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A quasi-2D model of aerated flow over stepped slopes has been developed, taking
into account the non-uniform velocity profile and the air transport processes. The
paper presents the mathematical approach, the numerical model and its validation.

INTRODUCTION

Stepped linings constitute efficient alternatives to protect overtopped embankment dams
or spillways against erosion and cavitation. Steps permit in particular to reduce
significantly the residual flow energy. However, due to the complexity of the hydraulic
processes, flows over stepped slopes have been mainly studied on scale models, leading
to a panel of empirical laws closely limited to their tested domain. A general description
of such aerated flows is thus still lacking for designers to optimise stepped linings. For
this purpose, a quasi-2D model of aerated flow over stepped slopes has been developed,
resulting of a synergy between an experimental research conducted at LCH-EPFL and the
numerical experience in modelling two phase flows of HACH-ULg.

In order to model the 2D structure of the flow in the vertical plane, 2D vertical
(2DV) and 3D models have recently been presented by a few author, in particular
Benmamar et al. [1] who applied a 2DV model based on an implicit finite difference
scheme and the turbulent 3D simulation proposed by Chen et al. [2]. However, to model
the turbulent terms and the free surface, these models involve parameters which have not
yet been experimentally defined and they use assumptions which still have to be
validated. As a consequence, improved depth-averaged models for turbulent aerated
flows are of high interest because of their attractive compromise between realism and
cost-time efficiency. The paper presents the mathematical approach, the numerical quasi-
2D model and its validation with experimental results for various discharges in mild and
steep sloping stepped flumes of LCH-EPFL and HACH-ULg.

FLOW DESCRIPTION

Flow over stepped chutes is characterized by its highly aerated and turbulent structure but
also by its 3D pattern. This flow behaviour is briefly discussed in the following. More
details are given in André et al. [3].



Identically to smooth chutes, the flow along the stepped slope can be divided into
distinct regions (Falvey [4]). Near the dam crest, in the non-aerated region, the water
flow accelerates while its depth decreases and the turbulent boundary layer grows rapidly
with a smooth water surface. When the boundary layer reaches the surface, the turbulent
energy of the vortices is large enough to initiate natural air entrainment at the so called
inception point. The free surface becomes wavy and white with spray ejections making it
difficult to define its delimitation. In this partially developed aerated region, the air-
water mixture depth and the mean air concentration gradually increase till reaching an
equilibrium between head loss and gravity. In this fully developed aerated region, air
concentration at saturation, velocity and flow normal depth are constant from one edge to
another. The localisation of the regions, which depends mainly on the discharge, the
slope and the roughness, are defined by a set of empirical relationships proposed, among
others, by Matos [5] and Boes [6].

Compared to smooth chutes, steps increase significantly energy losses due to the
turbulent structures induced by the geometry of the bottom. Indeed, for a given chute, for
low discharge, the flow starts to jump from step to step (see Figure la) impacting the
downstream of the horizontal face, with or without a hydraulic jump development. This
nappe regime is the most efficient for dissipating flow energy. As the discharge increases,
air cavities fill progressively and the flow begins to slide over the pseudo-bottom formed
by the step edges (Figure 1b).

With increasing kinetic energy, 3D recirculating cells start to develop over the step
faces (Figure 1c), with the remain of a 2D internal jet deflected near the step edge. While
the velocity profile inside the step has a 3D complex pattern, above the pseudo-bottom
the velocity is quite uniform, in the mean slope direction. During this skimming regime,
head losses are mainly associated to the vortices as well as to the internal jet.

Both turbulent structures and air entrainment are essential to be taken into account in
the quasi-2D model since they have a direct effect on energy dissipation and on flow
depths, two relevant parameters for designers.
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Figure 1. Sketch of the three flow regimes: a) nappe, b) transition and ¢) skimming flow with the corresponding
pictures of the flow over the 30° stepped flume.



