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Introduction

Goal

How to safely control a deterministic
system living in a continuous state space
given the knowledge of:

- A batch collection of trajectories of the
system,

- The maximal variations of the system
(upper bounds on the Lipschitz
constants).

Author: ArcCan — Wikipedia Commons
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Introduction

Formalization

« Deterministic dynamics: z¢+1 = f (xy,uy) t=0,..., T —1,
 Deterministic reward function: r; = p (z,u) € R

« Fixed initial state: xp € &

- Continuous state space, finite action space: X c R¢ U = {u®, ... ul™}

* Return of a sequence of actions:

T -1
Y (u(}, iy UT—1) € Z/{T} Jé;wu"m’uT_lj = Z p (x4, 'Ltf,)
t=0
e Optimal return;
* (©g,-- T —1)
Jr = max Jop



Introduction

The "batch" setting

 Dynamics and reward function are unknown

« For all actions u € U, a set of one-step transitions is given:

o L15)

Flu) _ { (m(u)-.fﬁ:: p(w) k. y(uj,k) }

k=1

y(u},k —f (m(ﬁ.-,},k-1 ’L-:) plu)k P (:.&,,:(’t-:},k1 ?L)



Introduction

Lipschitz continuity

e The system dynamics and the reward function are Lipschitz continuous

V(z,2') € X*,Vu € U, If (2, u) = f (2" 0]
lp(z,u) — p(x', u)l

Lyllz -

AN VAN

L,z — |

were ||.|| is the Euclidean norm over the state space.

« We assume that two constants L; and L, satisfying the above inequalities are
known.



Introduction

Compatible environments

 Compatible dynamics and reward functions:

V', 2" e X,Vu el
| f (=, u) .J”;u)|| < Ly||=" — 2" ,
)

£ :{f’:XxH—}X
| Vk € {1,. .n(u)}= f’(m{”)’kﬁu) _ f(:r':“:"k,u) _ ’y(“Lk

(V' :I”E.Jc’“v’uebf \
Er= X USRI et = ol ”u)|<L||r—r”||
vk e {1,...,n), o (xWF ) = p(z(0F 4) = p(u)k



Introduction

Compatible environments

 Compatible dynamics and reward functions:

Vo' 2" e X Yuel
| f (=, u) .J”;u)|| < Ly||=" — 2" ,
)

£ :{f’:XxH—}X
| Vk € {1,. .n(u)}= f’(m{”)’kﬁu) _ f(:r':“:"k,u) _ ’y(“Lk

(V' :I”E.Jc’“v’uebf \
Er= X USRI et = ol ”u)|<L||r—r”||
vk e {1,...,n), o (xWF ) = p(z(0F 4) = p(u)k

« Return of a sequence of actions under a compatible environment:

(g, u )
'}Tsff",p*)T 1 S pr’(mi,u;) 'TL+1 f(:r“u,:) Vit € {U' — 1}



Introduction

Min max approach to generalization

* Worst possible return of a given sequence of actions:

(g eyt 1) . (Ug, b —1)
L (F) = min B
T ) (ff“ﬁijﬁf}_xE; T:{Jr ,P}



Introduction

Min max approach to generalization

* Worst possible return of a given sequence of actions:

L{Hn,...,ﬂj" 1)(; _ Hli]]_ '}(UD-.;--:-[T l)
T ) (f’,p’jEﬁfFXE:; T:{Jr :p}
Our objective:
(ug,...,up_1) € argmax quu”""’uT ‘)(}'}

(ﬂn,...,'u-]" l}EuT
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Direct approach

Bounds from a sequence of transitions

* For a given sequence of actions, one can compute from a sequence of one-step
transitions which is compatible with the sequence of actions a lower-bound on the
"worst possible return" of the sequence of actions:

Lemma Let (ug,...,ur—1) € UL be a sequence of actions.
b — [ {on(e) ke mlte).ke o (ue)ke)]1T 1 T
Lf{t k= [(ir“ :I tj?r{u } Ljy{ t} ):|[:[] E F{'Mn._...,'ﬂ']" l}*
Then,
B(Fj T) i: Lé;uﬂ'."':au']" l}(F) :
with
T—1
B(‘F T) = [r{’“ft} ky o LQ | y[“a 1),k —1 :r(“i]'-kt‘ }
2 T ' k)
t=0
y(u .1)._k 1 - r[} .!
T—t—1



