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Introduction

WeierstraB function.

+oo
Wi(x):= Z a" cos(b"mx), a€(0,1), ab> 1.
n=0
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Figure: Weierstraf3 function fora = 0.5 and b = 3
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Two questions.

WeierstraB function.
—+o0
W(x):= Z a" cos(b"mx), a€(0,1), ab> 1.
n=0

« Are there many such functions? Or is this example atypical?

=} F = E DAy
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WeierstraB function.
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W(x) = Za” cos(b"mzx), a€(0,1), ab> 1.
n=0

Two questions.

« Are there many such functions? Or is this example atypical?

+ Is it possible to characterize the local behavior of such functions?
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Introduction

WeierstraB function.

+oo
W(x) = Za” cos(b"mzx), a€(0,1), ab> 1.
n=0

Two questions.

« Are there many such functions? Or is this example atypical?

— Notions of genericity

+ Is it possible to characterize the local behavior of such functions?

— Holder exponent and multifractal analysis

Content of the presentation.
1. Notions of genericity
a) Residuality, prevalence and lineability
b) Denjoy-Carleman classes
2. Multifractal analysis

a) Hélder regularity and multifractal spectrum
b) Multifractal formalism

c) Leaders profile method

d) LY spaces
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Notions of genericity

+ Residuality. Let X be a Baire space. A subset M of X is residual in X if M
contains a countable intersection of dense open sets in X.
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Residuality,prevalence and ineabilty
Notions of genericity

+ Residuality. Let X be a Baire space. A subset M of X is residual in X if M
contains a countable intersection of dense open sets in X.

+ Prevalence (Christensen, 1974 / Hunt, Sauer, Yorke, 1992). Let X be a
complete metrizable vector space. A Borel subset M of X is shy if there exists a
Borel measure p on X with compact support such that

w(M+2)=0, zelX.

More generally, a subset V is called shy if it is contained in a shy Borel set. The
complement of a shy set is called a prevalent set.
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Residuality, prevalence and lineability
Notions of genericity

Residuality. Let X be a Baire space. A subset M of X is residual in X if M
contains a countable intersection of dense open sets in X.

Prevalence (Christensen, 1974 / Hunt, Sauer, Yorke, 1992). Let X be a
complete metrizable vector space. A Borel subset M of X is shy if there exists a
Borel measure p on X with compact support such that

w(M+2)=0, zelX.

More generally, a subset V is called shy if it is contained in a shy Borel set. The
complement of a shy set is called a prevalent set.

Lineability (Aron, Gurariy, Seoane-Sepulveda, 2005). Let X be a topological
vector space and p a cardinal number. A subset M of X is (dense-)lineable if
M U {0} contains an infinite dimensional vector subspace (dense) in X. If the
dimension of this subspace is 1, M is said to be 1i-(dense-)lineable.
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Notions of genericity Denjoy-Carleman classes

Existence of nowhere analytic functions. An example was given by Cellérier (1890)
by the function

@) = +§ sin(a™x) R
o nl
n=1

where a is a positive integer larger than 1.
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Notions of genericity Denjoy-Carleman classes

Existence of nowhere analytic functions. An example was given by Cellérier (1890)
by the function

f(2) = —i:.o sin(a™x) .
o nl
n=1

where a is a positive integer larger than 1.

Results.
- Genericity of the set of nowhere analytic functions in C>°([0, 1]).
+ Extension of these results using Gevrey classes.
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Notions of genericity Denjoy-Carleman classes

Existence of nowhere analytic functions. An example was given by Cellérier (1890)
by the function

f(2) = —i:.o sin(a™x) cER
o n!
n=1

where a is a positive integer larger than 1.

Results.
- Genericity of the set of nowhere analytic functions in C>°([0, 1]).
+ Extension of these results using Gevrey classes.

Question. Similar results in the context of classes of ultradifferentiable functions?
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Denjoy-Carleman classes
sequence.

An arbitrary sequence of positive real numbers M = (M},)ken, is called a weight

=} F = E DAy
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R
Denjoy-Carleman classes

An arbitrary sequence of positive real numbers M = (M},)ken, is called a weight
sequence.

