y)

Interpretation : the covariance measures (with its
sign) the degree of linear dependence between
tworwv. X and Y :

cov(X,Y) >0 cov(X,Y) <0
V] | . e,
o °0 ° o
P — 0% | % ee
e o o . o
°o® X
o ® R °®
Hx X Hx X




Properties Correlation coefficient
a) Linearity corr(X,Y) = pyy = cov(X,Y)
' Ox * Oy
cov(aX + b,cY +d) = ac-cov(X,Y)
Interpretation : the correlation coefficient is a
coviX+Y,Z) = cov(X,Z) + cov(Y, Z) number without dimension that has the same
interpretation as the covariance
b) EMXY)=EX)-E)+cov(X,Y)
Properties
var(X +Y) = var(X) + var(Y) + 2cov(X,Y)
a)—1<p<1

b)  pxy = £1 iff there exists a perfect linear
relationship between X and Y

p=084 . | o p=1

p=—057 | - . ST e =1




Moment generating function

my(t) = E(e*¥)

For practical calculations,

m(t) = z etXip, = j_+ooetxf(x)dx

i
If we can derive “under the E sign”,
() = E(xket)
Property

m{(0) = E(x*)

Inequalities

Jensen’s inequality

If h isaconvex function, then

E(h(X)) = h(E(X))
[and the inverse inequality for a concave function]

Proof : for any x,, there exists a straight line
y = ax + b such that

{ h(xy) = axy+ b
h(x)=ax+b Vx

Replacing x and x, respectively by X and
E(X), we get

{h(E(X)) =aE(X)+b
h(X) =aX+b

and then E(h(X)) = aE(X) +b = h(E(X))



Markov’s inequality

If X isa positive r.v. with mean u, then

Proof :

PriX > ku] < vk >0

b =ku-Pr[X = ku]
<a+b+c
= Jo 1= F(©)de
= U

Chebyshev’s inequality

If X isar.v. with mean u and standard
deviation o, then

Pr(|X — pu| = ho] < Vh >0

1
h2

Proof : ther.v. Y = (X — u)? is positive and
E(Y) = o2

So, by Markov’s inequality,

1
Pr((X — n)? = h%0?] < W



Classical probability distributions

Uniform distribution
o Definition
o Cumulative distribution function
o Moments
Normal distribution
o Definition
o Moments
o Properties
o Moment generating function
Multinormal distribution
o Definition
o Properties
Log-normal distribution
o Definition
o Density function
o Moments
Binomial distribution
o Definition
o Moment generating function
o Moments

- Poisson distribution
o Definition
o Moment generating function
o Moments
- Exponential distribution
o Definition
o Cumulative distribution function
o Moments
o Property



Uniform distribution

Definition : X~U(a; b) if X[Q] = [a;b],a <b
and

1
fx(x) = Ty 1407 (%)

Cumulative distribution function

0 if t<a
t—a )
Fx(t)= h—a lfaStSb
1 if t>0b
fot

Moments

1 b bk+1_ak+1
E(X*) = j K dx =
(¥%) b—al, X Tkt DO -a)

In particular,

E(X)=a;b
2
var(X)z%



Normal distribution

Definition : X~N (u; 0?) if
X[Q]=R, u€R,o0>0 and

1 1% — 2
e = e |5 () |

It is a density function (Poisson integral)

Densité normale

—N(©; 1)
—N(1,5;0,5)
—N(-1;1,7)

Moments

® Moments of odd order

E((X _ H)2k+1)

1 to
— f (x — H)2k+1e—§
V2o J_o
k 2
g2 f+°° 2k+1 yZdy
V2o Y-
=0
Consequences

EX)=wu
(and then E((X — w)**") = typ44)

Y1 =20

1/x—u

(%)de



¢ Moments of even order

1 400 _l(u)Z
Hap = — (x —p)*e 2o /) dx
\/27wj_
o2k yo 2% yz
=T, |, ¥ e zdy

O'2k

_m]k

L= [7 y?k ey /2dy
f+°° 2k—-1 ye‘yz/zdy
— f:ro‘f y2k—1 i (_e—yZ/z),dy

= [—y?et. g2 T

y—>—00
+(2k — 1) f_J:o y2k=2 o=y*/2 4,
=2k =1) Iy

b= @ = Dy
— (Zk —1DQk=3)..1-1,

(2K
= Jigr o

O.Zk

Uk = Elk
a2k (2kK)!