Direct approach

Maximal lower bound

* One can define a best lower bound over all possible sequences of transitions:

Bg{iﬁﬁw ")(}') = max B{F.7)

reFT
(g, o,ugq 1)



Direct approach

Maximal lower bound

* One can define a best lower bound over all possible sequences of transitions:

Bg{iﬁﬁw ")(}') = max B{F.7)

reFT
(g, o,ugq 1)

 Such a bound is "tight" w.r.t. the dispersion of the batch collection of data:

Theorem
G 08 MWy s ipiet) 1 YT, JRE= M8 _ Bl M- o Ga* (1)

where o*(F) is the smallest o such that

(u),k

Yu €U ,sup min ||z —z|| € a

reX ke{l,...n(=)}



Direct approach

The CGRL algorithm

* One can define a best lower bound over all possible sequences of transitions:

(g ,.n-,tt )
(ug, ..., up_,) € argmax  Beopr U (F)



Direct approach

The CGRL algorithm

* One can define a best lower bound over all possible sequences of transitions:

(g ,.n-,tt )
(ug, ..., up_,) € argmax  Beopr U (F)

* Finding such a sequence can be reformulated as a shortest path problem, and the
sequence can be found without enumerating all sequences. This is what the CGRL
algorithm does.



Direct approach

The CGRL algorithm

* One can define a best lower bound over all possible sequences of transitions:

£ 3 * {:Hn,...,ﬂ‘_‘r lj
(g, up_q) € argmax B JSn7 (F)
(wo,...,ur—1)EUT

* Finding such a sequence can be reformulated as a shortest path problem, and the
sequence can be found without enumerating all sequences. This is what the CGRL
algorithm does.

Properties of the CGRL algorithm

« The CGRL solution converges towards an optimal sequence when the dispersion of
the sample of transitions converges towards zero.
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The CGRL algorithm

* One can define a best lower bound over all possible sequences of transitions:
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« If an "optimal trajectory” is available in the batch sample, that CGRL will return such
an optimal sequence,



Direct approach

The CGRL algorithm

* One can define a best lower bound over all possible sequences of transitions:

£ 3 * {:Hn,...,ﬂ‘_‘r lj
(g, up_q) € argmax B JSn7 (F)
(wo,...,ur—1)EUT

* Finding such a sequence can be reformulated as a shortest path problem, and the
sequence can be found without enumerating all sequences. This is what the CGRL
algorithm does.

Properties of the CGRL algorithm

« The CGRL solution converges towards an optimal sequence when the dispersion of
the sample of transitions converges towards zero.

« If an "optimal trajectory” is available in the batch sample, that CGRL will return such
an optimal sequence.

« Computational complexity: quadratic w.r.t the size of the batch collection of
transitions.



Direct approach

The CGRL algorithm - illustration

The puddle world

CGRL

FQI (Fitted Q Iteration)

The state space is
uniformly covered by

the sample




Direct approach

The CGRL algorithm - illustration

The puddle world

CGRL

FQI (Fitted Q Iteration)

The state space is
uniformly covered by

the sample

Information about the
Puddle area is

removed




Menu

Il Reformulation of the original problem

- 2 relaxations schemes in the two-stage case



Reformulation

Reformulation of min max problem

Theorem (Equivalence). Computing the worst possible return of the
sequence of actions (ug,...,up_1) is equivalent to solving the problem:

(’PT(}", Lf: L,,xq,up,- .-, ’“T—l)) :

[Ker1 — Rerpa||” < L2 ||%e — R

Xp = T .

f‘t _i;t"l ‘:: Lz ||Xt—){tf|| I\G’ffflre {O..._,T
W N R T

Phsa]
min Iy,
I'g rr-1 €R t=0
iﬂ XmT_1 € X
subject to
By — -r{“'-}“i“*‘ < L? H 2@k * Yt k) € 10, T = 1} x {1.,
2

it—l—l — T'_,F(ul}’ki‘ it — ."i’f(ut)"kt‘ ,\?f(f, kt) = {'::].h “oe ._.T - ].} X {1* e

— ]_|{U.'.;_ — ’U.L?} ’

= 2|(U.'.1 — ’UEF} R




Reformulation

The two-stage case

(PoCF Ly Lz )

min g + Iy,
tg, 71 € R
Xp.X1 € X

subject to

2 2
IA‘D i .r(uﬂjr'l‘fﬂ {_: Lf}

2 2

2
(uo).ko %o — 2 (10):ko

2
=Ly

X1 — Y

f"[] e f"]_|2 < Li ||iﬂ — L‘:[]_HE if Upg = U1 ,

X0 = &I .

