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Abstract

The aim of the paper is to develop a new nonlinear tuned vibration absorber (NLTVA) capable of mitigating
the vibrations of nonlinear systems which are known to exhibit frequency-energy-dependent oscillations.
A nonlinear generalization of Den Hartog’s equal-peak method is proposed to ensure equal peaks in the
nonlinear frequency response for a large range of forcing amplitudes. An analytical tuning procedure is
developed and provides the load-deflection characteristic of the NLTVA. Based on this prescribed relation,
the NLTVA design is performed by two different approaches, namely thanks to (i) analytical formulas of
uniform cantilever and doubly-clamped beams and (ii) numerical shape optimization of beams with varying
width and thickness. A primary system composed of a cantilever beam with a geometrically nonlinear
component at its free end serves to illustrate the proposed methodology.

1 Introduction

Vibration mitigation offers the possibility of improving the performance, comfort or safety of a mechani-
cal system. Real-life applications often exhibit resonant vibrations, which can be exacerbated for nonlinear
structures, at least in specific operating regimes. Expanding the performance envelope of such engineering
systems is the aim of the present study. Many attempts for vibration reduction around one resonance using
linear and nonlinear absorbers have been suggested in the literature. Passive linear absorbers are optimal in
case of linear primary structures. Den Hartog’s equal-peak method provides a widely-used design strategy
based on approximate analytical formulas for the absorber stiffness and damping [1, 2, 3]. Interestingly, an
exact closed-form solution for this classical problem was found only almost 100 years later [4]. Neverthe-
less, this solution is only valid for undamped linear primary systems. The introduction of linear damping
complicates further the problem, and Asami et al. [5] proposed the series solution adopted in this paper for
minimizing the maximal frequency response.

However, linear absorbers suffer from a narrow bandwidth and cannot effectively damp out the vibrations
of nonlinear systems, which are known to exhibit frequency-energy-dependent oscillations. Nonlinear vi-
bration absorbers, including the autoparametric vibration absorber [6] and the nonlinear energy sink (NES)
[7] can absorb disturbances in wider ranges of frequencies due to their increased bandwidth. However,
the performance of existing nonlinear vibration absorbers is known to exhibit marked sensitivity to motion
amplitudes. For instance, there exists a well-defined threshold of input energy below which no significant
energy dissipation can be induced in an NES [7]. Likewise, the saturation phenomenon characteristic of au-
toparametric vibration absorbers occurs only when the forcing amplitude exceeds a certain threshold [6]. In



this paper, a nonlinear tuned vibration absorber (NLTVA) is introduced to mitigate a specific nonlinear reso-
nance of the main structure in wide ranges of motion amplitudes. The basic idea develops from Den Hartog’s
method, which is extended to ensure equal peaks in the nonlinear frequency response. The linear parameters
of the NLTVA are selected according to Asami’s solution [5], and the absorber’s nonlinear load-deflection
characteristic is tailored according to the nonlinear restoring force of the host structure.

’ Experimental structure ‘

)

’ Modal model ‘

|

’ NLTVA analytic tuning ‘

)

’ Load-deflection function ‘

/ ~\

Continuous beams Discretised beams
(analytic design) (shape optimisation)
] 3D printed NLTVA ‘

Figure 1: Diagram of the design procedure.

The practical design of the NLTVA proposed in the present work is summarised in Figure 1. Starting from
a previously-characterized experimental structure, an equivalent single-degree-of-freedom (SDOF) modal
model of the targeted resonance is first derived. From the modal model, an analytical tuning procedure
provides the absorbers’ parameters, and, in particular, its load-deflection characteristic. The practical im-
plementation of the NLTVA is achieved using straight geometrically nonlinear beams with cantilever or
doubly-clamped boundary conditions. Based on the prescribed load-deflection curve, the design of these
beams is then performed by two different approaches based on either continuous or discretised beam mod-
els. The former approach utilises existing analytical formulas of uniform beams whereas the latter approach
involves numerical shape optimisation of beams with varying width and thickness. Finally, these optimized
designs can be fabricated using 3D printers.

2 Nonlinear generalization of the equal-peak method

2.1 The linear tuned vibration absorber (LTVA)

The steady-state response of an undamped mass-spring system subjected to a harmonic excitation at a con-
stant frequency can be suppressed using an undamped linear tuned vibration absorber (LTVA), as proposed by
Frahm in 1909 [9]. However, the LTVA performance deteriorates significantly when the excitation frequency
varies. To improve the performance robustness, damping was introduced in the absorber by Ormondroyd and
Den Hartog [2]. The equations of motion of the coupled system are

mid1 + kix —i—Cg(i’l —1"2) —i—kJQ(.Z'l —xg) = Fcoswt
Mmoo + co(dg — 1) + ko(xea —x1) = 0 (D)
where z1(t) and x2(t) are the displacements of the harmonically-forced primary system and of the damped