MATHEMATICAL APPROACH

Balance equations and flow computation

Despite the two-dimensional structure of the flow in the vertical plane, the most relevant
characteristics of the flow can be described with a depth-averaged technique. The
proposed numerical approach consists in applying an extended form of the shallow-water
equations, taking into account self-aeration processes, the uneven vertical velocity
distribution, and the macro-roughness dissipation effects.
The flow is modelled by the conservative Navier-Stokes equations, integrated on the
air-water mixture depth. The mass balance is written as follows:
0 0
at(ph)+ax(phU)—O, (1)
where p(x,t)=p,1-C)+ p,C= p,(1-C) represents the mixture density, with p, and
p, respectively the density of water and of air, # the mixture depth, U the depth-
averaged velocity, ¢ and x the time and space coordinates. Considering a frame of
reference inclined along the mean slope of the spillway, the following momentum
balance equation is obtained (André et al. [7]):
0
ot
with @ the mean slope of the pseudo-bottom, Z, the bottom elevation in the inclined
frame of references, 7, the bottom shear stress and p_ the Boussinesq coefficient,
representing the uneven velocity profile. Eq. (2) is based on one single hypothesis, stating
that the square of the velocity component normal to the pseudo-bottom can be neglected
compared to the square of the component parallel to the pseudo-bottom. This assumption
is commonly applied for shallow-water simulation on steep slopes (see for example
Berger and Carey [8]).
On the basis of the laboratory observations and due to the high flow velocity, it was
suggested to represent the air entrainment along the chute by a transport equation:
6_C +U O_C =S, 3)
ot Ox
with S, a source term and C the local depth-averaged air concentration. S, , the air
source term in Eq. (3), intends:
- to represent the air entrainment and detrainment processes as a function of the flow
conditions, the slope and the entrance condition (gated or crested structures),
- to satisfy the observed conditions i.e C = 0 upstream of the inception point and C
increasing downstream up to C = C,,, with C, the saturation air concentration.
For this purpose, the air source term is globally expressed by:
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with /“and [, calibrated constants with the experimental results, U,, the air bubble release
velocity of the diffusive term U ,C+/1-C derived from the depth-averaging of the
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diffusive model of Chanson [9]. For modelling the onset of air entrainment, m = 0 or
m = I respectively upstream and downstream of the inception point. The position of the
latter is given by an empirical relationship depending on the entrance type, the Froude
number and the chute slope. C, is also provided by experimental results.

The set of Eq. (1)-(3) can be further simplified considering that p = o, (1 -C ) and
S, is simply evaluated as a function of the difference between the local air concentration
and its equilibrium value: S, = -ml (C - Cu) (André et al. [7]).

Non-uniform velocity profile

Assuming a uniform velocity profile over the water depth is clearly too simplistic for
stepped spillway applications. Although still rather schematic, the velocity profile
considered here includes a recirculation below the pseudo-bottom level and is thus far
more realistic. The so-called Boussinesq coefficient o _ in Eq. (2), defined according to
the following integral on the cross-section 4,

p. = qizjj UdA (5)
A

enables to take into account this non uniform velocity profile. A diagram of the selected
profile is presented on Figure 2. At the pseudo-bottom, the interface velocity u, is given
according to experimental results. Above the pseudo-bottom, for z >r, the velocity of
the skimming layer is assumed to be non-uniform, characterised by 0,,,., a calculated
coefficient of uneven velocity distribution. The macro-turbulent structures of the flow are
thus indirectly incorporated into the model. According to the velocity profile sketched on
Figure 2, the longitudinal variation of p_ is given by:
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Figure 2. Non-uniform velocity profile assumed in the quasi-2D numerical model.

Friction modelling

Since the step topography is directly modelled in the momentum Eq. (2) and the flow
turbulent structures are indirectly modelled through the Boussinesq coefficient o in the
momentum balance, the losses term may be represented only by the shear stress effect
over the step. In this first approximation, the loss term, 7;, has been then modelled by the
Manning relation, Eq. (7) with n, the Manning coefficient, fitted in order to obtain
velocity and flow depth comparable to experimental data.
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with R, the hydraulic radius. If no wall effect is assumed, R, =/ (André et al. [7]). In
order to handle properly wall friction in a narrower flume, this expression has been
corrected : R, = bh/ (b + 2h), with b the spillway width. A goal of the present study is to
achieve results reflecting the observations, with a friction coefficient as close as possible

to the relevant value for the material (n = 0.013 to 0.016 s/m'” in the present case).

NUMERICAL MODEL

Numerical simulations have been performed with WOLF software, which has been
developed for several years at HACH. WOLF applies a finite volume technique to solve
quasi-2D and -3D free surface flows (Archambeau [10]). This solver of the depth-
averaged Navier-Stokes equations also allows to model sediment transport (Dewals [11])
as well as air entrainment, transport and detrainment. In the present applications, the time
discretization is based on a dissipative Runge-Kutta scheme to enhance the convergence.

VALIDATION ON MILD AND STEEP SLOPES

Mild slope (30°)

The quasi-2D model of aerated flow over stepped chutes model had been firstly applied
to the 30° gated flume (jetbox entrance as described in André et al. [3]), for transition and
skimming flow regimes, the most likely encountered in prototypes. The validation was
based on the experimental results concerning the free surface profile (waves amplitude
and period), the air concentration evolution along the chute, the longitudinal mean
velocity and the normal mixture depth in the uniform region.

The sensitivity analysis of the air source term S, of Eq. (4) gave realistic results for
the longitudinal variation of the air concentration with §, = -0.25m (C-C,) . In Figure
3a, the computed air concentration is compared with experimental results for skimming
flow (g, = 0.12 m%/s) and with the empirical formula of Boes [12] for a 30° gated or
crested stepped chute: C(X) =C, {1 —exp[—0.05(X +25)]} , where X =(x—L,)/H, and
L;, H,, respectively the longitudinal position and depth at the inception point.