Definition

Let Q2 be an open subset of R and M be a weight sequence. The space £, ((2) is
defined by

Enny () := {f € C>(Q) : VK C Q compact 3k > 0 such that || f||} ,, < +oo},

where

k

M |D* f(z)]

= sup sup ————.
171z keNo zek WM,

If f € Eqary(Q), we say that f is M-ultradifferentiable of Roumieu type on .
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Notions of genericity Denjoy-Carleman classes

Denjoy-Carleman classes

An arbitrary sequence of positive real numbers M = (M},)ken, is called a weight
sequence.

Definition

Let Q2 be an open subset of R and M be a weight sequence. The space £, ((2) is
defined by

Epy(Q) == {f € C®(Q) : VK C Q compact 3h > 0 such that ||f|\%h < 400},

where

k
M |D” f ()]
(= Sup Sup —5———.
||f||K,h k:ENO e hkMk

If f € Eqary(Q), we say that f is M-ultradifferentiable of Roumieu type on .

Particular case. The weight sequences (k!)ren, and ((k!)®)ken, With aw > 1.
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Notions of genericity Denjoy-Carleman classes

Definition
Let ©2 be an open subset of R and M be a weight sequence. The space &£;,)(2) is
defined by

Ean(Q) = {f €C>() : VK C Q compact ,Vh > 0, || f[|}, < +oo}.

If f € Ear)(£2), we say that f is M-ultradifferentiable of Beurling type on 2 and we
use the representation
En(Q) = proj proj Enrn(K)
kca h>o

to endow &£(»7) (2) with a structure of Fréchet space.
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Notions of genericity Denjoy-Carleman classes

Definition
Let ©2 be an open subset of R and M be a weight sequence. The space &£;,)(2) is
defined by

Ean(Q) = {f €C>() : VK C Q compact ,Vh > 0, || f[|}, < +oo}.

If f € £y (), we say that f is M-ultradifferentiable of Beurling type on 2 and we
use the representation
En(Q) = proj proj Enrn(K)
kca h>o

to endow &£(»7) (2) with a structure of Fréchet space.

Questions.
+ When do we have &3/} (22) € ) (2)?
+ In that case, “how small” is E;73 () in Eny (2)?

C. Esser (ULg) Regularity of functions: Genericity and multifractal analysis Liege — October 22, 2014 6/30



Notions of genericity Denjoy-Carleman classes

General assumptions.
+ We assume that any weight sequence M is logarithmically convex, i.e.
M? < My Mgy, Vk€EN.

It implies that the space £y (€2) is an algebra.
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General assumptions.
+ We assume that any weight sequence M is logarithmically convex, i.e.
M? < My Mgy, Vk€EN.

It implies that the space £y (€2) is an algebra.

« We assume that any weight sequence M is such that My = 1.
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Notions of genericity Denjoy-Carleman classes

General assumptions.
+ We assume that any weight sequence M is logarithmically convex, i.e.
M? < My Mgy, Vk€EN.
It implies that the space £y (€2) is an algebra.
+ We assume that any weight sequence M is such that My = 1.

« We usually assume that any weight sequence M is non-quasianalytic, i.e.

o0
> (M) 7HE < 4o
k=1

By Denjoy-Carleman theorem, it implies that there exists non-zero functions with
compact support in ¢y (R).
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Inclusions between Denjoy-Carleman classes

Notation. Given two weight sequences M and N, we write

M<aN —

1
. M\ *
&i&(m) -0

o = = E DA
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Notions of genericity Denjoy-Carleman classes

Inclusions between Denjoy-Carleman classes

Notation. Given two weight sequences M and N, we write

1
%
M<aN — lim (M) =0.
k—+oo \ Ng

Proposition
Let M, N be two weight sequences and let €2 be an open subset of R. Then
M <N <~ 5{M}(Q) - g(N)(Q)

and in this case, the inclusion is strict.
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Inclusions between Denjoy-Carleman classes

Notation. Given two weight sequences M and N, we write

1
%
M<aN — lim (M) =0.
k—+oo \ Ng

Proposition
Let M, N be two weight sequences and let €2 be an open subset of R. Then

M <N <~ 5{M}(Q) - E(N)(Q)

and in this case, the inclusion is strict.