LTVA, respectively. Den Hartog realized that the receptance function of the primary mass passes through
two invariant points independent of absorber damping. He proposed to adjust the absorber stiffness to have
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Figure 2: (a) [llustration of Den Hartog’s equal-peak method, ¢ = 0.05 and ko = 0.0454 N/m. (b) Frequency
response of a Duffing oscillator with an attached LTVA. ¢; is the dimensionless amplitude (¢ = x1k1/F).
For the computation m; = 1kg, ¢c; = 0.002 Ns/m (3 = 0.001), ky = 1 N/m, kp;; =1 N/m? and € = 0.05.
For the different curves F' = 0.0115 N, F' = 0.0258 N, F' = 0.0365 N, F' = 0.0577 N, and ' = 0.0816 N
(a3 = 0.0001, g = 0.0005, a3 = 0.001, a3 = 0.0025 and a3 = 0.005, see later), where F' is the forcing
amplitude.

two fixed points of equal heights in the receptance curve and to select the absorber damping so that the curve
presents a horizontal tangent through one of the fixed points. This laid down the foundations of the so-called
equal-peak method. Den Hartog [1] and Brock [3] derived approximate analytical formulas for the absorber
stiffness and damping, respectively. Interestingly, an exact closed-form solution for this classical problem
was found only ten years ago [4].

The introduction of linear damping into the primary system complicates further the problem, because of the
disappearance of the invariant points; a series solution for minimizing the maximal frequency response was
proposed in [5]:

Wn2 kom 1 1 1 AB 2 Co — 4(5 + 2€)AB
w1 Vkime  1+e M11+€\/2(1—|—6) < e 2—|—€) +M14(1+6)2(2+6)(9+46)

_ o ¢, 60+63e+ 166 — 2(3 + 2¢)AB
B2 = loms V8t "M R8I 2t )9+ 40)
5 Ci(A+ B)V2+ e+ Ca(A— B)\/e @
"32(1 4 €)(2 + €)2(9 + 4€)3/2¢(1 + €)
where
A = \/3(2+e) —VeR+e), B= \/3(2+e) + /€2 +¢€)
Co = 52+ 4le+ 82
C; = —1296 + 2124¢ + 6509¢2 + 5024¢> + 1616€* + 192¢°
Cy = 48168 + 112887¢ + 105907¢% + 49664€> + 11632¢* + 1088¢° (3)

wp1 and wy are the natural frequencies of the primary system and of the absorber, respectively, € = my/m;
is the mass ratio , 1 = ¢1/(2v/kimq) and po are the damping ratio of the primary system and of the
absorber, respectively. For m; = 1kg, k& = 1N/m, ¢; = 0.002 Ns/m and ¢ = 0.05, the equal-peak method
yields A = 0.952 and pe = 0.134, and, hence, ko = 0.0454 N/m and co = 0.0128 Ns/m. As illustrated in
Fig. 2 (a), this tuning condition minimizes the maximum response amplitude of the primary system. It is
still widely used, as discussed in the review paper [10].
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Figure 3: Schematic representation of an NLTVA attached to a Duffing oscillator.
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2.2 LTVA coupled to a Duffing oscillator

Considering a harmonically-forced, lightly-damped Duffing oscillator as primary system, the performance
of the LT VA attached to this nonlinear system is investigated.

Figure 2 (b) shows the displacement response of the primary mass with an attached LT VA for various forcing
amplitudes F', whose equations of motion are

mity + a1 + kxg + knllx? + CQ(:il - ig) + k2($1 — an) = Fcoswt
maodiy + co(d2 — &1) + ka(w2 —21) = 0. 4)

The frequency response curves were computed using a path-following algorithm combining shooting and
pseudo-arclength continuation. The algorithm is similar to that used in [11]. In the figure it is seen that for
low values of forcing amplitude F', the two resonant peaks have similar amplitude. However, increasing the
forcing amplitude and practically activating the nonlinearity of the system, there is a clear detuning of the
LTVA, i.e. the amplitude of one resonant peak is increased significantly making the absorber ineffective.

2.3 The nonlinear tuned vibration absorber (NLTVA)

In view of the results presented in the previous section, it is meaningful to examine the performance of non-
linear absorbers for vibration mitigation of nonlinear primary structures. Roberson was the first to observe a
broadening of the suppression band through the addition of a nonlinear spring that he chose to be cubic for
facilitating its practical realization [12]. However, as pointed out in the introductory section, this increased
bandwidth may come at the price of a marked sensitivity to external forcing amplitude.

To mitigate a nonlinear resonance in an as large as possible range of forcing amplitudes, we introduce the
nonlinear tuned vibration absorber (NLTVA). One unconventional feature of this absorber is that the math-
ematical form of its nonlinear restoring force is not imposed a priori, as it is the case for most existing
nonlinear absorbers. Instead, we propose to fully exploit the additional design parameters offered by nonlin-
ear devices and, hence, to synthesize the absorber’s load-deflection curve according to the nonlinear restoring
force of the primary structure.