X0 — :I’,‘(unj’kn . Vko € {1, g
By — rk | < g2 %y — g0 " vk e {1,

2
,Vk.’-[] & {]..h

jn(ﬂn)} |

ijn(ul)} |

jn(ﬂn)} |




Reformulation

(P;[ug,ulj) ;
min r'g
g eR
Xg € X
subject to
5[ 2 ko || 2
‘f‘ﬂ T‘{un}’ of < LP Hig T(Mn}. g \?Ik‘[} - {L S *TI-‘(HG}} :
Xo = Xo
(p;"(ﬂm'ui}
min rq
r €R
X1 € X
subject to
Ak 2 iia gk 12
ful_r(“l}: 1 i:LﬂHil_m(Hl}: 1 -,-ll?fk]_ & {1=‘._?n(“l}} :
e |2 A g || :
‘f{l S y[uﬂ}ﬁ 0¥ {_: Llf ‘ ﬂ:u P J:(“’ﬂj:- 0 j‘g"k” E {1 *?l(uﬂ}}




Reformulation

Decomposition

Theorem  Let (ug,uy) € U?. If (£§,%§) is an optimal solution to (P’(“” e )

pew s . ; : (g u guuy smen  wem :
and (t],X3]) is an optimal solution to (?32{ ’ l}), then (£§,T3,X%X5,X37) s an

optimal solution to (’Pé““’u‘}).



Reformulation

Decomposition

Theorem  Let (ug,uy) € U?. If (£§,%§) is an optimal solution to (P’(“” e )

pew s . ; : (g u guuy smen  wem :
and (t],X3]) is an optimal solution to (?32{ ’ l}), then (£§,T3,X%X5,X37) s an

optimal solution to (’Pé““’u‘}).

Corollary The solution of the problem (’P;[“”’“l}) is

Ak Auo). ko uo ), ko
P = max p(uo).ko _ L ”:r:u — glwo)




Reformulation

Decomposition

Theorem  Let (ug,uy) € U?. If (T4, X)) is an optimal solution to (P’(“”’”l )
and (t],X3]) is an optimal solution to (?3’;{“”’“1}), then (£§,T3,X%X5,X37) s an

optimal solution to (’Pé““’u‘}).

Corollary The solution of the problem (’P;[“”’“L}) is

f'a = max _r(un),kn — Lp ”33'[] — j:{'un},kn
ko€ Lm0}

Theorem (P;(u”’u‘ j) is NP-hard.



Reformulation

Decomposition

Theorem  Let (ug,uy) € U?. If (T4, X)) is an optimal solution to (P’(“”’”l )
and (t],X3]) is an optimal solution to (?3’;{“”’“1}), then (£§,T3,X%X5,X37) s an

optimal solution to (’Pé““’u‘}).

Corollary The solution of the problem (’P;[“”’“L}) is

f'a = max _r(un),kn — Lp ”33'[] — j:{'un},kn
ko€ Lm0}

Theorem (P;(u”’u‘ j) is NP-hard.

Theorem The two-stage problem (’Pé““"u‘)) and the generalized T —stage
problem (Pp(F,Lys,L,, x9,uq,...,ur—1)) are NP-hard.