2ok o

— O'2k (Zk)'f+oo 1 _yZ/zdy

So,

M2k =0

Consequences

2k J—o0 \/_

2 20!
2k k!

var(X) = u, = o*

Uy



Properties

a) If X~N(u;02), then
aX + b~N (au + b; a’c?)

(the normal law is stable)
2 X—u
b) X~Nu;o°) & Z=T~N(0;1)

(standard normal r.v.)

Classical notations

fz(x) = p(x) Fz(t) = @(t)

Moment generating function

1/x—u
boo e A

2
ﬁf_me e o) dx

__1 f+ooe—$[x2—2ux+u2—2t02x]dx
V2mo

m(t) =

— 00

x? —2ux + p? — 2to*x
=x? = 2x(u + ta?) + p?
=x?—2x(u+to?) + (u+ to?)?
—(u+to?)? +p?
=(x—(u+ taz))z — 2tuc? — t?o*

=(x—(u+ taz))z — 202 (tu + tz:z)

262 1 [(+® _1(x—(utto?))’
m(t) = etz - j ez( o >dx

V2mo

t2o?
m(t) = et 2



Multinormal distribution

Definition

A random vector X = (X, X5, ..., X,;,) is
multinormal if any non trivial linear combination
of its componentsis a normalr.v. :

Forany a4, as, ..., &y, (atleast one a; is # 0),
then

m

z aka ~N

k=1

Properties

a) Arandom vector X is multinormal if and only
if there exist
- areal vector u
- a positive defined matrix V

such that the joint density function is given by

fx(x) = le,Xz,...,Xm (X1, X2 oov s X))

_ 1 : Ll — Dty —
- Jemm™dtm(v) exp[ 2(x WV (x H)]

where u is the mean vector and V' is the
variance-covariance matrix :

e = E(Xy)
(V)i = cov(Xj, X)

b) The probability law of the random vector X is
uniquely determined by the parameters u and
%4



c) If the components of a multinormal random
vector are uncorrelated, then they are
independent

Proof : consider the density with a diagonal
matrix

d) If the components of a random vector are
normally distributed, then the vector is non
necessarily multinormal

Counter-example : if X isanormalr.v.,
consider the random vector

Log-normal distribution

Definition : X~LN (u;0?) if
X[Q]=R¢, neR,o0>0, and

InX ~N(u;02%)
Density function
For t > 0,
Pr(X <t] =Pr[InX <Int] = Fy(Int)

And, for x > 0,

fx () = (Fy(nx)).
nx—uy 2
- o[22
1

fx(x) = Toagr XP ’—%(lnx_#)zl A (x)

o




0,25

0,2

0,15

0,1

0,05

Log-normal distrib® (mu = sigma = 1)

16

Moments

B(X9) = o 77k e [~ (222)] &

By using y = Inx,

o (2
(9) = g e o[22
= E(e")
where Y ~ NV (u; 02)

2 2

ko
E(X*) = my(k) = &2~

In particular,

2

E(X) =ée'"2

E(XZ) — eZ,u+202

=  var(X) = e2#to’ (e“2 - 1)



Binomial distribution

Definition : X~B(n;p) if X[Q] ={0,1,...,n},

neN, pel0;1] (q=1-p) and

Pr[X = k] = (Z) p (1 —p)nF

It is a probability law (Newton formula)

Moment generating function

Moments
Derivatives of the m.g.f.
m'(¢) = npe‘(pe’ +q)"""

m''(t) = npet(npet + q)(pe’ + q)" 2

uy = EX)=m'(0) =np
uy = E(X?*) =m"(0) = np(np + q)

E(X) =np
var(X) = npq
q—p
X)) = —
v 1Pq
1 —6pq

X) =
V2 npq



Poisson distribution Moments

Definition: : X~P(1) if X[Q] =N, 1> 0 and Derivatives of the m.g.f.
PL; "(t) = det A(et-1)
PriX =k] =e*— ) =Aete Aot
k! m" () = Aet(1 + Aet)ere 1)

It is a probability law (expansion of e?)
u; = EX) =m'(0) =1

pp = E(X*) =m"(0) =21+ 2)

Moment generating function EX)=2
var(X) =1
S Ak _ L
m(t) = Z etke—lﬁ Y1 (X) = Ja
k=0 1
—li (Aet)k Y2(X) =I
=e
|
&~ k!