The dynamics of a Duffing oscillator with an attached NLTVA as depicted in Fig. 3 is considered:

midn + c1dn + kw1 + kanad + co(d1 — d2) + g(v1 —12) = Fcoswt
maiy + co(dg — 1) — g(x1 —12) = 0 ®)
The NLTVA is assumed to have a generic smooth restoring force g (1 — x2) with g(0) = 0. After the

definition of the dimensionless time 7 = wy1t, where w,1 = +/k1/m1, the application of the transformation
r(t) = x1(t) — z2(t) yields

€

4
o+ 2ma +a + gdgac:f + 2ugXer’ + g(r) = fcosyr

2
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4 .
v’ 4+ 2] + 1 + gozgx? +2uX (e + 1) 7" + (r) = fcosvyt (6)



where prime denotes differentiation with respect to time 7, 2u1 = ¢1/(miwn1), ag = 3/4knn/k1, 2p2 =
ca/(mown2), A = wpa/wn1, € = ma/my, f = F/ki and v = w/wy,1. We note that w9 is the linearised
frequency of the NLTVA.

Expanding ¢(r) in Taylor series around r» = 0 and normalizing the system using ¢; = z1/f and g2 = r/f,
we obtain

4 - € >, fk1 dkg
"y 9 / T~ 2 3 2o Ned, )\2 k _ coS
a +2maq +q+ 3a3f q1 + 2u2Xeqy + ANeqa + — 522 K drk| 3 T
4 e+l o~ fitdt
@y +2p1q + @ + gaszQ{’ + 20X (e+1)gh + A2 (e4+1) g2 + = ! , 75 g5 =cosyr (1)
Mow; k' drk|

k=2

In Egs. (7), the linear terms are independent of the forcing amplitude f, which confirms that a purely linear
absorber attached to a linear oscillator is effective irrespective of the considered forcing amplitude. Focus-
ing now on the complete system, f appears in the nonlinear coefficients of both the primary system and
the absorber, which indicates that it is equivalent to considering the system as being strongly nonlinear or
strongly excited. Specifically, Egs. (7) show that the forcing amplitude modifies linearly the quadratic terms,
quadratically the cubic terms and so on. This suggests that, if an optimal set of absorber parameters is chosen
for a specific value of f, variations of f will detune the nonlinear absorber, unless the nonlinear coefficients
of the primary system and of the absorber undergo a similar variation with f. According to Egs. (7), this
can be achieved by selecting the same mathematical function for the absorber as that of the primary system.
When coupled to a Duffing oscillator, the NLTVA should therefore possess a cubic spring:

4 4
a +2md + ¢ + gagqf’ + 2usXegh + Mego + geﬁsqg = cosT

4 4
g5 + 214 + @+ gagqi” + 2o (e+1)gh + A2 (e+ 1) g2 + 3 (e + 1) B3q3 = cosT (8)

where
§ ng/”(T) |T:O (9)
4 3!m2w2 .
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a3 =asf? and B3 =

The NLTVA spring should also possess a linear component so that it is effective at low forcing amplitudes
where the cubic component of the Duffing oscillator is not activated.

In summary, the proposed nonlinear tuning rule is to choose the mathematical form of the NLTVA’s restoring
force so that it is a ‘mirror’ of the primary system.

2.4 Definition of the NLTVA parameters

The next objective is to determine the NLTVA parameters, namely €, A, uo and S3. The mass ratio € is chosen
according to practical constraints, while the linear parameters A\ and po are determined using Egs. (2).

Then, the system is solved for a fixed value of p; = 0.001, for different values of € and a3, and for a range
of excitation frequencies v encompassing the system’s resonances. Starting with weakly nonlinear regimes,
i.e., az > 0, we seek the value of 33, which gives two resonance peaks of equal amplitude. The procedure
is repeated for increasing values of a3, which allows to consider stronger and stronger nonlinear regimes of
motion.

The outcome of this numerical procedure is displayed in Fig. 4 (a). This plot is interesting, because [3 is

~

almost linearly related to «g for the different mass ratios considered, i.e., 53 = aag. This linear relation
implies that the nonlinear coefficient of the NLTVA that realizes equal peaks does not depend on forcing

amplitude:
’ 3 fzg/”(r)’r:(] 3 f2knl1
3 = aqg — Sa—

= " —o = 6aek 10
1 3imau?, 1 — g (7)|r=0 = 6aeknn (10)




e=0.1
1 ag = 0.003 /7
3 7
€=0.075
i i
0.5 €= 0.05
€=0.02
o) 0 0
0 as 0.01 0 € 0.1 0.8 0.9 ’1Y 11 12

(@ (b) ()

Figure 4: Nonlinear equal-peak method. (a) Values of 33 realizing equal peaks for increasing «s and different
€; (b) values of 33 realizing equal peaks for increasing ¢ and different «3; the solid line is the result of
the numerical computations, and the dashed line is the regression f3 = 2ase/(1 + 4¢). (c) Numerical
solution of Egs. (8) for ¢ = 0.05, 1 = 0.001, uo = 0.134, A = 0.952. Curves from left to right: a3 =
0.0001, 0.0005, 0.001, 0.0025, 0.005, 0.0075.

