J. Appl. Math. Comput. @ CrossMark
DOI 10.1007/s12190-015-0932-4

ORIGINAL RESEARCH

Dynamics of hybrid switching diffusions SIRS model

Adel Settati' - Aadil Lahrouz! -
Mustapha El Jarroudi! - Moussa El Jarroudi?

Received: 5 July 2015
© Korean Society for Computational and Applied Mathematics 2015

Abstract The main aim of this paper is to study the effect of the environmental noises
in the asymptotic properties of a stochastic version of the classical SIRS epidemic
model. The model studied here include white noise and telegraph noise modeled by
Markovian switching. We obtained conditions for extinction both in probability one
and in prh moment. We also established the persistence of disease under different
conditions on the intensities of noises, the parameters of the model and the stationary
distribution of the Markov chain. The highlight point of our work is that our conditions
are sufficient and almost necessary for extinction and persistence of the epidemic. The
presented results are demonstrated by numerical simulations.

Keywords Stochastic epidemic model - Markovian switching - Extinction -
Stochastic persistence

1 Introduction

In recent years, mathematical models have been used increasingly to support pub-
lic health policy making in the field of infectious disease control. The first roots
of mathematical modeling date back to the eighteenth century, when Bernoulli [1]
used mathematical methods to estimate the impact of smallpox vaccination on life
expectancy. However, a rigorous mathematical framework was first worked out by
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Kermack and Mckendrick [2]. Their model, nowadays best known as the SIR model,
has been the basis of all further modeling [3-6]. The SIR epidemic model, classifies
individuals as one of susceptible, infectious and removed with permanent acquired
immunity. In fact, some removed individuals lose immunity and return to the suscep-
tible compartment. This case can be modeled by SIRS epidemic model studied by
many scholars (see, e.g., [3,7] and the references cited therein). For a fixed population
size, let S(¢) be the frequency of susceptible individuals, /(¢) be the frequency of
infective individuals and R(¢) be the frequency of removed individuals at time ¢. A
simple SIRS epidemic model is described by the following differential system:

dS(t) = [pu—uS@) — BSWI ) + yR(1)]dt,
dl(t) = [—(u+M)1@) + BSH)(1)]dt, (1)
dR(t) = [—(n+ y)R@) + 1 (1)] dt,

The meaning of parameters is as follows: u represents the birth and death rates, g is
the infection coefficient, A is the recovery rate of the infective individuals, y is the rate
at which recovered individuals lose immunity and return to the susceptible class. The
dynamics of system (1) has been discussed in [3] in terms of the basic reproduction
number Ry = % It is shown that if Ry < 1, the free-disease equilibrium state
Ey (1, 0, 0) is globally asymptotically stable. while Rg > 1, E¢ becomes unstable and

(1+1) (u+y) (Ro—1) A(uﬂ)(Rwl))
Blut+r+y) > But+r+y)

there exists an endemic equilibrium state E, (RLO
which is globally asymptotically stable.

In real situation, parameters involved with the model are not absolute constants and
always fluctuate randomly around some average value due to continuous fluctuation
in the environment. Hence equilibrium distributions obtained from the deterministic
analysis are not realistic rather they fluctuate randomly around some average value.
Lu [8] introduced stochasticity into the SIRS model (1) via the technique of parame-
ter perturbation. He replaced the infection coefficient S by B + 0‘2—?, where B is a
Brownian motion defined on the complete probability space (2, F, {F;};>0, P) with
a filtration {#;},>0 satisfying the usual conditions and o is the intensity of the noise.
So, the stochastic version of the deterministic system (1) is

dS@t) = [n—uS@) — BSWI{) +yR@)]dt —oSt)I(1)dB;,
dI(t) = [—(u+ 1))+ BSEO)I(t)dt +oS)I(t)dB;, 2)
dR(t) = [—(n+ y)R(@) + A (1)] dt.

Lu [8] showed the local stability in probability of the disease-free equilibrium Ej
under the condition

1
,3—(M+)»)+502<O. 3)
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Lahrouz et al. [9] improved the model (2) by supposing the saturated incidence rate
i +a11 and disease-inflicted mortality. They proved the uniqueness and positivity of the
solution and showed that the condition (3) is sufficient for the global stability in prob-
ability of Ey. they also established condition for the global stability in pth moment of
Ey. Recently, in [10], Lahrouz and Settati found the threshold between persistence and
extinction of the disease from the population. The technique of parameter perturbation
has been used by many scholars (see, e.g., [11-13] and the references cited therein).
However, this is not the only way to introduce stochasticity into the deterministic
model (2).