Keys.
« If M < N, then there exists a weight sequence L such that M <t L <t N.

- There exists 6 € £y (R) such that |[D*0(0)| > Mj, for all k € No. In particular,
this function does not belong to &) (R).
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Notions of genericity

Construction
Definition

We say that a function is nowhere in £,y if its restriction to any open and non-empty
subset 2 of R never belongs to &gy (2).

o = = E DA
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Notions of genericity Denjoy-Carleman classes

Construction
Definition

We say that a function is nowhere in £,y if its restriction to any open and non-empty
subset 2 of R never belongs to &gy (2).

Proposition

Assume that M and N are two weight sequences such that M < N. If M is
non-quasianalytic, there exists a function of £y (IR) which is nowhere in &y}
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Notions of genericity Denjoy-Carleman classes

Construction
Definition

We say that a function is nowhere in £,y if its restriction to any open and non-empty
subset 2 of R never belongs to &gy (2).

Proposition

Assume that M and N are two weight sequences such that M < N. If M is
non-quasianalytic, there exists a function of £y (IR) which is nowhere in &y}

Idea. Construct a sequence (L(P))peN of weight sequences such that

M<]L(1)<]L(2)<]...<]L(p)<]...<]N_
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Notions of genericity Denjoy-Carleman classes

Construction
Definition

We say that a function is nowhere in £,y if its restriction to any open and non-empty
subset 2 of R never belongs to &gy (2).

Proposition

Assume that M and N are two weight sequences such that M < N. If M is
non-quasianalytic, there exists a function of £y (IR) which is nowhere in &y}

Idea. Construct a sequence (L(P))peN of weight sequences such that
M<]L(1) <]L(2) <]<]L(p) g---<N.

For every p € N, consider a function f, € £ (R) such that [ D* £, (0)[ > L,(f’),
vk € Np.
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Notions of genericity Denjoy-Carleman classes

Construction
Definition

We say that a function is nowhere in £,y if its restriction to any open and non-empty
subset 2 of R never belongs to &gy (2).

Proposition

Assume that M and N are two weight sequences such that M < N. If M is
non-quasianalytic, there exists a function of £y (IR) which is nowhere in &y}

Idea. Construct a sequence (L(P))peN of weight sequences such that
M<]L(1) <]L(2) <]<]L(p) g---<N.

For every p € N, consider a function f, € £ (R) such that | D* £, (0)[ > L®,
Vk € Ng. If {z, : p € N} is a dense subset of R, consider

+oo
f(x) = pr(ﬂf —z,)®p(z), z€R
p=1

where @, is a compactly supported function well chosen.
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Notions of genericity Denjoy-Carleman classes

Generic results
Proposition

Assume that IV and M are two weight sequences such that M <1 N. If M is non
quasianalytic, the set of functions of &, (R) which are nowhere in Eqmyis

* prevalent,

* residual,
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Notions of genericity Denjoy-Carleman classes

Generic results
Proposition

Assume that IV and M are two weight sequences such that M <1 N. If M is non
quasianalytic, the set of functions of S(N)(]R) which are nowhere in £,y is

* prevalent,

* residual,

Idea. The set of functions of £ ) (IR) which are nowhere in £,y is the complement of

U U U {f c&n(R): SléII)|Dkf<x)| < sm* My, Vk € No}.

ICRmeN seN

closed set with empty interior

proper linear subspace of £y (R)
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Notions of genericity Denjoy-Carleman classes

Generic results
Proposition
Assume that IV and M are two weight sequences such that M <1 N. If M is non
quasianalytic, the set of functions of &, (R) which are nowhere in Eqmyis
* prevalent,
* residual,

+ ¢-dense-lineable.
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Notions of genericity Denjoy-Carleman classes

Generic results
Proposition
Assume that IV and M are two weight sequences such that M <1 N. If M is non
quasianalytic, the set of functions of S(N)(]R) which are nowhere in £,y is
* prevalent,
* residual,
* c-dense-lineable.