The coefficient a is determined by representing 33 in function of € for different values of a3, as in Fig. 4 (b).
It turns out that the regression 83 = 2ase/(1 + 4e) provides an excellent approximation to the numerical
results; so a = 2¢/(1 + 4e).

Equations (8) are now solved considering this analytical expression of 33 for different values of c3 and ~,
and results are presented in Fig. 4 (c). These results were computed using the path-following algorithm
mentioned in Section 2.2. This algorithm provides a very accurate numerical solution to the equations of
motion. Fig. 4 (c) shows that the NLTVA can enforce equal peaks in the frequency response g; of the
Duffing oscillator for values of ag ranging from 0.0001 to 0.0075. This result is remarkable in view of
the variation of the resonance frequencies. For instance, the first resonance peak occurs at v = 0.9 for
a3 = 0.0001 and beyond v = 1 for a3 = 0.0075. Another interesting observation is that the amplitude of
the resonance peaks does not change substantially when a3 increases, which means that the response of the
coupled system is almost proportional to the forcing amplitude, as it would be the case for a linear system.
Conversely, Fig. 2 (b) illustrates that the LTVA is strongly detuned for the same parameter values. All these
results confirm the efficacy of the proposed NLTVA design.

In summary, given mq, c1, k1 and k,,;; for a Duffing oscillator and given a mass ratio €, the NLTVA parame-
ters can be determined using the following analytical formulas:

mo = €ma
1 1 1 AB Co — 4(5 + 2¢)AB
ko = €k — e — 2 2
S 'ull-l—e\/Q(l—i—e) <3+ ‘ 2—!—&)+M14(1+6)2(2+6)(9+4e)
o~ o fi B, 60 + 63€ + 1662 — 2(3 + 2¢)AB
2 = N80 1) T8I a2+ (9 o)

MQ Cl(A + B)\/Q +e€+ CQ(A — B)\ﬁ
"32(1 4 €)(2 4 €)2(9 + 4€)31/2¢(1 + ¢)
2€2k 11
k = ——= 11
These formulas form the basis of a new tuning rule for nonlinear absorbers that may be viewed as a nonlinear
generalization of Den Hartog’s equal-peak method. We note, however, that there are no invariant points in
the nonlinear case. There is thus no complete equivalence with the linear equal-peak method.
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Figure 5: Schematic representation of the beam: (a) cantilever beam, (b) half beam fixed at both ends.

3 Geometrically nonlinear beam models

In this section, analytical formulations for continuous beams are derived in order to build baseline design
rules for the NLTVA. It is well-established that slender beams are characterised by nonlinear behaviour,
and the challenge is to design their geometrical properties according to the nonlinear load-deflection curve
prescribed by the analytical tuning procedure. Realizing with the same beam design prescribed linear and
nonlinear stiffness parameters is attempted herein for cubic nonlinearities.

According to the Euler-Bernoulli law, the bending moment M, at any point of a beam with constant bending
stifftness E'1 is proportional to the change in curvature caused by the action of the load [13]:
d
My, =FEI i (12)
ds
where s is curvilinear coordinate along the length of the arc and v(s) is the slope at s. In Cartesian coordi-
nates the curvature is expressed as:

2 2
df?/):_ d*y/dx (13)
ds

1+ (dy/da:)Q] i

in which downward deflections are assumed positive and so an increase in  means a decrease in ). When the
deflection curve is very flat (dy/dz) < 1, the relationship between the bending moment and the curvature
can be linearised as

d2
M, = _Eszj;. (14)

In conventional engineering applications this approach is justified provided the deflections are small com-
pared with the length of the beam. In the following two different models are presented for the cantilever and
doubly-clamped beams using the exact and approximated expressions of the curvature, respectively.

3.1 Cantilever beam

Eq. (12) for a cantilever beam subjected to a tip load, as shown in Figure 5a, can be rewritten as

_ g
F(L—z—A)=EI. (15)

Differentiating Eq. (15) with respect to s results in

d* F
_ 1
3z = E1Y (16)



and integrating with also enforcing null curvature at the loaded end, that is the boundary condition (%) o =

0, yields

d F
d—f =\ &I (sin g — sin ). (17

If the beam is assumed to be inextensible, the following expression is obtained

Yo Yo
L :/ ds —/ (18)
\/2F (sinyg — sin )

FLQ_ o di
\/EI_/O V2 (sinthg — sin)) 19

The problem can be solved using the elliptic integrals of the first and second kinds with the following ex-
pression in Legendre’s standard form

that is

E1(p? (20)

v dt
P —
0 \/1— (psint)?
©
Es(p?, :/ 1 — (psint)?dt 21
2(p”, ¢) ; \/1— (psint) 21

Specifically Eq. (19) can be rewritten as follows

/ / o at 22)

1 — (psint)?

in which the variable p = % is introduced in order to bring the right side of Eq. (19) to the standard

form of elliptic integrals in Eq. (20). Once the value of the variable p is found by solving the equation