There is another type of environmental noise, namely color noise, say telegraph
noise [14—18]. Telegraph noise can be illustrated as a switching between two or more
regimes of environment, which differ by factors such as nutrition, climatic character-
istics or socio-cultural factorsfactors. The latter may cause the disease to spread faster
or slower. Frequently, the switching among different environments is memoryless and
the waiting time for the next switch is exponentially distributed. The regime-switching
can hence be modeled by a finite-state Markov chain. Let r () be Markov chain defined

in a finite state space S = {1, 2, ..., m} with the generator ® = (6,,)1<u.v<m given,
for § > O’ by
+8) = vlr(t) = Bud + 0(8), if ,
P(r(t 8) = U|r(t) — M) _ uv 0( ) 1 u ;é v (4)
1 9,4,45 O(S)a if u=v.

Here, 0,, is the transition rate from u to v while

Ouu = _zeuv~ (5)

UFv

In this paper, we set up a stochastic SIRS model in random environments using the
following stochastic differential equation under regime switching:

dS(t) = [ir@y = tryS(O) = BrioySOI(®) + vry RO dt = 01y S() 1 (1)d By,
d1(t) = [=(ro) + 2r )T @) + Broy SO ()] dt + 0, S() I (1)d By, (6)
dR(t) = [—(r@y + V) RO + e 1 ()] dr.

The mechanism of the SIRS epidemic model described by system (6) can be explained

as follows: Assume that initially, the Markov chain r(0) = i € S, then the model (6)
satisfies

dS(t) = [wi — niS@) — BSWIW) + viR®)]dt — 0;S(1)I(1)d By,
dI(t) = [— (i + A1) + B S (D] dt + 0; S (1)d By,
dR(t) = [~ (i + )R + A 1(1)] dt,

until 7 (¢) jumps to another state, say, j € S. Then the model obeys
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dS@t) = [j — ;S = B SOI() +y;R(®)] dt — o S)1(1)dBy,
dI(t) = [—(uj +2)I@) + B S (1)]|dt + 0;St)(1)d By,
dR(t) = [~(uj +y))R@) +2;1(n)] d1,

for a random amount of time until 7(¢) jumps to a new state again.

Since system (6) describes an epidemic model, it is critical to find out when the
epidemic die out from the population and when does not. As far as we know, there
are no persistent and extinction results for system (6). The aim of this work is to
investigate this problem. The remainder of the paper is organized as follows: In Sects.
2, 3 and 4, we study the extinction case of the SDE model (6) under different types
of convergence. In Sects. 5 and 6, we prove that the non-linear SDE (6) is persistent
under certain parametric conditions. In Sect. 7, we introduce numerical simulations
to illustrate the main results. Finally, we close the paper with conclusions and future
directions.

2 The global stability of the disease-free equilibrium state

In this section, we will discuss the extinction of SDE system (6) in order to provide
the threshold condition for disease control or eradication. We introduce the notation

R3 = {(x1, %2, x3)|x; > 0, i = 1,2,3}.
To begin the analysis of the model, define the subset
A= {xeRi; x1+x2+x3=1}.
System (6) can be written as the following form:
dX(t) = f(X(t), r(®)dt + g(X (1), r(t))d By, (N

where X (¢) = (S(¢), I(t), R(t)), B is a Brownian motion defined on the complete
probability space (2, F, {F;}r>0, P) and (r (¢));>0 is a right-continuous Markov chain
defined on the same probability space, taking values in the finite state space S =
{1,2, ..., m} and having the generator ® = (6yy)1<u,v<m defined as in (4) and (5).
With the reference to Zhu and Yin [19], the diffusion matrix is defined, foreach j € S
by

G(X, ) =g(X, Hg" (X, ) ®)

For use in rest of this paper, we introduce the generator £ associated with (7) as
follows. For each j € S, and for any twice continuously differentiable V (y, j),

1
LV ) = T DIV )+ 5Tr (87 (0 )TV 0L )g(X. )
+OMV (. )G,
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where
OV, I = D Ok (V. k) =V, ).
k#j.keS

To ensure that the model is well posed and thus biologically meaningful, we need to
prove that the solution remains in A. By the similar proof of Theorem 2.1 in [20] or
Theorem 2 in [9], we have the following theorem:

Theorem 2.1 The set A is almost surely positively invariant by the system (6), that
is, if (S(0), 1(0), R(0)) € A, then P ((S(t), I(t), R(t)) € A) = 1forallt > 0.

Withreference to Khasminskii etal. [21] and Yuan and Mao [22], we have the following
lemma giving sufficient condition for asymptotical stability in probability in term of
Lyapunov fuctions. We refer to Khasminskii et al. [21] for the precise meaning of
asymptotical stability in probability.