_ oAMet-1)



Exponential distribution

Definition: : X~&(1) if X[Q] =R*, 2 >0 and

fx() = 2e™ - 1+ (x)
It is a probability law

Cumulative distribution function

Fy(®) = (1—e ™) 1x+(2)

Densité exponentielle (0,8 - 1 - 1,6)

2
——lambda = 0,8

1 ——Ilambda = 1
——lambda = 1,6

0 ‘ ‘

0 1 2 3 4
f.r. exponentielle (0,8 -1 -1,6)

1
——lambda = 0,8
——lambda = 1
——lambda = 1,6

O T T T




Moments

K\ — +Ook—Ax _k!
E(X)—/ljo x*e dx—l—k

In particular,

N

EX) =

var(X) = —

Property

The exponential r.v. has “no memory” : for
s, t>0,

Pr([X > 5 + t][[X > s]) = x> S £

Independence

Pr[X > s]

e —A(s+t)

e _AS

- Conditional probability

- Independence
o Independence of two events
o Independence of two sub-o-fields
o Independence of two r.v.

- Properties




Conditional probability

Let A and B be elements of F

Probability of A in the restricted set of possible
outcomes B, denoted by Pr(4|B)

{fﬂAw)=knPdAnB)

Pr(B|B) = 1
Pr(A n B)
PI'(AlB) = W

Independence

Independence of two events

The probability of A is not affected by the
occurrence of B :

Pr(4|B) = Pr(4)

Definition : Pr(A N B) = Pr(A4) - Pr(B)

Independence of two sub-o-fields
Let F; and F, be two sub-og-fields of F

F; and F, areindependentif, forevery E; € F;
and E, € F,, E;and E, areindependent:

Pr(E; N E,) = Pr(E,) - Pr(E,)



Independence of two r.v.

Ther.v. X; and X, areindependentif a(X;)
and g(X;) areindependent

Property

Ther.v. X; and X, areindependent if and only if

Fy, x,(t1,t2) = Fx, (t;) - Fx, (t2)

Properties

(without proofs)
a) If X and Y are independent, then
cov(X,Y)=0
E(XY)=EX)-E(Y)

var(X +Y) = var(X) + var(Y)

The reciprocal is not true :

X
Y —1 0 1
0 1/4 . 1/4
1 . 1/2

- The two r.v. are not independent (why ?)
-EXY)=EX)-E(Y)=0



b) Ther.wv. Xj, ..., X, are independent iff

Fy, ..x, (t1,itm) = Fx (t1) - .r Fx (tp)

c) Ther.v. Xy, ..., X,, areindependent iff

fxo oy, (s s tn) = fx, (61 = o fx ()

d) If her.v. X3, ..., X, areindependent, then

My 4+ 4 x, (&) =my () ..o my_(£)

el) If X;,...,X,, areindependentr.v. with
Xj~B(n;; p), then

m
z X; ~B(Zn;;p)
j=1

e2) If Xy, ...,X,, areindependent r.v. with
X]’V?(Aj), then

m
ZXJ ~P(24)
=1

e3) If X4,...,X,, areindependentr.v. with
Xi~N(u;; ajz), then

m
z X ~N (Zuy;2af)
j=1



Conditional expectation

w.r.t. an event
o Intuitively
o Definition
o Property
w.r.t. a partition of )
o Definition
o w.r.t. a discrete r.v.
o Property
w.r.t. a o-field (general case)
o Definition
ow.r.t.ar.v.
o Rules for handling the conditional
expectation
o Projection property
Conditional variance
o Definition
o Properties

w.r.t. an event

Let us consider ar.v. X suchthat E(|X]|) is finite
Intuitively
Let A be an event with Pr(4) > 0

If X is discrete, we want to define

E(X14) = ) xi Pr((X = x,]14)

k

We can introduce the conditional c.d.f.
Fx(t|A) = Pr([X < t]|A)

that has the same properties as the ordinary c.d.f.
and “define”

E(X|A) = j+ootdFX(t|A)



Definition
Let us consider the indicator r.v. of the event A

1 ifw€eA

1A:“’H{o if ¢ A

We define
E(X-1,)
E(X|A) = ———
(X|A) Pr(A)
Coherence with the intuitive definition for a
discrete X ?