Idea. Construct for every t € (0, 1) a weight sequence L) such that
M<aL®<aN and LY L@ ift <s.
Then, we have for every ¢t € (0,1)
MAaL® qLF) qL&) q...qL® qN

and we construct as before a function of £ ) (R) which is nowhere in ;73
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Notions of genericity Denjoy-Carleman classes

Generic results
Proposition
Assume that IV and M are two weight sequences such that M <1 N. If M is non
quasianalytic, the set of functions of S(N)(]R) which are nowhere in £,y is
* prevalent,
* residual,
* c-dense-lineable.

More with countable unions

Let N be a weight sequence and let (M("))neN be a sequence of weight sequences
such that M (™ < N for every n € N. If there is ng € N such that the weight
sequence M (") is non quasianalytic, the set of functions of S(N)(R) which are
nowhere in {J,,cy Ear(m ) is prevalent, residual and c-dense-lineable in &) (R).

Idea. Construct a weight sequence P such that

U €y () € Epy(Q) S Eny ().

neN
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Notions of genericity Denjoy-Carleman classes

An important example of ultradifferentiable functions of Roumieu type is given by the
classes of Gevrey differentiable functions of order aw > 1. They correspond to the
weight sequences

My, = (k!)a, keNg.
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Notions of genericity Denjoy-Carleman classes

An important example of ultradifferentiable functions of Roumieu type is given by the
classes of Gevrey differentiable functions of order a > 1. They correspond to the
weight sequences

My, = (k!)a, keNg.

Particular case of Gevrey classes

Let a > 1. The set of functions of &((x1)«)(IR) which are nowhere in £ (;1)s) for every
B € (1,a), is prevalent, residual and c-dense-lineable in & (z1)a) (R).

It suffices to take the weight sequences M (™) (n € N) given by
M = (k)P ke N,

where (8, )nen is an increasing sequence of (1, «) that converges to .
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Notions of genericity Denjoy-Carleman classes

An important example of ultradifferentiable functions of Roumieu type is given by the
classes of Gevrey differentiable functions of order a > 1. They correspond to the
weight sequences

My = (k!)a, keNg.

Particular case of Gevrey classes

Let a > 1. The set of functions of &((x1)«)(IR) which are nowhere in £ (;1)s) for every
B € (1,a), is prevalent, residual and c-dense-lineable in & (z1)a) (R).

It suffices to take the weight sequences M (™) (n € N) given by
M = (k)P ke N,

where (8, )nen is an increasing sequence of (1, «) that converges to a.

Proposition (Schmets, Valdivia, 1991)

Let a > 1. The set of functions of &((x1)«)(IR) which are nowhere in £ (;)s) for every
B € (1, @) is residual in g((kl)a)(R)
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Notions of genericity Denjoy-Carleman classes

Other results.

 Similar results have been obtained with classes of ultradifferentiable functions
defined using weight functions and weight matrices.

Perspectives.
+ What about the algebrability?
+ Other notions of genericity (such as porosity)?
* More with Pringsheim singularities?
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Multifractal analysis

Content of the presentation.

1. Notions of genericity

a) Residuality, prevalence and lineability
b) Denjoy-Carleman classes

2. Multifractal analysis
a) Holder regularity and multifractal spectrum
b) Multifractal formalism
c) Leaders profile method
d) L” spaces
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Holder regularity and multifractal spectrum
Holder regularity and multifractal spectrum

Recall. Is it possible to characterize the local regularity of an irregular function?
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Holder regularity and multifractal spectrum
Holder regularity and multifractal spectrum

Recall. Is it possible to characterize the local regularity of an irregular function?

Definition

Let f : R — R be a locally bounded function, « > 0 and = € R. The function f
belongs to the Holder space C'“(x) if there exist a constant C' > 0 and a polynomial
P of degree strictly smaller than « such that

[f(y) = P(y)] < Cly — |

for all y in a neighborhood of . Then, the Holder exponent h s (x) of f at z is defined
by

hy(x) :=sup{a >0: f € C%(x)}.

C. Esser (ULg) Regularity of functions: Genericity and multifractal analysis Liege — October 22, 2014 14 /30



Holder regularity and multifractal spectrum
Holder regularity and multifractal spectrum

Recall. Is it possible to characterize the local regularity of an irregular function?