Lemma 2.1 Assume that that there are functions V € c? (R3 X S; R*) and w €
(R3 ; R+) vanishes only at E¢ such that

LV(x,j) <-wkx) VY(x,j)eRxS, )
and
lim infV(x, j) = oo. (10)
|x]—o00jeS

Then the equilibrium Eq of the system (0) is globally asymptotically stable in proba-
bility.

In what follows, we shall give a condition for extinction of disease expressed in terms
of the parameters of the model. To begin with, let us define the following quantities.
Forallx e Rand j € S,

1 1
Aj(x)z—iojzx2 +Bjx —(unj+eaj), and C; =A;()=Bj —pnj —*r;— 50,2-

an

Theorem 2.2 For any initial values (So, lo, Ro) € A. If B > 0]2 forall j €8, and

m
Z 7'[]' Cj < O, (12)
j=1
then the disease-free E of system (6) is globally asymptotically stable in probability.
Proof Let (S(0), 1(0), R(0)) € A. Let us define the Lyapunov functions
Vi(S. IR, j) = w1(1 — 2 + (k +aj)I* + w,R2, j €S, (13)
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where w1, k, w2 and a; are real positive constants to be chosen in the following. We
have

LV = 2w (1 — ) +2w18;SI(1 — S) — 2w1y;R(1 — )
1 1 1 1
F 107 S = <l + @)y +AIF + =k +a))B; ST
1

1 1
toc (57 1) wr oSt ~ 200 + v+ 200 1R

1
+I1x > Oilar —ay).
k#j.keS

Since §,1 € (0,1)and I <1 — §, we have, forall « > 1,
LV < 20101 = $)> + 20181+ +wio? I
1 11 1
- ;(K +aj)(uj+ Al + ;(K +aj)B;SI«
(1 20271 2
+§ - — 1)k +aj)ojSIc —2wy(uj+yj)R
1
+2(whj —ory)IR+ 15 D> Oplax —aj).
k#j,keS

Hence, by choosing wy < minjcg [wi—yf] , we get, fork > 1,
N J

5 , 1 1{ ko
LV) < 201 (1 = 8) =2w2(j +yj)R +;(K +aj)l P

1
2Bj +0})
aj

I, K
5.0 TAIS)+ - a Z Ojk (ak—aj))»
k#j.keS

where the functions A ; are defined in (11). One can easily show, that if §; > 01.2 then
the functions A are all increasing on (0,1), which means A;(S) < A;(1) and then

KW
K+aj

1 1
LVi = 22w (1 = 8)? =200 (pj + Y R® + —(k +aj)I 2B +0})

1 a;
—i—ﬂajz_ K+Jaj Z ij (ak—aj) ~|—Cj+ Z ij (ak—aj) s
k£j,keS k+j,keS
(14)

where C; = A;(1) is defined in (11). Since the generator matrix O is irreducible,
then for C = (Cy, ..., Cyy)T, there exists A = (ay, ..., an)? solution of the Poisson
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system [21]

m
A=—CH+ D 7Cj]|e (15)

where e denotes the column vector with all its entries equal to 1. Inject (15) in (14),
we obtain

1 1 Kw1
LVi = =2011j(1 = 8)? = 2wa(pj + V) R* + —(k +a)I* (K 2B+ o7)
J

1
+ o j+K+a Zn,c, +Zn,c,

(1>

—-Kj(1-S8) —KjR2—KJ3.I?. (16)

By (12), we can choose a sufficiently large «o such that

[
—07 E C; E C; 0.
I?eag 2k0 o+ Ko + aj i + sl i

Let us then choose « and w; such that ¥ > max{—min;cs{a;}, o, 1}, and

Kk + minjes{a;}

K (2 max;es{B;} + manES{sz})

0<w <—

1 2 aj m m
Xl}leaé( ﬂaf—i—/c—i—aj Cj—anCj +anCj ,

which means that the coefficients of (1 — $)2, 1% and R? in (16) are all negatives.
According to Lemma 2.1 the proof is completed. O

3 Almost sure exponential stability

Theorem 3.1 For any initial values (So, Iy, Ry) € A, the solution of the stochastic
differential equation (6) obeys

m 2 _2ni0?
lim sup ! log(1 —S8(t)+1(t) 4+ R(1)) < Zn'] (M) a.s., (17)

2
t—00 i=1 20j
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Moreover, if

2pL]
an Py <0,
J

then the disease-free E( is almost surely exponentially stable in A. In other words,
the disease dies out with probability one.