0 ifwegA

X'lA:w'_){xk if w€ A and X(w) = x,

so that

E(X-1,)=0 +Zxk Pr([X = x,] N A)
k

Property
E(X-1,) = E(E(X|A)-1,)

Proof

The r.h.s. is equal to

E(X|A) - E(1,) = E(X|A) - Pr(4) = E(X - 1,)



w.r.t. a partition of ()

Definition

Let A ={44,...,4,, ...} a(discrete) partition of
Q with Pr(4;) >0 Vi

We define the conditional expectation as the r.v.
E(X|A) : w— EX|Ay) if w €A

Graphical representation for Q C R:

v

w.r.t. a discrte r.v.

Let Y be a discreter.v.

We define the conditional expectation asther.v.
EXIY) : o » EXI|[Y =yi])  if Y(w) = yx

Note : E(X|Y) does not depend directly on the

values y;, of Y, but on the generated partition
{lY =wl:k=12.} of Q



Property

For any union A of some elements of the
partition A = {44, ...,4,, ...}, then

E(X-1,) = E(E(X|A)-1,)
Proof

Denoting (k) the index values in the union 4,
ther.v. E(X|A) -1, is defined by

0 ifwgA

@ {E(XlAk) if w€ Ay for some (k)

And the r.h.s. is equal to

0 +;E(X|Ak) Pr(4y) = ;E(X 14,

=F X-ZlAk =E(X-1,)
Q)

w.r.t. a g-field (general case)

Definition
Let G be a sub-o-field of F

We define the conditional expectation as the r.v.,
denoted by E(X|G) such that a(E(X|g)) cg
and

VAE G EX-1,) =EEXI|G) " 14)

It is possible to proof that such a r.v. exists and is
“unique” : there may exist several r.v. Z and Z’
satisfying this property : 0(Z), o(Z') c F and

VAE GEXX-1,)=E(Z-1,) =EZ -1,
but then, Pr[Z #Z'] =0

Thus, from now on, we would have to consider
- r.v. defined outside of an event with null
probability (a “version” of the r.v.)
- equalities “almost sure” between r.v.



w.r.t.ar.v.

Let Y bear.v.

We define the conditional expectation asther.v.
EX|Y) = E(X|a(Y))

Note :as E(X|G) is G-measurable, E(X|Y) isa
function of Y.

Rules for handling the conditional expectation
(RO)If X =0, then E(X|G) =0
(RO) If X; < X,,then E(X{|G) < E(X5|G)

(R1) The conditional expectation is a linear
operator :

E(aX + bY + c|G) = aE(X|G) + bE(Y|G) + ¢

Proof : forany A € G,

E((aX +bY +¢) - 1,)
=aE(X-1,)+bE(Y -1,) + cE(1,)
= aE(E(X]G) - 14) + bE(E(Y|G) - 14) + cE(1,)
= E((aE(X|G) + PE(Y|G) +¢) - 1,)

(R2) E(E(XI9)) = E(X)

Proof : definition with A = Q



(R3)If X and G areindependent [= o(X) and
G independent], then

EX19) = E(X)
Proof : forany A € G,

E(X-1,) = EX) E(1,) = E(E(X) - 14)

(R4)If o(X) € G [Xis G-measurable], then
EX|G) =X
(X is considered as a constant w.r.t. §)

Proof : X isa G-measurable r.v. for which the
definition is satisfied



(R5) Generalization of (R4) “taking out what is
known” :if a(X) € G, thenforanyr.v. Y,

E(XY|g) = X - E(Y|G)

(R6) Tower property : if H is a sub-o-field of G,
then
E(EXIGIH) = EX|H)

Proof : forany A € H,

E{E[E(X|9)|H] 14} = E{E[E(X|G) - 1,]|H]}
= E{E[E(X - 1419)|H ]}
=E(E(X - 1,4]9))
=E(X-1,)
But
E(EX|H) - 1,) = E(E(X - 1,4]|7))
= E(X-1,)

(R7) Generalization of (R3) :if X isindependent
of G andif Y is G-measurable, then

E(h(X,Y)|G) = E(Ex(h(X,Y))|G)

where Ex(h(X,Y)) means that
- we fix Y, and
- we take the expectation w.r.t. X

(without proof)



(R8) Jensen inequality : if h is a convex function,
then

E(h(X)|9) = h(E(X]9))