Reformulation

Decomposition

(772(-7'—¢ Lﬁ Lp1 Lo, Up, Ul)) :

min g + 11,
fo,f1 €R
Xp. X1 € X

subject to
g — puolko | < [2 |0 — aterbo * ko e sl
b —r0h [ < 12 lgy —ot0m | vk e {1, n0)
‘)‘:1 - y(“”j-‘k” i £ Lfr %o — z(%0)-ko ] ,Vko € {1?...11'1(““)} :

|f‘0 e f"]_|2 § Lg ||io — }7[]_”2 .if'u(] = U,

Xo = Ip -




Reformulation

Decomposition

(PQ(F, LJM Lpa Lo, Up, ul)) :

min g + 11,

fg,f1 €R
Xo, X1 € X

subject to

2
- g ).k 2 ||~ g ).k
o — r(t0):ko < Lp X0 — g (1o):ko

2
fl 2 .r(uljrkl| g Lf) | }AC]_ = :r(ﬂl).-k1|

(uo).ko

2
< 13 g — ot

‘5{1 —Y
|f’0 = f‘1|2 < Li ”io — }'E]_H2 if Ug = Uy ,

Xo =TI .

2

ko € {1
2

Wk, € {1

2
,Vk.’.(] S {1

_’n(“n)} :
3?1(“1)} :
’n(un)} 1

(P;(“Dﬂil)) ;

min )
fpeR
Xp € X
subject to
i) e |2 . wey |2
|f‘0 — .r(un), 0 < L:| %o — x(un}‘ 0 ko € {15 L ,Ti‘,(u(’)} )
Xp = g -
(P;(un'ul)) :
min T
1 eR
)A(]_ eX
subject to
e 2
|f-1 _r(iu)sful % LE,”)ACI _;L.(’u.l):kl ,Vkl c {1,...,Tl(ul)} ,
2 2
Hil —gkbe )l 2 L3 H-To — glradkall " ko e {1 ...n(““)} )




Reformulation

Decomposition

(PQ(F, LJM Lpa Lo, Up, ul)) :

min g + 14
fg,f1 €R
X0,X1 € X
subject to
(uodoko|* < 72 (u0)-ko |
- Un ) K P Up ) K
Pg — rihe/sro ng g — x'ehte ,Vko €

2 2
fl 2 .r(uljrkl| g Lf) | }AC]_ = :r(ﬂl).-k1|

(uo).ko

2 2
< 13 g — ot

‘5{1 —Y
|f’0 = f']_|2 < Li ”io — }'E]_H2 if Ug = Uy ,

Xo =TI .

...,n(““)} :
. ..3?1(“1)} :
: ..,n(““)} :

A \)
min o O
foeR % /:
Xog € X \9@
| o, Q
subject to (o) O
75
|f'o — plwdibel” < Ly %o — almodkell ik, e {1 ..... n(““)} g 2
Xo = 2o

subject to

2
plun)k < LE’ Hj‘cl _ plwa)k

-
2 2
Hj‘cl — y(“ﬂ)stH < L?f ”-T(: — l.(?m)-kn” ,

2
k1 € {1,...Jt(“1




Reformulation

Decomposition

(PQ(-F-:Lerpa-:r(hu(]aul)) : @

min g + 1,
f'[], f’]_ = ]R \6
Xo.X1 € X Q
subject to O

2
ko € {1,...,?’1(““)} :

,Vky € {1,...,?1(“‘)} :

2
o — .r(ﬂn).-kn 2 LZ g — :r(ﬂn).-r‘vn

rl B o r(ulj ';"l| g

xl_ r(ﬂl) |

2
‘xl _J )-ko < L2 H :r(’itn),kn ,Vk.’-(] < {17...,?’1(1[0)} .
|f’0 = I']_| < Li ”Xo — X]_H if ug = uy , (,P;(uo,m)) ; @
X0 = Zo . _ i
0 0 f-;nénR o 66 %
Xoe X Ay

Q
subject to O:/é/' GO

2 2
o= ] < 1320 - s hy € {1, n0} 2/
Ro =Xp .
('p;’(un,ui)) .
min T @
feR

X1 € X \ 5
subject to
k|2 K ||?
|f‘1—1“(ul)’ l| SLzHﬁl—;L‘(“l)’ lH ,Vkle {1,...$Tl(u] O

2 2
Hf{l — y(u")’kQH < L?f H.’L‘() = Jf(u“)‘k”H ,Vk[' € {1. . .’I’L(L )




Reformulation

Decomposition

(Pa(F, Ly, L

pam(huﬂaul)) :

min
fg,f1 €R
Xo.X1 € X

subject to

|f’0 = f']_| < L2 ”Xo — X]_H if Ug = Uy ,

~

Xo =TI .