Proof Let us define the functions V2(S, I, R, j) =log(1 — S+ I + R) . By the It6’s
formula, we have

dvy = ﬁ (—1tr (1= 8) + 28,81 — pr I — (1t +2y,)R) dt
2
(s R) Y os iR
Since
1

—— (1 =8 — I — 2y:)R) < — 1,
—str1rr Ml )= ird = (r +2y)R) < —pir

we can easily obtain

SI B\  B*—2urc? 20,81
avs <202 (—21 r g 7 dB
2—( U’(l—S—i—I—i—R 20,2) L TS+ I+R

E
< B> —2u,0? di + 20,81
202 1-S+I+R

By integration, we get

tf B — 2502,
Va(t) < Va(0) + / ( re) ~ 2 ””)ds+Mt, (18)
0

207)

where

Iy _/’ 20,S(s)1(s) dBGs)
"7 Jo 1=S(s)+1(s) + R(s) '

We can easily show that the quadratic variation of M; satisfies

t 2
(M, M,] = / ( 20, S(s)1 (5) ) ds < 4max o).
0 1—S8@)+1(s)+ R(s) jes

Thus, by the large number theorem for martingales (see Mao [23]), we have

M
lim sup Tt =0 a.s, (19)

—0o0
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and by the ergodic theory of the Markov chain

1t Bl — 210 )07, —2ujo
limsup;/ ( r(s) - )9 (s) an Pj —=kjoj as. (20)
—>00 0 Gr(v) O'j

From (18), (19) and (20) we obtain the desired asseration. O

4 Moment exponential stability

Now, we present the following theorem which gives conditions for the moment expo-
nential stability of the free-disease equilibrium state of the stochastic model (6).

Theorem 4.1 For any initial values (So, Io, Ro) € A and p > 0, the solution of the
stochastic differential equation (6) obeys

" 2 202
llmsup ! logE[(l — S(t)+1(t)+R(t))”] < pZnJ ((ﬂjzal;ﬂ’])_’_ngjz)'

j=1 J

Zn, ((i) + 2p0j2) <0,

then the free-disease equilibrium state E( is pth moment exponentially stable in A.

2n

Moreover, if

Proof Let p > 0. From (18), we have

log((1 — S(t) + I(t) + R(1))?) < log((1 — So + Io + Ro)?) + pM,

2 2
+p /' Brisy = 21 ()95 ds.  (22)
0 ZUr(g)

By the ergodic theory of Markov chain, we have, for all ¢ > 0 and for all ¢ sufficiently
large

tf B2 — 2502 —2uio
/ r) — SO r(s) an BTN E ) 03
0 207) 207 2p

Combining (22) and (23) and taking expectation yields

22#,2

]E((l —S(t)—{—l(l)—l-R(t))p) (Z/ 1”/( 20]2 ])-‘rﬁ)’ E pM; (24)
(1 = So + Iop + Ro)? B T
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where pM, is a real-valued continuous martingale, with pMy = 0, having the
quadratic variation

t 20,8(s)1(s) 2 t
_ 2 2 2
M =p /0 (1—S(s)+1(s>+R(s>) ds =4p /0 oS

which implies, by using the ergodic propriety of r(¢),

m
[pM,] < p* 24711'0]2 + % t, forlargezr.

. . . _1 . .
Hence, the associated exponential of pM;, that is ePMi—> “’M’], is martingale. So, for
t sufficiently large, we have

E (eth) —F (e%[PM;]) < e%pz(zyzl“”j”j%r;ﬁ)t‘ (25)

Combining (24) and (25) yields

m ﬂjz'izuj(ﬁ 2 £
& ((1 — S+ 1(t) + R(,))p) 5 epz'i=l(n'i((2<’f)Hpg-")ﬂ’)t.

(1 — So + Ip + Roy)?

Then
) 1
lim sup  log E [(1 — S+ 1(t) + R(1))"]
2#
By letting ¢ — 0, we obtain the desired results. O

5 Persistence of the disease

Firstly, let us begin with the following proposition which will be useful in our study
of the persistence of SDE model (6).

Proposition 5.1 Let X and Y be two positive processus with initial values X and Yy
and satisfying the differential equation

dX (1) = (—a,0yX(0) + by Y (1)) dt, forall t >0, (26)
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where a; > 0 and b; > 0 are positives constants for all j € S. Then, we have

. max;esbj .
limsup X (f) < ——limsup Y (¢), 27
t—00 min;jesad; r—oo
. max;esd; . .
liminf Y () < ——— liminf X (¢). (28)
11— 00

minjeg bj 1>
Proof Let ¢ > 0 be sufficiently small. Then there exists #y such that for all ¢ > #,

Y({) <limsupY(¢) + ¢. 29)

—>0o0

From (26), we have

dX(t) + (mina;)X (t)dt < (maxb;)Y (¢t)dt.
JjeS jeS
By integration, we get
t . .
X (1) < (maxb)) / Y (5)e™Mnies DG ds 4 X (19)e ™S 4070 (30)
J€ 1)
From (29) and (30), we obtain

b .
X@) < % (]im supY (1) + 8) (1 _ e(mmjesaj)(to—l))
minjesa; t—00

+X(t0)e(minjeS aj)(to=1) (1)
By letting t — oo and ¢ — 0, we get the required assertion (27).