FL? 1
BT Er (pz, g) —FE (pg,arcsin p\/§> (23)

then the vertical deflection at the beam tip is given by

ET T 1 T 1
5=/ =2 [El ( 2 7) —EB (p2,arcsin ) —2E, (p2, 7) + 28, <p2,arcsin )] (24)
p\/§ 2 p\/§

F 2

3.2 Doubly-clamped beam

The beam fixed at both ends and subjected to a concentrated load at the centre is a bending problem that
admits solution only if a variation of the beam length is allowed. This elongation develops axial forces in
the beam in addition to shear forces and bending moments. In order to remain in the elastic range the axial
stress cannot exceed a certain value that in turn limits the deflection for the problem under investigation.
Therefore, in the following, the approximate expression of the curvature is considered and the longitudinal
forces are taken into account. Due to symmetry only the right half of the beam is analysed as represented in
Figure 5b, and Eq. (14) can be rewritten as
d%y

Sy+ Mo~ F(L —x) = EI . (25)



The boundary conditions for this beam are y(z = ¢) = (%) 0 (%) .= 0. The solution of Eq.(25)
by imposing the boundary conditions is - -

F 174 F
V=g [sinh tx — (1 + cosh tx) tanh 2} + §(€ — ) (26)
with 12 = % The deflection at the centre 6 = y(z = 0) depends on the unknown axial load S, so an

additional relationship is necessary. It can be obtained from the longitudinal expansion of the beam during

deflection. The length of the curve y = f(x) is
1 (dy\? 1 [t (dy)?
1+ — de =10+ - — | d 27
+2<dw>]x +2/0 (dw v 7

1
L 212 0
d
5= / 1+ <y) dx =~ /
0 dx 0
in which the approximation of small deflections is used. Since the slope is small, the axial force S can be
considered constant along the beam, hence

Al AE [* [dy\?
—AE=— =2 =2 2
S AT (m) de (28)

in which A is the cross-sectional area of the beam. Finally, combining Egs. (26) and (28), the applied load
F' can be expressed as

S8EI2IJA ,[3 1 3 tanhu] /2
F = Fug [2 ~3 (tanh u)? — 3 ] (29)
in which v = H%- Once the value of the variable u that generates the applied force F' is found from

Eq. (29), then the vertical deflection at the centre is given by

5— FL? (u — tanhu)
N 4ETu3

(30)

4 Shape optimisation

In this section, a different approach is presented for the NLTVA design. It is based on shape optimisation and
provides the geometry of beams for prescribed load-deflection curves, where beam deflections for different
prescribed loads are evaluated using a finite element method. An important advantage of this approach is
that it can be applied to many different structures and has the potential to achieve complex nonlinear load-
deflection curves. The procedure is inspired by a recently-developed optimisation scheme used to design
nonlinear materials with prescribed nonlinear properties [17]. In order to take finite strains, rotations and de-
flections into account, beams are discretised using two-dimensional (2D) geometrically exact beam elements
by assuming that the plane cross section of the beam remains plane. The associated strain-deflection relations
were derived using the principle of virtual work [14]. Using finite element discretisations, the equilibrium of
beams is stated as

R = Rint - Rext = Z Tint — Rext =0 (31)

where R is the residual nodal load vector, R;,; and Ry are the nodal internal and external load vectors,
respectively, and riy; is the elemental nodal internal force vector in element, e. Equation (31) is solved using
the Newton-Raphson method with the incremental equation given as:

K{AU =R (32)

where K, is the tangent stiffness matrix, defined as Ky = OR/OU. The nodal displacement vector U is
updated using U = U — AU. The detailed calculation of K; and R;,; can be derived following e.g. [15]



and is not detailed here. Based on the finite element discretisations, element-wise variables, x., 9., and z are
introduce to represent the beam geometry, given as

We = Te (wmax - wmin) + Wmin, he = Ye (hmax - hmin) + hminal =z (lmax - lmin) =+ lmin (33)

where w, and h. are the width and thickness of element, e and [ is the total length of the beam, ()pax
and ()min represent the maximal and minimal allowed values of corresponding quantities, respectively. The
optimisation problem to achieve a prescribed load-deflection curve is formulated to minimize the errors
between actual and prescribed deflections for a given load range, stated as

min _ma ¢ = (8(fi) — 6% (fi)*
J:e,ye,z 1= ,-~-,m
ot R=0 4

0<2.<1,0<y.<1,0<z<l,e=1,---,n

where 0(f;) is the actual deflection at the target node for a prescribed load f;, 6*(f;) is the prescribed
deflection for the prescribed load, m is the total target load number in the prescribed load range, n is the total
element number. We note that a beam with a uniform width can be designed by assigning a same value to all
element-wise design variables ., and that a beam with a uniform thickness can be designed by assigning a
same value to all element-wise design variables y.. Using the adjoint methods, the sensitivity of an objective
function, c¢; with respect to a design variable ¢ is calculated by

6 C; T 6 R
— =\ 35
30 30 (35)
with ¢ as xe, ye, or [ and A being the adjoint variable vector, which is obtained as
oc
K)'\=— 36
(Kt) Bl (36)
where K is the tangent stiffness at the converged solution and the operator ()7 represents the transpose of

a matrix. The derivative of the nodal residual vector with respect to a design variable, %’ can be derived

directly using the interpolation schemes presented in Eq. (33) and the finite element formulations, and is not
presented here for simplification.