2
fo — T(unj’kn Xg — :r(unj,kn ,Vko € {1
2
f‘ll 2 .r(uljrkl| g Lf) }AC]_ = :r(ﬂl):kl :Vk-l E {1
‘ 1~ J( uo):ko < L HXU T(“Uj ko ,Vk.’-(] < {1

T

(Pr(F. Ly, Ly wo, 10, ..

Jur—1)) :

g fr 1 €R =0
%o fp_,€X \6
subject to Q
~ (ue)ke|? 25 w) e || y
|rt — plued ‘| < Lp|xt—$(“‘)* tl (k) €{0,..., T —1} x { ,.“.71('0
2
Hi‘“ _ ks 2. . ‘r(ug),k:H’V t.k)ef{o,..., T -1} x {1 n(ul)}’

By — Fo|® < L2 ||%e — %o ||® V6 € {0,..., T — Loy = up},

[Rer1 = Resall® < LF [Re — ®ell® V2,8 € {0, T — 2Juy = wpr},

Xog = Zp -

(,P;(uo,m)) )

min

o O :
f‘o eR @ /
Xo e X
subject to 0
O”);
2
|I‘o — pluo), kol” < L§| %o — a0k | vk, € {15 . u")} /
Ro =Xp .
('P;(un’ul)) :
min Ty @
feR
X1 € X \ 5
subject to @
12 / )
|f.1 _ T(ul)sh < LZ Hﬁl _ ;L.('i;tl)lkl Yk € { ..... T?( O
HXl - J(u“) ko < L2 H’I‘() i LI( )k” Vk[' S { .’I’L(L




Reformulation

t{wg.uy)

(Pye)
min i1 @&

1 ER

%1€ X \é
subject to

uy).ky

2 2
< Li”j’&l _m(ul)‘kl ,Vkl € {L---an(u]

|f‘1 —1"(

2
(ug), ko ,ng S {l,-»uﬂ'(L

2
< £ oo - w002

Hil—y




Reformulation

Building relaxation schemes

« We focus on the following (NP-hard) problem:

(PR

min rq
r{ R
X1 € X
subject to
Ak 2 & [I°
f;l_-r(“l}: 1 ELﬂ‘il—-’ﬂ(ul}’ 1 -,\?fkl & {15...?'!:-:[“1}} -_.
2=l 5 ko || % -
%, — ylwehko|l < L% ||zo — gluodkoll " o € {lj...,n(““}} :

 We look for relaxation schemes that preserve the nature of min max generalization
problem, i.e. offering performance guarantees

* We thus build relaxation schemes providing lower bounds on the return of the
sequence of actions



Reformulation

Trust-region relaxation scheme

 We keep one constraint of each type:

(',D,:,‘,'E;f”""”}(k:n, k:l)) ;

subject to

o |

X1

e

=

(u0),ko

2
ul}akl

min rq
r eR
X1 € X
2
< Li‘ B I[“L}ukl‘
2 2

< Lﬁ- ‘ To — .’I?(H”j’kn




Reformulation

Trust-region relaxation scheme

Theorem  Let us denote by B” to,t1), k”’kl(F) the bound given by the
resolution of (’P”(u”’ul}(k[}, ky)). Weshane:

B;gn,ul},kn,kl (}—) - T‘ (). k I!i[], kl) - r(ﬂ-l} kq

1

where

70 — a0kt

[yt = o]

%% (Ko, ky) = y(o):ko iz (y{un},kn _ m(ul},kl) if y(u0) ko £ (1) ks

and, if ylvo)ko = glui).ky X3 (ko, k1) can be any point of the sphere centered in
J(*‘“} ko = glua), k. with radius L||zg — x(40)-*o]|.



Reformulation

Trust-region relaxation scheme

.% ul),kl

ol




Reformulation

Trust-region relaxation scheme

Theorem  Let us denote by B” to,t1), k”’kl(F) the bound given by the
resolution of (?Df;(u”’ul}(k[}, ky)). Weshane:

1 (Ko, k1) — g(ur):k

1

M{uwp,u1).ko, k1 Uy
B> Mo (F) = plad

where

70 — a0kt

(wo)ko — p(ur)kr
|y |

i;(k‘n, r'il) =% ‘y(u”j’k” + Lf (ytuﬂ)skn = m('ul}:kl) if y[un):kn ?g m(ul):kl

and, if ylvo)ko = glui).ky X3 (ko, k1) can be any point of the sphere centered in
J(*‘“} ko = glua), k. with radius L||zg — x(40)-*o]|.