Similarly, from (26) we have for all sufficiently small ¢ > 0, there exists #, such
that for all r > ¢,

X() > Minjesb; (lim inf Y (1) — s) (1 - e(mﬁx.fesaﬂ“é—’))
maxjega;j \ 1—00
+X (1)e™mjes 4 o= (32)
and by letting t — oo and ¢ — 0, we obtain th desired assertion (28). O

Thereafter, we shall establish the persistence of disease under different conditions on
the intensities of noises and the parameters of the model. To begin with, let us define
thetwosets J> = {j €S, 8; > 012}, Jo={jeS Bj< ojz}, and recall the following
functions which will be used extensively in what follows,

1
Aj(x) = —Eajzxz +Bjx — (uj+aj), forallx € (0,1)and j €S. 33)
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Theorem 5.1 For any initial values (So, Iy, Ro) € A, if forany j € J-

Cj>0and > m;C;>0, (34)
JEJ>

where the quantities C; are defined in (11), then the solution of SDE (6) obeys
(a) limsup,_, o, S() > vy, a.s.,

(b) liminf; .~ S(t) < vy, a.s,
minjes(ij+y;)

(c) limsup,_, o, I(¢) > i) es (i +7,) Fmax 5 1 (1 —=w),as,
(d) liminf, o0 I (1) < maszlf,f,’f%’fnffﬁ,s (=), as,
() limsup,_,  R(1) > maxjeg(;ff;i%inﬁs (1= ), as,
(D) liminf, oo R() < m—iigasy j{;axjgg ~(—v), as,

where, for j € J, & and & are, respectively the unique positives roots, on (0, 1), of

Aj(x)=0 and D mjAj(x) =0,
JEJ>

and vi = min {&, minjc;_{&;}} and v = max {§, max;c;_{&;}}.

Proof (a) By the It6’s formula, we get from (6)

t

!
log(I(t)) = log(1(0)) —i—/o Ar)(S(s))ds —i—/o 0r(s)S(s)dB(s). (35)
From (34), we have for any j € J_,
Aj(0)=—(uj+aj) <0 and A;(1)=C; > 0. (36)

Then, for any j € J., the equation A;(x) = 0 admits a unique root &§; € (0, 1).
Moreover A (x) is increasing on (0, &;) and for all sufficiently small ¢ > 0, for any
J € Joand all x such that 0 < x <&; — ¢, we have

Aj(x)fAj(éj—8)<0. 37

Similarly, by (34), the equation > jer T jAj(x) = 0 admits a unique root & € (0, 1).
So, one can easily show that, for all sufficiently small & > 0, and x such that 0 < x <
& — g, we have

D miAjx) < D wiAjE —e) <O. (38)

Jj€J> Jj€J>

We now begin to prove assertion (a). If it is not true, then there is a sufficiently small
& > 0 such that

—>00

P (limsupS(z‘) < min HS, mijn{éj}] — 28) > 0.
je <
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Let us put
Q= [limsupS(t) < min {5, mijn{gj}} — 28] . (39)
JEJ<

—0o0

Hence, for every w € 21, there is a T'(w) > 0 such that
S(t) < min [E, mi]n{éj}]—8< 1 Vi>T(w), (40)
jed<

which means, for any s > T (w) such that r(s) € J-, we have
0<S@s) < Er(s) — & 41
Form (37) and (41) we have, for any s > T (w) such that r(s) € J-

Ar)(S()) < Ars)(Ers) — &) <O (42)

On the other hand, for any j € J-, the function A; is increasing on (0, 1). This
implies, by (40), that

Ar)(SG) = Ar(E—e)  Vs=T(w), r@s) e /- (43)

Moreover, by the large number theorem for martingales, there is a 2, C 2 with
P(27) = 1 such that for every w € 2,

t

1
lim = [ 0,(S(s)dB(s) = 0. (44)
0

t—oo t

Now, fix any w € €1 N 2y. It then follows from (35), (42) and (43) that, fort > T (w)

T (o) ‘
log(I (1)) < log(I(0)) + /0 Aoy (S(s))ds + /T s v 6 — e)ds

t t
+/ Lir(s)eso}Ars) Ers) — €)ds +/O 0r(5)S($)dB(s). (45)
T ()