Definition

Let f : R — R be a locally bounded function, « > 0 and = € R. The function f
belongs to the Holder space C'“(x) if there exist a constant C' > 0 and a polynomial
P of degree strictly smaller than « such that

|f(y) = P(y)| < Cly — x|

for all y in a neighborhood of . Then, the Holder exponent h s (x) of f at z is defined
by

hy(x) :=sup{a >0: f € C%(x)}.

WeierstraB function. hs(z) = —ll’zg‘;, Vo € R.

C. Esser (ULg) Regularity of functions: Genericity and multifractal analysis Liege — October 22, 2014 14 /30



Multifractal analysis Holder regularity and multifractal spectrum

» Since hs(x) can change widely from a point to another, we will characterize the
size of the sets of points which have the same local regularity.

+ The iso-Holder sets of f are B}, :={x € R: hy(z) = h}.
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Multifractal analysis Holder regularity and multifractal spectrum

» Since hs(x) can change widely from a point to another, we will characterize the
size of the sets of points which have the same local regularity.

+ The iso-Holder sets of f are B}, :={x € R: hy(z) = h}.
Definition
The multifractal spectrum d¢ of f is defined by
df(h) :=dimy Ep, Vh € [0,+o0],

with the convention that dimy ) = —oo.

— d gives a geometrical idea about the distribution of the singularities of f
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Multifractal analysis
Examples
1 1
0
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1.5
Riemann function

~logy(1 - p)

~loma(p)

Cascade
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Examples

Multifractal analysis

0.25 0.5 0.75 1 1.25 1.5
Riemann function
1

~logy(1 - p)

o ()

Cascade

Tiogall
o ol

) ~loga(1 - p2)

—loga(p2)

9 - lunl(m)
Sum of two cascades

o F = E DAy
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Examples

Multifractal analysis

0.25 0.5 0.75 1

1.25 1.5
Riemann function
1

~logy(1 - p)

o ()

Cascade
1

o~ omal =P —loma(i=p)

—loga(p2)

2
Sum of two cascades

0 1 i
0 “logy(1=p) 1 7 ~logy(®) M
Threshold of a cascade
=} (=2 = E DA
C. Esser (ULg) Regularity of functions: Genericity and multifractal analysis
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Multifractal formalism

A multifractal formalism is a method which is expected to give the multifractal spectrum
of a function, from “global” quantities which are numerically computable.
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Multifractal analysis Multifractal formalism

Multifractal formalism

A multifractal formalism is a method which is expected to give the multifractal spectrum
of a function, from “global” quantities which are numerically computable.

Several multifractal formalisms based on a decomposition of f € L?([0,1]) ina
wavelet basis
271

f= Z Z ¢ ki + C

jENg k=0

have been proposed to estimate d s, where the mother wavelet ¢ belongs to S(R).
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Multifractal analysis Multifractal formalism

Multifractal formalism

A multifractal formalism is a method which is expected to give the multifractal spectrum
of a function, from “global” quantities which are numerically computable.

Several multifractal formalisms based on a decomposition of f € L?([0,1]) ina

wavelet basis _
271

f= Z Z ¢ ki + C

jENy k=0

have been proposed to estimate d s, where the mother wavelet ¢ belongs to S(R).

Characterization of the Hélder exponent using wavelet coefficients
If f is uniformly Holder, the Holder exponent of f at x is

oo 0 10g(|C] k|)
7(z) ;Eligo ke{o,l,.r,l,zj_l} log(2=7 + |k2=9 — z|)

Advantage. Easy to compute and relatively stable from a numerical point of view.
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Multifractal analysis Multifractal formalism

* The Frisch-Parisi formalism (1985) and the classical use of Besov spaces lead to
a loss of information (only concave hull and increasing part of spectra can be
recovered).
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Multifractal analysis Multifractal formalism

The Frisch-Parisi formalism (1985) and the classical use of Besov spaces lead to
a loss of information (only concave hull and increasing part of spectra can be
recovered).

Wavelet leaders method (S. Jaffard, 2004): Modification of the Frisch-Parisi
formalism using the wavelet leaders of the function instead of wavelet coefficients.
— Detection of increasing and decreasing parts of concave spectra.