Definition (Trust-region Bound B(“”’ul} (F)).

V(uo,u1) € 1 Bé;“ﬁ’ulj(F) 25+ RS B;g:ﬂ:“L}:kﬂ-.kl (F).
ki€ {1,...,n(w1)}
k(] - {1 AT fTI(uD}}



Reformulation

Lagrangian relaxation

Imax
Alyes cydplg) € RE
:U*l: sl ‘.';un':'“'l} € R"‘

min
r e R
X1 € X

nv1)




Reformulation

Lagrangian relaxation

1(ug,uy)
(PLB™)
LD 3
max min rq
Aly.. A ERy F1 ER
:U*l: sl ‘.';un':'“'l} € R‘|‘ }Acl = X
nlv1) ) 9 ) g
g E Iy, (f-l _ r(“l}: 1) _ Li R r{ul). 1
k_l:l
(ug)
ﬂE ”: k 2 2 k 2
+ )‘.Lﬂ ‘ j‘tl _ y(ﬂ-ﬂ'}a 0 . LJ“ r[} . :r{ ﬂj:- 1] :
ko=1
g, . . :
Theorem (PLE"” “‘)) 1s a conic quadralic program.




Reformulation

Lagrangian relaxation

(PpSeti) .

max min rq

)\15...¢)\1{T1n:|EIR+ f‘]_EIR
ﬁf"’l:"".-,un': l}ER-I- }Ac]_EX

nv1)

QU . A :
Theorem (PL - ‘)) 1s a conic quadralic program.

Definition (Lagrangian Relaxation Bound B(“” “L}(F)).

\g“(’urnjfu_l) c uQ* (Lin ’EL]_}(‘F % f"‘ﬂa + BH(HD ul}(f)
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I Comparison of the 3 proposed solutions



Comparison

Direct approach vs Trust-region relaxation

Definition (CGRL Bound BY“%") (F)).
\G”(U(].,ul) & HE,

B £ max r(uo)ko _ [ (1+ Ly)
ki €{1,... .,'n(“l}}
k‘[] & {1 R ﬁﬂ[un}}

_|_.r{1.r:1},fﬁ:1 . LP Hy(un},kn - I(UI)-.JICI




Comparison

Direct approach vs Trust-region relaxation

Definition (CGRL Bound BY“%") (F)).
\G”(U(].,ul) & HE,

B £ max r(uo)ko _ [ (1+ Ly)
ki €{1,... .,n(“l}}
k‘[] & {1 R ﬁﬂ[un}}

+.r{u1},fﬁ:1 . LP Hy(un},kn - I(UI)-.JICI

Theorem

V(ug,u1) €2,  BUet(r) < i) (g,




Comparison

Trust-region vs Lagrangian relaxation

Lemma Let (ug,uy) € U? and (ko, k1) € {1,.“,:&(““)} 5 {1,....,11(“1}}.

H{T_[n “M_]_)(k‘{} ;

Consider again the problem (’P kl)) where all constraints are dropped

except the two defined by (kg, k:l).

(’P”(u“ “l)(k[},kl)) : min '
r; €R
X1 € X
2 2
subject to T — p(u1).k1 - :1:{“13-‘&1‘
12 2
%, —yluohkoll < L_?r ‘ xo — o) ko

Then, the Lagrangian relaxation of (’P;g’” ’“l}(k[},k‘l)) leads to a bound denoted

by B” to:t), k”’kl(}') which is equal to the Trust-region bound B;E&:“’“‘}’k”’k‘ (F),
i.e.

t{ug.uy ), ko .k -" ug,uy ), ko, ki,
s L Dt o O el T



Comparison

Trust-region vs Lagrangian relaxation

Lemma Let (ug,uy) € U? and (ko, k1) € {1,.“,:&(““)} b {lg....,n[“l}}.

Ff{'un '?Ll}(k{} :

Consider again the problem (’P kl)) where all constraints are dropped

except the two defined by (ko, k:l).