By the ergodic theory of the Markov chain, we have,

. I
lim sup _/T( ) 1{r(s)eJE}Ar(s)(§ —e&)ds = Z wiAj( —e), (46)
w

t
t—00 jel

and

. 1
lim sup — / ety Ars) Eriey —&)ds = D~ mjAjE—e).  (47)
t—oo I JT(w) el
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From (37), (38), (44), (45), (46) and (47), we get
1
lim sup - log(1 (1)) = ZJ TiAj(E —€) + Z] wiAj(E —g) <0.  (48)
JEI> JE€J<

Whence lim;_, », I () = 0. On the other hand, form the third equation of (6) and (27),
wa have

. max s Aj .
limsup R(t) < ————— limsup I (¢). 49)
t—00 mlnjes(,uj + )/j) t—00

Hence, lim;_, oo R(#) = 0 and then lim;_, o S(#) = 1. But this contradicts (40). The
required assertion (a) must therefore hold.

(b) Similarly, if it were not true, we can then find an ¢’ > 0 sufficiently small such
that P (23) > 0, where

Q3 = [liminf S(t) > max [é, max{éj}] + 28’] .
t—00 jed-
Hence, for every w € Q3, there is a T’ (w) > 0 such that
S(t) > max HS, mz}x{;/}] +¢  Vi>T(w), (50)
jel<

As in (42) and (43), we can easily check, by choosing ¢’ > 0 sufficiently small that

Ar(s)(S(s)) > Ar(s)(‘i:r(x) + 8/) >0 Vs> T/(w), r(s)elJ., ShH

z miAjE+e)>0 and Ar(S() > Arny(E+€)  Vis>T(w), r(s)e€Js.
JjeJ=

(52)
By (51), (52) and similarly to (48), we obtain
1
lim sup —log(/ (1)) = S riAjE e+ > wiAE ) > 0.
11— 00 . .
JjeJ> jeJ<

Whence lim;_, », 1 () = oo. This contradicts I (¢) < 1. The proof of (b) is completed.
(d) By (a) and the factthat / + R = 1 — S, we have

liminf 7(¢) + liminf R(f) < 1 — min [E, min{Ej}] , a.s. (53)
t—00 t—00 jel<
By the third equation of (6) and (28), wa have

maxes(pj + ¥;)

liminf 7(¢) <
1—>00 mines A j

liminf R (7). (54)
11— 00
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Combining (53) and (54) we get the required assertion (d).
(c) Similarly to (d) , it follows easily by (27),(b)and I + R =1 — S.
(e)—(f) they follow immediately from R =1 — S — I, (a), (b), (c) and (d). O

Now, we make Theorem 5.1 more explicit in the tow following special cases.

Corollary 5.1 Ifforany j €S,

ﬁj > O'j2 and anCj > 0,
jeS

then the estimates (a)—(f) of Theorem 5.1 hold withvi = v, = &. Else if forany j € S,
Bj < sz and C; > 0,

then (a)—(f) hold with vi = min ;cs{&;} and vo = max;cs{§;}.

6 Positive recurrence

In this section, we show the persistence of the disease in the population, but from
another point of view. Precisely, we find a domain D C Ri which is positive recurrent
for the process (S(t), 1(t)). Generally, the process X; where X( = x is recurrent with
respect to D if, for any x ¢ D, P (tp < 0o) = 1, where tp is the hitting time of D
for the process X7, that is

rD=inf{t>O,XfeD}.

The process X7 is said to be positive recurrent with respect to D if E(tp) < oo, for
any x ¢ D.

Theorem 6.1 Consider the stochastic system (6) with initial condition in A. Assume
that

m
ZTL'J'CQ/ > 0, (55)
j=1

then there exists o > 0 such that (S(t), I(t)) is positive recurrent with respect to the
domain

s 1 11 1
D=jxeRxi+n=l,-<xy<l—-——<x<l-—1.
o o o o
Proof Consider the positive functions defined on (0, 1)> x S by
. 1 -
Y ((x1,x2), j) = . + o) x x,
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Here, 1 is a positive number sufficiently small satisfying % > —migw j» where @ =
je

(o1, ..., wm)T will be determined in the rest of the proof. The differential operator
L acting on the Lyapunov function v gives

1
LY((S, 1), j) = —n (; - w;) ST (= (uj + AT + B;ST)

1 1
+5n(+m) (— + w,-) ofSITN+ 57T D O — @)
n k#j.keS

n

1 1
+o} (— + wj) I ] (— + w,-) of !
n n

1
— (— +ZD'j) [71§572 (,LLj —/LjS—ﬂjS] + )/J'R)

1
1 ,—
:(l—l—nwj-)S 1" m E Ojk (o — @j)
T kst jkeS

1
+§(1+n)a}52+uj+xj—ﬂ,»s
2 5! 2072
+0jSI—T(uj—ujS—ﬂjSI+ij—ajSI )} (56)
Using S =1 —1 — R, we get, from (56),