Based on the sensitivity analysis, the geometry of beam is iteratively updated using the Method of Moving
Asymptotes (MMA) [16]. The finite element analysis and optimisation process are implemented in Matlab
and follow the procedure procedure outlined below,

1. Initialize the design variables, x., y. and z.
2. Solve the equilibrium in Eq. (31) for each target load f;.

3. Calculate the sensitivity of the objective (and possible constraints) with respect to design variables
using Eq. (35).

4. Update the design variables using MMA.

5. Repeat step 2—4 until the maximum change of the design variable is smaller than a tolerance or the
maximum iteration step is achieved.

5 Results

The design of the mechanical NLTVA is addressed in this section for a nonlinear beam that behaves as a
Duffing oscillator around its first resonance. From the reduced nonlinear model of the main structure, the
NLTVA parameters are evaluated and then used for the design of different prototypes. At first, cantilever and
doubly-clamped beams with uniform cross sections are considered. The beam cross-section profile is then
designed using the shape optimisation methodology presented in Section 4.



5.1 Test case description

The primary system is a cantilever beam with a geometrical nonlinearity at its free end. In the set-up, orig-
inally proposed in [8], this nonlinear restoring force is due to a more flexible thin beam capable of large
deflections. This system can be modelled by using linear beam elements for the main and thin beams and
adding a concentrated nonlinear spring at the interface between the two beams, as shown in Figure 6. The
geometrical properties of the two beams composing the primary system are listed in Table 1. A numerical

— Length Width Thickness
(m) (m) (m)
Main beam 0.70 0.014 0.0140

Thin beam 0.04 0.014 0.0005

Figure 6: Target location of the primary system. Table 1: Geometrical properties of the beams.

model is implemented using 17 Euler-Bernoulli beam elements for the main and the thin beams. Moreover a
concentrated nonlinear spring is added at the connection between the two beams to simulate the cubic restor-
ing force due to geometrically nonlinear effects. The coefficient of such nonlinear force was experimentally
found equal to 9.9 x 10° N/m?.

The design procedure proposed in Egs. (11) is valid for a damped SDOF primary structure. Neverthless, it
can be extended to MDOF structures for which the modal model is evaluated, and a specific mode, e.g. mode
k, can be isolated. In such cases, the total mass m; of the primary structure should be modified in order to
take the modal mass distribution into account. Assuming that the modes are well separated and that in the
neighbourhood of wy, (the frequency of mode k) the response is dominated by mode k, the effective mass of
the primary structure with respect to the d-th DOF can be written as

(kaM ¢k

Mieff =5 (37
(¢3)

where gbfl is the d-th component of the k-th mode shape ¢*, and M is mass matrix of the MDOF main
structure. Using the effective mass of the primary structure, an effective mass ratio has now to be considered
when Egs. (11) are evaluated, that is e€.fy = m:’fff . The structure under investigation is characterized by
well separated normal modes, as can be seen from the natural frequencies and damping ratios summarized
in Table 2. The NLTVA design targets the first normal mode and the frequency bandwidth of investigations
is limited to [10-60] Hz, where the system response is dominated by this mode. The physical mass of the
beam mypeqm 18 1.1 kg and the effective mass in Table 2 is calculated with respect to the degree of freedom
where the nonlinearity is attached, that is also the selected location for NLTVA. The mechanical design of the

Mode Natural Damping Effective 0
frequency (Hz) ratio (%) mass (kg)
1 31.63 0.23 0.30
2 147.1 0.08 0.28
3 407.1 0.12 0.29

Load (N)

Table 2: Modal parameters of the first three
modes of the main structure.

Young Modulus Density minimum thickness
1950 MPa 1175 kg/m?® 0.5 mm “ 8 2 4 0 1 2 3 4

Deflection (mm)

Table 3: Polyjet Digital ABS material properties. Figure 7: NLTVA load-deflection functions.



NLTVA is addressed in the following sections for two different test cases with physical mass ratios between
the absorber and the host structure, i.e. €ppys = M2 /Mpeam equal to 1% and 5%. This condition directly
sets the mass of the mechanical NLTVA equal to 1.1 x 1072 kg and 5.5 x 1072 kg, for the two test cases
respectively. Therefore, the linear and nonlinear stiffness coefficients provided by the NLTVA tuning rule in
Section 5.2 are used to built the static load-deflection objective function given by

F(0%) = kpad*® + koo™ (38)

and represented in Figure 7 for deflection range of 4 mm. The proposed design procedure assumes that
the mass of the nonlinear beam is negligible with respect to the prescribed overall mass of the absorber
meo. Therefore, when a lumped mass is added where the deflection §* is evaluated, the nonlinear beam
behaves as a SDOF NLTVA connected to the host structure. Herein, the dimensioning of the damping is not
performed, and it is assumed that the selection of a proper material could address this requirement in future.
In Sections 3 and 4 is shown that not only the beams’ geometrical dimensions affect the load-deflection
curves, but also the material properties, i.e. the Young modulus, come into play. The important progress in
3D printing technology makes easy the manufacturing of any uniform and modulated, cantilever or doubly-
clamped beams. Therefore hereinafter, the NLTVA is assumed to be manufactured using a Statasys 3D
printer with the Polyjet Digital ABS material. This material is specifically designed to simulate engineering
plastics with high strength, and it also offers the possibility to create thin-walled parts. The mechanical
properties are summarized in Table 3.

