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The Roman Empire in 117 AD
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Deterministic RL

X C R4 U = {u(l),...,u(m)}

Reward function 7 = p (a4, us) € R

Return
T—1
¥ (ug, ..., ur—1) € U, J(ug, ..., ur_1) = Zp(a:t,ut)
t=0

Optimality Jx £ max J(ug, ..., ur_1)



Batch Mode RL

 Dynamics and reward function are unknown

* |nstead, we have access to trajectories (« bad

model »):
()
(W) — [k )k (u)k
a {(aj a A )}k:1
ORI (;I;W%’f,u) Pk — (xw),k,u)

Vu € U, n™ >0 F=FrOuy. urm



|_ipschitz Continuity

V(z,z') € X*,Vu el, If (z,u) — f (2", u)]| < Ly |z — 2|
p(z,u) —p(2',u)| < L,z — 2|

Lf,Lp c R



L ipschitz Compatibility

Vo', 2" e X,Yu el
CL=Xfxxu— x| { | u) - f " )| < Llla’ —2"|

Vk € {]., ceey n(u)}, f/(ZC(u)’k,’LL) — f(x(u),k:7 u) — y(U),k

Vo' x" € X Nuell
LO=p X xU—R[S (' u) —p'(a” u)] < Lylla" — ",

Vk e {1,...,nW}, o/ (z(WFk o) = p(z(Wk ) = )k

V(f',p') € L% x L5, Ty (ugs -y ur—1)

||
b\
Ch
S

CCllt—|—1 — f,(xévut)



Minmax Generalization

e Define:

B* (F,u0,...,ur_1) =
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 The minmax generalization solution is defined as:

(ug,...,ur_1) € argmax B* (F,u0,...,ur_1)

 Here, we focus on the min part



Minmax Generalization

(P(‘T:7 Lf7 Lp7x07u07 R 7uT—1)) .

T—1
min I,
rg ... rr7_1€R +—0
X ... X7_1€X
subject to
2 2
B, —rleh ke < L2 1%, — bk (it k) € {0,. .., T — 1} % {1, .. ,n<“t>} ,
(3.1)
ke || ke ||
)A(t_|_1 — y(ut>’ ¢ S L?c }A(t — Zl3<ut)’ t ,\V/(t, kt) ~ {O, ce ,T — 1} X {1, ce ,n(ut)},
(3.2)
B — fp|? < L2 ||%e — %o||? V0 € {0,..., T — 1juy = up'}, (3.3)
H)A(t_|_1 — )A(t/_|_1H2 S L?c H)A(t — }A(t/ H2 ,\V/t, t/ c {O, “. 71_1 — Q‘Ut = ut/} , (34)

}A(O — X0-. (35)
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Eric Kounce via Wikipedia
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Minmax Generalization

(P(F7 Lf7 Lp7 Lo, UQy - - - 7uT—1)) .

T—1
min T,
rg ... r7r_1€R +—0
X ... X7_1€X
subject to
2 2
p, — pluedke] < L?) % — xRl (k) € {0,..., T — 1} x {1, . ,n(“t)} :
(3.1)
2 2
Rep1 —y Pl < L3 |1%e — 2R V() € {0, .., T — 1} X {1, .. ,n<ut>},
(3.2)
# — fy|® < L2 % — %o || V6t € {0,..., T — 1|uy = up }, (3.3)
%1 — Rpp||? < L2 ||%e — %er||?, V8,8 € {0, ..., T — 2uy = up'}, (3.4)
f

)A(O — Xy. (35)




Minmax Generalization

 One can show that constraint (3.3) are redundant

LEMMA 4.1. Consider (t*,%*) € RT x X' an optimal solution to P (F, ug, . .., ur—_1).
Then, for all t,t" such that u; = uy,

TS A i S e

* In particular, this implies that optimal reward for the
first stage (t=0) can also be computed