LY (S, 1. j) = (1 +nw;) s~ [Mj +aj—Bj+ %5/2 + %na_% + > Oplmp—wmp+
k+#j,keS
_ 12y
1+77w'j k

Z Ojk(wy —wj)+ Bl +BjR +012S1
#j,keS

5! 2072
_ T(Mj—MjS—ﬁjSI—t-ij—ojSI )

= (L4+nw;) s~ {—Cj—i- > O — @) + Bl +BjR+07SI
k#j,keS

-1
+ Sn(—u,-+ujs+ﬂj31—y_,R+aj?512)+0(n)] (57)

Let S, I € D¢, which implies by S + I < 1 that either S < 1 or I < L. TFirstly, if
S < L thenfrom 7, R, I + R € (0, 1) and (57), we have

LYy((S. D). j) < (1+nw)) ST =Ci+ D Oj(my — ) + Bj + 07
k#j,keS

5! wi+Bi+o}
+ T(—M;+%)+O(n)]
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2
Mj-l—ﬁj—l—aj

therefore, for all « > max ; L and sufficiently small, we have
jes It

LY. D) < (Lnoj)a | =Ci+ D Opl@r —@)) + B+ 0]
k#j.keS

+
+ %(—u,- + %)+ O(n)} <-1. (58)

Secondly, if I < %, then, from —p; + ;S < 0 and (57), we have

LY(S. D), j) < (1L +nw;)s7H" |:—Cj + Z 0k (@y —ZITj)+,3jI+,3jR+(TJZSI
ke j keS

n s (,3~S1 - <R+02512) +Om)
” J Vi j n

2

_1,— Bj 9

< (o) ST =Ci+ > Ojlmi — @) + ’+Oj
k#j,keS

14 1 o}
+R(ﬁj —771)+m7(,8j+;)+0(77) :

For n sufficiently small such that 5 > MaXjes - ﬂ , we have

(,3]——) <0, forall jeS§,
n

then
LYy((S, D, ) < (L4+nm)) ST | =Ci+ > Ojp(m — )
k#j.keS
1 o} 1
+—\B+—)+0 + On) (59)

an o
On the other hand, the generator matrix ® is irreducible, then for C = (Cy, ..., c)T
there exists w! = (w1, ..., wny)! solution of the Poisson system [21]

m
Ow =C — anCj e, (60)
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where e denotes the column vector with all its entries equal to 1. Substituting (60) in
(59) yields

LY (S, 1), J)
| " 1 o} 1
< (1 ST — iCi+ — i+ — ) = @
< (1+nw;) ]Z_;n, J+an(ﬁ/+a)+ (a)+ (n)
(61)
One can easily verify that for 5 sufficiently small there exists ¢y = ao(n, @1, - .., @)
such that for all « > oy we have
i 1 o} 1
-> i+ —\Bi+-L)+0o(=)+0m <o, (62)
o an o o

which is allowed by the condition (55). Combining (61) and (62), we obtain in the
case when I < é such that 5 sufficiently small and & > o

2

- 1 o; 1
LYy (S, D), j) < (1+nw))a” _;ﬂjcj‘i‘a(ﬁj‘i‘gj)—i‘o (;) + OWm)

< —1. (63)

A

From (58) and (63), we have for n sufficiently small and ¢ > max (ao, max s
/4_,~+ﬂ,~+aj2
1)
LY ((S, 1), j) <—1, forall ((S,1),)eD xS. (64)

Now, Let (S(0), 1(0)) € D¢. Thanks to the generalized Itd6 formula established by
Skorokhod [24] (Lemma 3, p.104) and using (64), we obtain

E[y ((S(zp), I (zp)) . r(zp)] — ¥ ((S(0), 1(0)), r(0))
™
=E/0 Ly ((S@), 1(2)), r(2))dt
< E(zp).

Thus, by the positivity of ¥, one can deduce that
E(rp) = ¥ ((5(0), 1(0)), r(0)).

The proof is complete. O
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7 Examples and computer simulations

Let (r(#));>0 be a right-continuous Markov chain taking values in S = {1, 2} with the

generator
-1 1
o-(3 1)

Given astepsize A > 0, the Markov chain can be simulated by Computing the one-step
transition probability matrix P = ¢®. We refer the reader to Anderson [25] for more
details. Hence for A = 0.0001, the transition probability matrix and the stationary
distribution are given, respectively, by

P (0.9999 0.0001

0.0002 0.9998)’ (1, m) = (0.6667, 0.3333).