5.2 NLTVA parameters

The values obtained for the NLTVA parameters using Egs. (11) with € = €.¢s and m1 = m .y for the first
mode of Table 2 are given in Table 4, for physical mass ratios €y, of 1% and 5% (corresponding to effective
mass ratio €. ¢ of 3.7% and 18%, respectively). For this configuration however, as it will be shown later
in this section, the two peak amplitudes on the frequency response are not exactly equal. This can first be

Physical mass ratio Physical mass ratio
€phys = 1% €phys = 5%
Analytical [N/m] 405.455 1552.19
ko Exact [N/m] 407.685 1583.88
Rel. error [%] 0.55 2.00
Analytical [Ns/m] 0.4901 4.4783
1) Exact [Ns/m] 0.4944 4.6012
Rel. error [%] 0.87 2.67
Analytical [N/m®] 2.33967 x 107 3.86449 x 108
iz Exact [N/m?] 2.3585 x 107 3.86794 x 10%
Rel. error [%] 0.80 0.09

Table 4: NLTVA parameters for the nonlinear primary structure under investigation. Analytical values from
Egs. (11), exact values for equal peaks, and relative errors with respect to the exact values.

explained by the fact that the NLTVA design procedure was applied on a SDOF approximation of the beam
through its first mode, although other modes could participate to the response of the structure. Moreover,
another source of error comes from the fact that k,,;5 in Egs. (11) is an approximation of the exact value
through a linear regression.

The values of the NLTVA parameters giving exactly equal resonance peaks can be computed by trial-and-
error with the parameters obtained from the analytical expressions as initial guess. Forcing amplitudes of
2.08 N and 7.5N are chosen for the tuning of ko, for the configurations with physical mass ratio of 1%
and 5%, respectively. These exact values are also given in Table 4, together with the relative errors made
with the analytical expressions. One observes that the relative errors are almost negligible from the point of
view of the practical realization of the absorber, which validates the procedure described in Section 5.1 for
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Figure 8: Frequency response of the vertical displacement at the tip of the clamped beam, without NLTVA
(dotted line) and with NLTVA attached, for a forcing amplitude F' = 2.08 N. The solid line represents the
configuration with an NLTVA exactly tuned for equal resonance peaks, and the dashed line represents the
configuration with an NLTVA tuned with the analytical expression. (a) Physical mass ratio €,,s = 1%; (b)
Physical mass ratio €ppys = 5%.

the SDOF approximation. Figures 8(a) and (b) represent the frequency response of the vertical displacement
at the tip of the beam, when NLTVAs with mass ratio epn,s = 1% and 5% are attached, respectively, and
for a forcing amplitude F° = 2.08 N. The responses for the configuration of the NLTVA giving exactly
equal resonance peaks, and the configuration of the NLTVA obtained from the application of Egs. (11) to
the nonlinear beam, are both given. Interestingly enough, one notices that the peaks obtained from the
analytical approximation of the parameters are not equal, but reasonably close. The performance of the
NLTVA also improves for higher mass ratio, as expected. For a more global evaluation of the performance
of the absorbers, Figures 9 (a) and (b) show the amplitude of the resonance peaks at the tip of the beam as a
function of the forcing amplitude ', for two different mass ratios €pn,s = 1% and 5%, respectively. For each
mass ratio, two configurations are considered: the NLTVA, and the linear tuned vibration absorber (LTVA),
which has the same parameters as the NLTVA but without nonlinear stiffness. First, one can verify that the
absorbers with 5% mass ratio performs better than the absorber with 1% mass ratio. It is also interesting
to notice that, for both mass ratios, the two peak amplitudes for the configurations with NLTVA remain
equal for a large forcing amplitude interval, and smoothly start to diverge from each other at ' = 4N in
Figure 9 (a) and at 10N in Figure 9 (b). In this interval, the amplitude is almost linearly related to forcing
amplitude, as if the system would obey the superposition principle. This result is unexpected in view of the
strongly nonlinear regimes investigated. It therefore seems that adding a properly chosen nonlinearity to an
already nonlinear system can somehow linearise the dynamics of the coupled system. As a comparison, the
peak amplitudes for the systems with LTVA rapidly diverge from each other. Moreover, in Figure 9 (a) ones
observes that the LTVA and the NLTVA with €, = 1% suddenly get detuned around forcing amplitudes
F = 2.08N and 7.5N, respectively. This justifies why one considered these forcing amplitudes for the
tuning of k,jo for both configurations. It can however be shown that the value F' at which the tuning is
realized has a negligible influence on the value of k.2, as already suggested in Figures 9 (a) and (b) by the
fact that the equal peak criterion is verified in a large forcing amplitudes interval.