Introduction of spaces of type S¥ (J.M. Aubry, S. Jaffard, 2005), based on
histograms of wavelet coefficients.
— Detection of concave and non-concave parts of increasing spectra.

Combination of the two previous methods to obtain the leaders profile method
and the spaces of type L”.
— Detection of increasing and decreasing parts of concave and non-concave
spectra.
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Wavelet leaders

Standard notation. For j € Ny, k € {0,...,27 — 1},

| ok
A(j,k);:{xeR:?x—kE[0’1[}:[f’ ;; >

and for all j € Ny, A; denotes the set of all dyadic intervals (of [0, 1)) of length 277.
If X = A(4, k), we use both notations ¢; 5, or c) to denote the wavelet coefficients.
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Multifractal analysis Multifractal formalism

Wavelet leaders

Standard notation. For j € Ny, k € {0,...,27 — 1},

) ko k+1
MG, k) ={zeR: 272 —ke[0,1]} = [23;>

and for all j € Ny, A; denotes the set of all dyadic intervals (of [0, 1)) of length 277.
If X = A(4, k), we use both notations ¢; 5, or c) to denote the wavelet coefficients.

Definition
The wavelet leaders of a function f € L%([0, 1]) are defined by

dy = sup |C)\/|, )\GA]‘, 7 €Ng.
A'C3A

— their decay properties are directly related with the Hoélder exponent.
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If 2 € [0,1), let \;(z) denote the dyadic interval of length 277 which contains .
X
\
(0,0)
©0,1)

k
I (1,0
(1,1) 21) (31)
j 02) 12) @2 “2) 5.2) 62) (7.2)

o = = E DA
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Multifractal analysis

X
|
©,0

(0,1)

If 2 € [0,1), let \;(z) denote the dyadic interval of length 277 which contains .
k
T

(1,0)
(1,1 (2,1)
j 0,2) (12)

(61)

(5,2) 6,2) 72)

o = = E DA
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If 2 € [0,1), let \;(z) denote the dyadic interval of length 277 which contains .
X
\
(0,0)
©0,1)

k
I (1,0
an @n [e2))
j ©) | a2 62 | 62 | 02

o F = E DAy
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I
wy
j ©2)

If 2 € [0,1), let \;(z) denote the dyadic interval of length 277 which contains .
X
\
(0,0)
©0,1)

(1,0)
2,1)
1,2)

(61)

(5,2) 6,2) 7,2)

Holder regularity and wavelet leaders

If f is uniformly Holder, the Holder exponent of f at x is given by

log d
hy(xz) = liminf kel
Interpretation.

j——+oo lOg 2
—hs(@)j
@) ~ 2 . -
[} (=2 = = A2 N Ge
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Method based on & spaces

The wavelet profile v of a locally bounded function f is defined for every h > 0 by

1 AeN; o ey > 27 Fe)
ve(h) := lim limsup o8 #{ J |c>\| — }
=0T jtoo log 27

Interpretation.
« There are approximatively 2* ()7 coefficients greater in modulus than 27,
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Method based on & spaces

The wavelet profile v of a locally bounded function f is defined for every h > 0 by

1 AEA; : Jey| > 27t
ve(h) := lim limsup o8 #{ J |c>\| — }
=0T jtoo log 27

Interpretation.

- There are approximatively 2v/ ("7 coefficients greater in modulus than 2~"7.
Properties.

* vy is aright-continuous increasing function.

* vy is independent of the chosen wavelet basis.

« If f is uniformly Hoélder,

Vi vy (W) <
ds(h) < d”(h) :=mindh sup o , 15, Vh>0.
h'€(0,h]
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Definition
Take 0 < a < b < +o0. A function g : [a, b] — [0, +00) is with increasing-visibility if g
9w ~ g

is continuous at a and sup, ¢, 41 *,~ < % forall z € (a, b).

In other words, a function g is with increasing-visibility if for all z € (a, b], the segment
[(0,0), (x, g(x))] lies above the graph of g on (a, x].

1

Example of v (---) and "/ (—)

— The passage from vy to d”/ transforms the function v into a function with
increasing-visibility.
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Definition
Take 0 < a < b < +o0. A function g : [a, b] — [0, +00) is with increasing-visibility if g
9w ~ g

is continuous at a and sup, ¢, 41 *,~ < % forall z € (a, b).