If the implementation of the air transport equation permits the swelling of the flow
depth, it is not enough to cushion the topography impact on the free surface which
follows exactly the steps form (details in André ez al. [7]). Reaching a quite realistic free
surface shape has been provided by the addition of the correction coefficient o, in the
momentum equation. 0,, models indirectly the turbulent structures (recirculating cells and
internal jet effect):

- on the head losses term with a decrease of the Manning coefficient from 0.03 s/m
0.024 s/m'” if p,, is included in 7,

- on the waves amplitude of the free surface, in accordance with the observations. In
fact, for increasing discharges the waves amplitude decreases because the turbulent
structures of the steps are cushioned by the large skimming layer (see Fig. 1c).

1/3 to



Finally, the optimal numerical results were obtained for the set of equations
composed with the mass balance, the momentum balance with g, according to Eq. (6),
and with n = 0.024 s/m'” in 7, (with R, =h ). The computed mixture depth in the
uniform region is given in Figure 3b for ¢,,= 0.12 m*/s and 0.16 m?/s (skimming flow).

Since the computed flow depth and velocity are of same order of magnitude as the
measured ones, the computed residual energy is thus validated. In spite of these
promising results, the modelling of the 2D structures in the vertical plane still need to be
improved. In fact, the correction coefficient as defined herein still involves an
overestimated Manning coefficient and the waves of the free surface are still little out of
phase compared to observations.
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Figure 3. a) Air entrainment effect on the longitudinal variation of C, for ¢,=0.12 m%s; b) Computed uniform
mixture depth for ¢,~0.12 and 0.16 m%/s with g, given by Eq. (6) and n = 0.024 s/m'? (without wall effect).

Steep slope (52°)

The experimental flume of HACH-ULg (Collard [13]) is 52° steep and has a total height
of 2.034 m at the level of its ogee crest (Figure 4). The flume is 0.494 m wide and the
steps height is 0.03 m. The computation grid is composed of 1238 regular cells of
0.0038 m length with an integer number of cells for each step. The total discharge is
imposed at the subcritical upstream boundary when at the downstream of the computation
domain, no boundary condition is implemented since the flow is supercritical.
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Figure 4. Description of the 52° experimental flume of HACH-ULg and (box) meshing of one step.




In a first series of tests, the specific discharge is 0.0552 m3/s/m and the equilibrium
air concentration has been measured: C =0.56 . The most realistic results were obtained
for a Manning coefficient n =0.025 . Figure 5 presents a comparison between the
computed mixture depth and the measured values. Most numerical results are
satisfactorily similar to experimental data. The profile is correct at the spillway crest and
in the upstream part of the chute. Further downstream the mixture depth computed by the
numerical model appears slightly lower than the laboratory measurements. Nevertheless,
this discrepancy has no influence on the region downstream of the inception point and on
the uniform depth which remains in good agreement with experimental value. Results of
similar adequacy with experimental data were obtained for other discharges as well:
0.0449 m?/s/m, 0.0506 m3/s/m and 0.0607 m3/s/m.

Results on the longitudinal variation of the computed air concentration are very
encouraging. Indeed, as illustrated in Figure 6, computed values are in good agreement
when compared with Matos [5] empirical formula and with experimental values.
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Figure 5. Free surface for the discharge of 27.6 1/s (a) on the whole 52° steep flume (b) in the uniform area.

0.6 an 0,6 . +

0.5 B 0,5 —

|

0.4 // 04 "
Cos 7 c 03

0.2 —o— C (Exper) || 02 n

0.1 / C (Matos) | | o m  Experimental

Y Numerical
0.0 T T 00— mmEE B B— T T
0 10 20 30 40 0 5 10 15 20 25 30
Step number Step number

Figure 6. Depth-averaged air concentration profile along the chute. Comparison between experimental results
by HACH-ULg, Matos’formula and numerical results in the 52° flume, for a discharge of 27.6 I/s.

CONCLUSION

The presented numerical model for the description of the hydraulic behaviour of aerated
flows over stepped chutes of various slopes is based on the depth-averaged balance of
mass and momentum for an air-water mixture, and on a transport equation for the air
concentration. The consideration of the specific flow properties such as the coefficient of
uneven velocity profile has permitted to model indirectly the macro-turbulent structures
of the flow (recirculating cells and internal jet) and then their effect on the dissipation
process. This approach provides very promising results by predicting flow characteristics
quite close to the measurements. Still a higher accuracy will be achieved by further



developments of a more general description of aerated flows over macro-roughness. The
present developments provide already a tool of interest for the design of stepped chutes.
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