LEMMA 4.2. The solution of the problem (P'(F,ug)) is

ry = max p(uo)sko L, on — gluo)iko




Minmax Generalization

(P"(F,ug, ..., ur_1)) :

T—1
min I,
r{ ... r7_1€R t—1
Xg ... Xp_1€X
subject to
2 2
B, —rleh kel < L2 N%, — gkl (g k) € {1,..., T — 1} X {1, . ,n(“t)} ,
(5.1)
2 2
}A(t_|_1 — y(ut)’kt < L?c }A(t — ZU(ut)’kt ,\V/(t, k’t) = {O, e ,T — 1} X {1, c o ,n(“t>},
(5.2)
|Re1 — Reqa || < L} 1% — %ol V8 €{0,..., T — 2uy = up'}, (5.3)
}A(O — XQ - (54)




Minmax Generalization

* We show that this problem is NP-hard

* Reduction from {0,1}-programming feasibility
oroblem

e \We then decide to look for relaxation schemes of
polynomial complexity

 We want these relaxation schemes to preserve the
philosophy of the original problem

e Lower bounds



Relaxation Schemes

e First approach: remove constraints until the problem
becomes polynomial

(PH(F, Uup, - . - ,’LLT_l)) .

T—1
min r;
I rr—1 €R t=1
X0 X7_1 € X
subject to
ke | 2 ke ||
p, — (), ‘ < 12 || & — 2 H (k) e, ..

> >
Xt1 — y(ut)’ktH < L7 || % — 2wk Hav(tv ki) € {0

Sl LTS B = 7 2 < s L =

}A(() e I (54)

" g - NPowANS ofenprld SN P s RIS LI o — A AT - obamaad vaoe = o
p _f R ; ..,7...,7 e o S . e o




Relaxation Schemes

 We get the « Intertwined Trust-Region » scheme:

(P}/TR(‘F7 Ug,y - - - uT—lal;‘Oa"-)]%T—l)) .

T—1
min Iy
r{,..., rr_1 €R t—1
X0y - X7_16€X
subject to
|2 2 Re||?
B — (ke " < 12 |lg, — g 0m) H te{l,....T—1} (5.5)

(Ut—l)algt—l

_ 2
xt_l—a;wt—l)a’ft—lH te{l,....T—1} (5.6)

Xt — Y

) ——————————
\V)




Relaxation Schemes

* This problem can be solved by induction. Define:

(Q/I/TR(-F/LLO;...,UJ'?I_CO)-"7kj)) :

max HX] — g(ug)k H
r{,..., f’j c R
b, S T X; € X
subject to
2 2
i — b < 12 g, — gm0k H te{l,....j;} (5.8
_ 2 2

% -yl D < 2 llg g sl B T re 1) 59)




Relaxation Schemes

LEMMA 5.2. The optimal solution D1 (ug,u1, ko, k1) to ( o n (F, uo, U1, ko, l_cl))
is given by

/7

ITR(UOvulal_COalgl) — XT(%O,/;J) — g(un)ka

)

where

CE‘O — x(u0)7E0

(y(uo)an _ x(ul),/_ﬁ) ify(uo),/_fo 7& x(fuq),E:

and, i]fy(uo)’];O — g(wa)k %% (ko, k1) can be any point of the sphere centered in gy (u0) ko —
()R with radius Lyl|zg — x(%o)ko||,



Relaxation Schemes

%f :l:(ul)v;:l

X5 (ko, k1)

A simple geometric algorithm to solve (Q'/ 1 (F, uo, u1, ko, k1))



Relaxation Schemes

LEMMA 5.3. The optimal solution to ( L (Fyug, .y, ko, .. /%J)) is given by:

YVt € {1, . ,j}, },\(:(%07 o ]Et) - y(ut—l),l_ct—l
5\(:_1(]%0, e ooy ];'t_l) — Qj(ut—l)algt—l
|‘y(ut—1)7Et—1 — plug),ky H

ify(ut—l),kt—l # x(ut)akt

+Ly

(y(ut—l),Et—l L x(ut)ylgt)

and, ify(“t—l)”gt—l = p(w)ske %5 (ko, ..., l%z) can be any point of the sphere centered in
ylue—1)ke—1 — g (we)ke ypith radius L ||&5_ (ko, . .. ke_q) — xlue=1)ke—1 ]|,



Relaxation Schemes

THEOREM 5.4. The solution to (P}’TR(]:, UGy« oo UT—1, K0, -+ IET_l)) is given by:
) ) T—1
B[TR(-F7U07---7UT—lyk07---7kT—1): f’;k
t=1
where
pr = ke LN (Ko, ... ) — ()R

5\(:('1_607 . kt) — y(ut 1),k -1
}2:_1(1607 « ooy kt—]_) — :Ij(u’t—l)algt—l

‘|y(ut—1)7Et—1 — m(ut)al_ft H

+L;

(y(ut—l)algt—l _ x(ut),Et)

ify(ut—l),l_ft—l # x(ut),%t

and, if y(ut ki1 — plue)ke ¢ “(ko, . . k’t) can be any point of the sphere centered in
glue—1)ke—1 — g(ue), ki with mdlus Ly|x5_ 1(k0, k) — alwen) k|



Relaxation Schemes

* One can look for the best bound among all possible
configurations

DEFINITION 5.5 (Intertwined Trust-region Bound Byrgr (F, ug,...,ur_1)).
BITR(Fa ug, - - - 7uT—1) é f'g
+ max }/TR(.F,U,(),...,UT_l,]{J(),...,kT_l).

I_CT_l c {1, e ,n(uT_l)}

]20 ~ {1, e ,n(UO)}



Relaxation Schemes

(PZD('Fv ug, - - - ,’LLT_l)) :

max min

A

vy € R rq,...,Tr_1 €R
)\t,kt € R }217”'75\(T—1 c X
Ht kK, c R

A

ry+---+Tr1+

5 2
n Z Lt &, ( ry — ’r(ut),kt — Li Xy — $(Ut) K+ )
(t k) E{L,., T—1}x {1,...,n(v0) }
2
+ Z At ks < Re1 —yl R — L2 %, — )k

(t,kt)e{1,...,T—1}><{1,...,n<ut>}

+ Z Vi ¢/ (||Xt+1 - Xt’+1” — L % — % | )

t,t'e{0,...,T—2|us=u,s }




Relaxation Schemes

* [he Lagrangian Relaxation provides a lower
bound on the optimal bound, in a polynomial time

DEFINITION 5.7 (Lagrandian Bound By p (F,ug, . ..,ur—1)). Let B} 5 (F,ug, ..., ur—1)
be the optimal Lagrangian dual of (P 5(F, ug,...,ur—_1)). Then,

BLD(F,’U,O,. .. 7UT—1) = I‘S +BZD(F,UO,. .. 7UT—1) :



Bounds Tightness &
Convergence

* Tightness
THEOREM 5.18. V (uq, ..., ur—1) € U*,

Bearro(F,uo, ... ,ur—1) < Brrr(F,ug, ..., ur—1)
< Brp(F,ug,...,ur_1)
< B*(F,ug,...,ur—1)
< J(ug,...,ur_1).

e Convergence as the sample dispersion of the sample of
trajectories goes to O

THEOREM 5.21. Y(uq, ..., ur—_1) € U7,
VB € {Begrr(F,uo, ..., ur—1), Birr(F,uo,...,ur—1), BLp(F,uo,...,ur—1)},
lim J(UQ,...,UT_l)—ﬁ:O.

a*(F)—0



Trajectories of Societies

Johanna Pung via Wikipedia
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Trajectories of Societies
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From Bad Moaels to
Good Policies

The Energy Transition Case



1. World primary energy
consumption

Non renewable

> 80% - < 20%

Renewable




2. Energy <-> Economy

e Recent research in Economics has shown that:

* The empirical elasticity (measured from time series among
OECD countries over the last 50 years) of the consumption of
primary energy into the GDP is about 60%, which is 10 times
higher that what is predicted by the Cost Share Theorem

Elasticity can be quantified as the ratio of the percentage change
In one variable to the percentage change in another variable

* There is a causality link between the consumption of primary
energy and the GDP in the direction Energy -> GDP

y =) $€
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Variation of the world oil consumption (red) and GDP per inhabitant (blue) - Data from the the
World Bank for GDP and BP stat for energy

Source (in French): Jean-Marc Jancovici, « L'économie aurait-elle un vague rapport avec I'énergie? », LH Forum,
27 septembre 2013



3. EROE]

* ERoEI for « Energy Return over Energy Investment » (also
called ERQI) is the ratio of the amount of usable energy
acquired from a particular energy resource to the amount of
energy expended to obtain that energy resource:

Usable Acquired Enerqgy

EROI =
Energy Expended

* The highest this ratio, the more energy a technology brings
back to society

e Notation: 1:X



Historic Oil and Gas Fields B e (Ee

Wind Energy Nuclear

Photovoltaic Energy

Bitumen from Tar Sands

% Energy Out

Corn-based Ethanol

The Net Energy CIiff

EROI:
B Net Energy for Society [] Energy Used to Procure Energy

Source: EROI of Global Energy Resources - Preliminary Status and Trends - Jessica Lambert, Charles Hall, Steve Balogh, Alex
Poisson, and Ajay Gupta State University of New York, College of Environmental Science and Forestry Report 1 - Revised
Submitted - 2 November 2012 DFID - 59717



Another Bad Model

* A discrete-time model of the deployment of
« renewable energy » production capacities

 Budget of non-renewable energy

vte{0,..., T—1},B; >0

dr > 0,37 > 0,3tg e R:Vt € {0,...,T — 1},

—(t—1tq)
1 e~ T

—(t—t 2
r<1—|—6 (To)>

Bt:




Another Bad Model

e Set of renewable energy production technologies:

vne{l,..., N},vte{0,...., T —1},R,+ >0

* Characteristics Ape >0

EROEInyt Z 0
* Deployment strategy

Rn,t—l—l — (1 = an,t)Rn,t Xy ¢ - [ 17 OO[



Another Bad Model

* Energy costs for growth and long-term replacement
vne{l,..., N}, vte {0,...,T — 1},
Cn,t (Rn,t7 CVn,t) Z 0 Mn t > O

, —

* Jotal energy and net energy to society

N
V€ {0,....T —1},E, =B+ Y Ry,
n—=1

N
St = By — (Z Chit(BRpt,0me) + Mn,t)

n=1



Another Bad Model

e Constraint on the quantity of energy invested for
energy production

vt € {0,...,T — 1},

1
012 Cnt(Rptyany)+ My < —E,

Ot




Another Bad Model

e Further assumptions

* Energy cost for growth is proportional to growth, and
done initially:

Ay, .
Cn,t (Rn,ta O, t) EROEtI ) @n,tRn,t 1f an,t Z 0

* Long-term replacement cost is (i) proportional and (ii)
annualized

1
M. (Bn.) = ERoE] tR 7t
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Another Bad Model

* |Increasing the EROEI parameter

Energy to society

—————————————————

t
vt €{0,....T — 1}, ERoEL s =9+ (12~ 9)



Good Policies?

* What kind of « good policy » can be suggested by such a
« pbad model »??

* Energy efficiency: « do better with less »

-> Lots of decision making under uncertainty problems to
solve here

* For people interested in Smart Grids: below is link toward
a simulator for Active Network Management (ANM)
developed by my colleagues at the University of Liege:

http://www.montefiore.ulg.ac.be/~anm/



http://www.montefiore.ulg.ac.be/~anm/
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