In other words, a function g is with increasing-visibility if for all z € (a, b], the segment
[(0,0), (x, g(x))] lies above the graph of g on (a, x].

ol
0 hinaa

Example of v (---) and "/ (—)

— The passage from vy to d”/ transforms the function v into a function with
increasing-visibility.
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Multifractal analysis Multifractal formalism

Particular case
Assumption. Assume that the wavelet coefficients of f are given by ¢y = p(\) where

w is a finite Borel measure on [0, 1] .

Notation. Let f3 denote the function with wavelet coefficients given by cf =27hic,.
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Multifractal analysis Multifractal formalism

Particular case

Assumption. Assume that the wavelet coefficients of f are given by ¢y = p(\) where
w is a finite Borel measure on [0, 1] .

Notation. Let f3 denote the function with wavelet coefficients given by cf =27hic,.
In this case, one has

* dy,(h) =dg(h—B)forallh > 3.
* Vs, (h) =vy(h — @) forall h > B.
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Particular case

Assumption. Assume that the wavelet coefficients of f are given by ¢y = p(\) where
w is a finite Borel measure on [0, 1] .

Notation. Let f3 denote the function with wavelet coefficients given by cf =27hic,.
In this case, one has

* dy,(h) =dg(h—B)forallh > 3.

* Vs, (h) =vy(h — @) forall h > B.

Moreover, if
inf {Vf(x)_yf(y) 22, Y € [Mminy Pax], T < y} > 0,
r—=y
where hmin = inf{a : v¢(a) > 0}, bl = inf{a : v¢(«) = 1}, then there exists
8 > 0 such that the function vy, is with increasing-visibility on [Amin, A7, In this

case, d’’s = vy, approximates dy,. Therefore the increasing part of dy can be
approximated by vy.
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Multifractal analysis
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There is a tree-structure in the repartition of the wavelet coefficients

o = = E DA
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Wavelet leaders density

The wavelet leaders density of f is defined for every h > 0 by

1 AEN; 27+l < gy < 27 (h=e)j
p¢(h) := lim limsup o8 #1 / = A }
e=0t j 5100 log 27

Interpretation. There are approximatively 271 (MJ coefficients of size 27",
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Wavelet leaders density
The wavelet leaders density of f is defined for every h > 0 by

1 AeAj: 2=t < gy < 2= (h=e)j
p¢(h) := lim limsup og#{ ! = }
e=0t j 5100 log 2J

Interpretation. There are approximatively 271 (MJ coefficients of size 27",
Heuristic argument. We consider the points  such that h¢(z) = h.
* dy,(z) ~ 27" and there are about 27/ (")J such dyadic intervals.

« If we cover each singularity 2 by dyadic intervals of size 277, from the definition of
the Hausdorff dimension, there are about 245 (h)J gych intervals.

= pyr(h) =dg(h)
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Wavelet leaders density
The wavelet leaders density of f is defined for every h > 0 by

1 AeAj: 2=t < gy < 2= (h=e)j
p¢(h) := lim limsup og#{ ! = }
e=0t j 5100 log 2J

Interpretation. There are approximatively 271 (MJ coefficients of size 27",
Heuristic argument. We consider the points  such that h¢(z) = h.
* dy,(z) ~ 27" and there are about 27/ (")J such dyadic intervals.

« If we cover each singularity 2 by dyadic intervals of size 277, from the definition of
the Hausdorff dimension, there are about 245 (h)J gych intervals.
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Wavelet leaders density
The wavelet leaders density of f is defined for every h > 0 by

1 Ae A 27t < gy < 9= (h=e)j
p¢(h) := lim limsup og#{ ! = }
e=0t j 5100 log 2J

Interpretation. There are approximatively 271 (MJ coefficients of size 27",
Heuristic argument. We consider the points  such that h¢(z) = h.
* dy,(z) ~ 27" and there are about 27/ (")J such dyadic intervals.

« If we cover each singularity 2 by dyadic intervals of size 277, from the definition of
the Hausdorff dimension, there are about 245 (h)J gych intervals.