Proof : for any x,, there exists a straight line
y = ax + b such that

{ h(xg) =axy+b
h(x)=ax+b Vx

Replacing x and x, respectively by X and
E(X|G), we get

{h(E(X|g)) = aE(X|G) + b
h(X)=>aX+b (*)

Taking conditional expectation of (*),

E(h(X)|G) = aE(X|G) + b = h(E(X|9))

Projection property

This property shows that E(X|G) is an “updated
version of E(X)”, given the informationin G

Let L?(G) be the collection of r.v. Y such that
o(Y) € G and E(Y?) isfinite (more than
E(]Y]) finite)

Projection property : If X is such that E(X?)is
finite, then E(X|G) is the element of L?(G)
which is closest to X in the mean square sense :

min E((X —Y)2) = E ((X _ E(X|g))2)

YEL?(G)

Proof: forany Y € L%(Q),

E((X —Y)?) = E((X — E(X|§) + E(X|§) — 1)?)
= E((x-E(x|))

+E((E(X|9) —Y)?)
+2E[(X — E(X]|9)) - (E(X|G) — V)]



But

E[(X -EX|®)  (EX|G) — V)]
= E{E[(X - E(X|9)) - (EX19) - NIG]}
= E{(E(X|9) - V) E[(X - E(X19))IG]}
= E{(EX|9) -V - [(EXI9) —EXID)]}
=0

Thus,

E((X —1)%)
= E((x ~E(XI9)") + E(EXIG) ~ 1))
> E((x - EXI9))°)

And we have equality for Y = E(X|G)

Conditional variance

Definition

var(X|G) = E ((X - E(X|Q))2 |9)
Properties
e var(X|G) = E(X?|G) — E*(XI9)
var(X|G) = E(X?|G) — 2E(X - E(X16) |G)
+E(E*(X16) |9)
= E(X?|g) — 2 E(X|G) - E(X|G)
+E2(X19)
o var(X) = E(var(X|§)) + var(E(X|5))

E(var(X16)) = E(X?) — E(E?(X|9))

var(E(X|9)) = E(E*(X19)) — E*(E(X|9))
= E(E2(X19)) — E*(X)



Stochastic convergences Definitions

- Definitions What does “X,, — X” mean?

o Almost sure convergence
a.s.

o Convergence in quadratic mean Almost sure convergence : X,, — X
o Convergence in probability
o Convergence in distribution pr(lim X, = X] —1
- Properties n—o
- Limit theorems and approximations qm
o Law of large numbers Convergence in quadratic mean: X,, — X
o Central limit theorem
o Approximations of the binomial law nlgnoo E(X,—X)*) =0

pr
Convergence in probability : X,, — X

Ve>0, lim Pr[|X,—X|>¢]=0
n—~oo

d
Convergence in distribution: X,, — X
(or convergence in law, or weak convergence)

Vi : Fx(t) continuous, lim Fy (t) = Fx(t)
n—>00



Properties

(without proofs)

a) The convergence in distribution is equivalent
to these two statements :

- For any continuous and bounded function h,
lim E(h(X,)) = E(h(X))
n—>00

- limy o my (t) = my(t) Vi

b) X, — X S
Xn qg.m. ¥ ﬂ

Xp—X—> X,, —X

Limit theorems and approximations

(without proofs)

Law of large numbers

If X{,X5,...,X,, ... isasequence ofi.i.d. r.v. with
finite mean u, then, when n — oo,

Xi+-+X, as
n

gL

Particular case : let A be aneventand f,(4) the
proportion of occurrences of A for n
independent realizations of the random situation ;
then,

f(4) — Pr(4)



Central limit theorem

If X{,X5,...,X,, ... isasequence ofi.i.d. r.v. with
finite mean u and variance o2, then, when

n — o,

1
X1+...+Xn_nu_E(X1+"’+Xn)_‘u
Vno - o/vJn

d
—>N(0;1)

Interpretation : with the former hypotheses, if n
is “sufficiently large”, then

X+ + Xy ~N(nu; no?)

Approximations of the binomial law
a) Poisson approximation

If n >0, p—>0 and np - 4 (> 0), then

d
B(n;p) — P(A)
b) Normal approximation

If n - oo and fixed p, then

B(n;p) —np

ynp(1—p)

Interpretation : with the former hypotheses, if n

N(0;1)

is “sufficiently large” and p not too close to 0
and 1, then

B(n; p)~N (np; np(1 — p))