(PFI(HD ’iu,l}(k[h kl)) : min f'l
i €eR
X, €&
%2 2 w2
subject to f, — plumdk] < L2 |[%1 — plu1); 1‘
- 2 . 2
Ry — y(ﬂn),kn < L? H:r” — pluo).ko

Then, the Lagrangian relaxation of (P;%’” ’“l}(k[},kl)) leads to a bound denoted

by B” tgy41); k”’kl(f) which is equal to the Trust-region bound f?mun”u”}I 0 kl(.?:)g
i.e.

ngn:ﬂl}kn kl(}—) ;};n su1),Ko, 1"-1(}—) .

Theorem

V(ug,u1) €U?,  BYo(F) < Blow)(F),




Comparison

Synthesis

Theorem V (ug,uy) € U,

BSS (F) < Bye"(F) < BYS™(F) < L& (F) < ggom)




Comparison

 Dynamics:

e Reward function:

e |nitial state:

« Action space:

e Grid generation:

‘v’uEU,Féfj = {([ .

lllustration

V(r,u) € X x U,

V(z,u) € X x U,

z0 = 0.5772 x 1,

U = {0,0.1}

' 11 12 11 19
s y Uy P —y | U af | .U
i i1 i1

flz,u) =x+3.1416 x u x 1,4

« 100 batch collections of transitions drawn uniformly randomly

(ilriﬂ) € {]-1 cee :i}z}



Comparison

lllustration

Maximal bounds

Grid Uniform sampling
1.6 ' ; ' ' ' ' ' ' S . ! L —
H— : : ' : : g #
1.4} e ——
] it
i i

1,2 ¢ i
W W
o = 7]
it} 1r 7] o
Ly Ly
+ +
& &
L oat i °
1k} 1k}
= =

0B 4

2 Maximal bound - CGRL | 2 Average maximal bound - CGRL
O Maximal bound - Trust-region ! O Average maximal bound — Trust-region
0.4 7 Maximal bound - Lagrangian relaxation | 7 Average maximal bound - Lagrangian relaxation
] T Maximal return | * Haximal return
)
l::|+2 1 1 1 1 1 1 1 1 I:I 1 1 1 1 1 1 1 1
] 1006 150 2010 260 300 250 400 450 ] ] 1006 150 2010 260 300 250 400 450

Cardinality of the samples of tranzitions Cardinality of the samples of tranzitions
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lllustration

Returns
Grid Uniform sampling

1+5 T T T T T T T T 1‘,55 T T T T T T T T

1.45F . 1,5} N

L4y . — :: : a

1,451 N
(2] (2]
= =
2 L3 J i
i) i)
al c 1.4} N
= =
= 1.3n - =
[ [
o 51,351 |
£ 1,255 - o
z z
1.3k N
1.2¢ 2 Return — CGREL 7 Average return - CGRL
O Return - Trust-region b O  Average return - Trust-region

1.15% Return - Lagrangian relaxation | 1,25 ! Average return - Lagrangian relaxation -

' * Maximal return T Maximal return

1"1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

] 50 100 150 200 200 300 250 400 450 0 50 100 150 200 200 300 250 400 450

Cardinality of the zamples of tranzitions Cardinality of the zamples of tranzitions
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Conclusions and future work

(non) Conclusion

3.1,

(PT(FﬁLfﬂLpﬁ*T[hu(h-**-_‘U‘T_l)) . O
%

T—1
min Z T't, ®®
I ‘e f‘T_l = ]R t=0 \S\
Z

X e, Xp_1 € X

2
ke | (e, ky) € {0,..., T~ 1} x {1,...,n00 ),

L)
Xp— 2

2
s (’ug:l._;i:[ 2
Fe — 7 L

2
(1‘_[ ?}Jﬁ'g 2
k|| < 13|

By — By | < L2||%e — %o ||” V5 € {0,..., T — 1|uy = up},

IRe+1 — Repal|? < L3 ||%e — %o ||? V8,8 € {0,...,T — 2wy = up},

Xt+1 — Y

Xp = Ip .

2
B o :,-,;(uﬂ,m|‘=v(t,k,,) €{0,..., T—1} x {1,...,?’1{“‘}}7




Conclusions and future work

Future work

: T-stage reformulation
Stochastic-case

Exact solution for’ small dimensions

t. Infinite horizon
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