= ps(h) > dg(h)
Problems.

+ The wavelet leaders density may depend on the chosen wavelet basis.
+ The definition of the wavelet leaders density is numerically extremely unstable.
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Multifractal analysis Leaders profile method

Wavelet leaders profile
Let hs be the smallest positive real number such that 5 (hs) = 1. The wavelet leaders
profile of f is defined by

log #{A € A; : dy >27(h+e)i}

lim 1i $ if h < hyg,
~ Jlm, msup e th < by
vp(h) = log £\ € A, : dy < 2-(h-9)

lim limsup J — if h > hs.

=0t jtoo log 27
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Multifractal analysis Leaders profile method

Wavelet leaders profile
Let hs be the smallest positive real number such that 5 (hs) = 1. The wavelet leaders
profile of f is defined by

log#{A € A; : dy >2- (")}

lim limsup

‘ if h < hs,
_ e=0F jotoo log 27
vs(h) := log £\ € A, : dy < 2-(h-9)
lim limsup — if h > hs.
e=0t j 5100 log 27
Properties.

» Uy is independent of the chosen wavelet basis.

* Uy takes values in {—oo} U [0, 1], it is increasing and right-continuous on [0, A,
decreasing and left-continuous on [hs, +00), V¢ (hs) = 1 and the function

h € [hs,+00) %

is decreasing.

+ Moreover, any function v which satisfies these properties is the wavelet leaders
profile of a function.
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Leaders profile method. It is based on the estimation of the multifractal spectrum d s
of f by the function ;.

=} F = E DAy
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Multifractal analysis Leaders profile method

Leaders profile method. It is based on the estimation of the multifractal spectrum d s
of f by the function .

Results.

+ Our method allows to detect some multifractal spectra that all other methods
proposed were not able to detect;
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Our method allows to detect some multifractal spectra that all other methods
proposed were not able to detect;

It gives the correct multifractal spectrum for some specific functions;
It always gives an upper bound for the multifractal spectrum;

From a theoretical point of view, it gives as good results as the wavelet leaders
method in the concave case, and better results in the non-concave case;

From a theoretical point of view, it gives better results than the method based on
the S” spaces and in particular, it allows to detect spectra which are not with
increasing visibility.
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Multifractal analysis Leaders profile method

Leaders profile method. It is based on the estimation of the multifractal spectrum d¢
of f by the function .

Results.

Our method allows to detect some multifractal spectra that all other methods
proposed were not able to detect;

It gives the correct multifractal spectrum for some specific functions;
It always gives an upper bound for the multifractal spectrum;

From a theoretical point of view, it gives as good results as the wavelet leaders
method in the concave case, and better results in the non-concave case;

From a theoretical point of view, it gives better results than the method based on
the S” spaces and in particular, it allows to detect spectra which are not with
increasing visibility.

An implementation of this method has been proposed and tested on several
examples.
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Multifractal analysis LY spaces

L spaces

Let v be a function which has the same properties as any wavelet leaders profile.
Definition
The space L” is the set of functions f € L?([0, 1]) such that 7y < v. J

This space has been endowed with a complete metrizable topology.
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L spaces

Let v be a function which has the same properties as any wavelet leaders profile.
Definition
The space L” is the set of functions f € L?([0, 1]) such that 7y < v. J

This space has been endowed with a complete metrizable topology.

Results. If there is amin > 0 such that v(«) = —o0 if @ < Qin, then
« L is also separable;

* The set of functions f such that vy = v is residual and dense-lineable in L.

C. Esser (ULg) Regularity of functions: Genericity and multifractal analysis Liege — October 22, 2014 28/30



Multifractal analysis LY spaces

L spaces

Let v be a function which has the same properties as any wavelet leaders profile.
Definition
The space L” is the set of functions f € L?([0, 1]) such that 7y < v. J

This space has been endowed with a complete metrizable topology.

Results. If there is amin > 0 such that v(«) = —o0 if @ < Qin, then
« L is also separable;

* The set of functions f such that vy = v is residual and dense-lineable in L.

Perspectives.

+ Generic validity of the leaders profile method;
* More with oscillating singularities.
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