7.1 Extinction

Example 7.1 (C1 < 0 and C> < 0). To illustrate the extinction case of Theorem 2.2,
firstly we set

(1, m2) = (0.014, 0.015), (B1, B2) = (0.3,0.31), (y1,¥2) = (0.3,0.301),
(A1, 22) = (0.4,0.27), (01,02) = (0.1,0.2).
This implies that 71C| + m2Cy = 0.6667 x (—0.164) + 0.3333 x (—0.075) =
—0.1343 < 0. Hence, the extinction condition of Theorem 2.2 is satisfied. The com-

puter simulations in Fig. 1, using the Euler Maruyama method (see e.g., [26]), support
these results clearly.

Example 7.2 (C1 < 0 and C, > 0.) Let us choose

(11, 112) = (0.014, 0.01401), (B1, B2) = (0.3, 0.301), (y1,y2) = (0.3, 0.302),
(1, 22) = (0.4, 0.09), (01, 02) = (0.1, 0.2).

This gives w1 C1 +m2C2 = 0.6667 x (—0.1640)40.3333 x (0.0960) = —0.0773 < 0.

Then, the extinction condition of Theorem 2.2 is satisfied. The computer simulations
in Fig. 2, illustrates these results.

7.2 Persistence
Example 7.3 (C; < 0 and C; > 0). Let us choose

(11, u2) = (0.0142, 0.014), (B1, B2) = (0.302, 0.301), (y1,y2) = (0.3, 0.302),
(A1, X2) = (0.091, 0.4), (o1, 02) = (0.2, 0.11).
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P — — o
0.03
1.8H
0.025
1.6H
R 0.02
0.015 1.4
0.01 1ol
0.03
1
PRiupn U OO oo Tl
o 1 2 3 4 5

Fig. 1 Computer simulation of a single path of (S(¢), 1(r), R(¢)) for the SDE model (6) with initial con-
dition (0.975, 0.03, 0.02) and its corresponding Markov chain r(¢) using the parameter values of Example
7.1

2 - — n o
0.03 18
0.02 16
R
0.01 1.4
1.2
0.04
1 LU L} J —J
0.98 0 1 2 3 4 5
I 0 096 S 5

x10

Fig. 2 Computer simulation of a single path of (S(¢), 1(r), R(¢)) for the SDE model (6) with initial con-
dition (0.975, 0.03, 0.02) and its corresponding Markov chain r(¢) using the parameter values of Example
7.2

We compute 71C1 + m2C2 = 0.286 > 0 and B0 =2 Broa >2. Hence, on one hand,
the persistence condition of Corollary 5.1 is satisfied and the corresponding estimates
hold with & = 0.7168, that is, S(¢) rises to or above the level & = & = 0.7168,

I el =02326, & =0.0584] and R e [£];, = 0.2248, &, = 0.0506],

infinitely often with probability one, which is clearly illustrated by Fig. 3.
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0.65 I I I I I I I I I
0

0.25

0.2

0.15 - -

0.05 M ]
T T S T S

x10

0.25

0.2 R

.
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.
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01 N /\///\/\\\/\ /\\ \f

0.05

0 0.5 1 1.5 2 25 3 35 4 45 5
x 10°
2l
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1.6 H
1.4H
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. . . . . . . | .
0 0.5 1 15 2 25 3 35 4 45 5

x10°

Fig. 3 Results of one simulation run of SDE (6) with initial condition (0.975, 0.03, 0.02) and its corre-
sponding Markov chain r () using the parameter values of Example 7.3. Here, respectively, S(¢), I (t) and
R (1) rises to or above 0.7168, [0.2326, 0.0584] and [0.2248, 0.0506] infinitely often with probability one

8 Conclusion
In this paper, we extended the classical SIRS epidemic model from a deterministic

framework to a stochastic one by incorporating both white and color environmental
noise. we have looked at the long-term behavior of our stochastic SIRS epidemic
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model. We established conditions for extinction and persistence of disease which are
close to necessary. We also proved that the SIRS model (6) has a unique stationary
distribution and the ergodic property.

The results show that The stationary distribution (71, .. ., 7,,) of the Markov chain
r(t) plays a very important role in determining extinction or persistence of the epidemic
in the population. That is, if 7 () spends enough time in the states where C is negative,
then the epidemic die out speedily from the population. If r(¢) spends many time in
the states where C; is positive, then the epidemic will persists in the population if it
is initially present.

We have not been able to determine the nature of the epidemic model for the case
when Z’]’Ll 7;C; = 0, but the computer simulation shows that the disease would
die out after a long period of time, as we suspect. We have illustrated our theoretical
results with computer simulations. Finally, this paper is only a first step in introducing
switching regime into an epidemic model. In future investigations we plan to introduce
white and color noises into more realistic epidemic models such as the SEIRS models.
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