5.3 Mechanical design of the NLTVA with continuous beams

The geometrically nonlinear models of cantilever and doubly-clamped beams described in Section 3 are con-
sidered to dimension the mechanical NLTVA. The nonlinear relationships given in Egs. (24) and (30) cannot
be easily inverted, but they can be implemented for a specific beam to have load-deflection functions defined
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Figure 9: Performance of the NLVTA (solid lines) and the LTVA (dashed lines) for increasing forcing am-
plitudes . Amplitude of the resonance peaks at the tip of the beam. (a) Physical mass ratio €,,s = 1%:; (b)
Physical mass ratio €ppys = 5%.

by points in a defined deflection interval. Therefore, the geometrical dimensions of the beam with rectangular
cross section can be selected in terms of length, width and thickness such that the load-deflection functions
closely match the objective function in Eq. (38). The analytical and the exact values of the coefficients given
in Table 4 are used in Eq. (38) to define the objective functions for the two physical mass ratios of 1% and
5%. The dimensions of the cantilever and doubly-clamped beams for all the test cases are summarized in
Table 5.

cantilever doubly-clamped
geometrical parameter €phys = 1% €phys = 5% €phys = 1% €phys = D%

length (mm) Analytical 6.47 3.17 232.93 67.37
Exact 6.46 3.20 232.93 67.57

width (mm) Analytical 1.00 1.00 4.00 4.00
Exact 1.00 1.00 4.00 4.00

thickness (mm) Analytical 0.64 0.49 3.45 1.50
Exact 0.64 0.50 3.45 1.51

Table 5: NLTVA dimensions using uniform cantilever and doubly-clamped beams and stiffness coefficients
as coming from the analytical and the exact solutions for physical mass ratios equal to 1% and 5%.

As argued in the previous section, the geometrical dimensions for all the beams in Table 5 are practically not
affected by the small error on the stiffness coefficients. In fact the differences between the values achieved
with the analytical formulas and those related to the exact parameters are within the manufacturing margin
of errors. Although all the solutions in Table 5 could in principle be used as NLTVA, it has to be noted that
the cantilever designs are too tiny. Their small dimensions still satisfy the manufacturing limitations, but it
would be hard to handle beams length 6.5 mm and 3.2 mm, and properly attach the corresponding lumped
masses of 1.1 x 1072 kg and 5.5 x 102 kg, for the two test cases respectively.

The objective functions computed using the exact coefficients are represented in Figure 10 together with the
load-deflection curves of the cantilever and doubly-clamped beams having the dimensions of Table 5. If
these curves are fitted using a function analogous to Eq. (38) some useful and accurate design formulas can
be extracted. Specifically, for the cantilever beam the nonlinear and linear coefficients are given by
ET EI

kle ~ 344ﬁ7 k2 = SF (39)
It is worth remarking that the linear coefficient is consistent with the linear theory of the Euler-Bernoulli
cantilever beam subjected to a tip load. Although the coefficients in Egs. (39) define an approximated load-
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Figure 10: Load-deflection functions of the cantilever and doubly-clamped beams for different configurations
compared with the objective functions. (a) Physical mass ratio €,4,s = 1%; (b) Physical mass ratio eppys =

5%.

deflection function for the cantilever beam, their analysis suggests important guidelines in the selection of the
geometrical characteristics of the NLTVA mechanical realization. One observes that for given coefficients
knio and ko, also their ratio is set and as a consequence the length of the beam comes from the relationship
knio/ko = 1.15L2. This explains the limitation in using cantilever beams for the analysed test case; the
constraint on the length cannot be overcome and a tiny prototype results as shown in table 5. Moreover, it
can be noted that in Figure 10 the curve related to the cantilever beam for €,,,s = 5% strongly diverges
from the objective function for deflections larger than 2 mm, and this is because its length is of only 3.2 mm.
Similar analysis can be performed on the doubly-clamped beams and the nonlinear and linear coefficients
can be extrapolated by fitting the load-deflection functions. This results in

+EA
SL3

EI
ko = 2w4ﬁ (40)

knl2 ~ T

As for the cantilever configuration, the linear term is in agreement with the linear theory of the doubly-
clamped beam when the axial forces are neglected. It is interesting to observe that the coefficient of the
nonlinear term depends on the axial stiffness of the beam E' A, as already achieved in [18]. Therefore, in this
configuration the cross section is the geometrical parameter driving the design. In fact, the ratio between the
nonlinear and the linear coefficients does not depend any more on the beam length, but relates the area and
the momentum of inertia of the cross section. For rectangular cross sections of thickness ¢ this relationship
is ko /ko = t% In the analysed test case, this constraint suggests reasonable results and the designs of the
doubly-clamped beams can be manufactured by 3D printing using the dimensions given in Table 5.

5.4 Optimised solutions for the NLTVA mechanical design

In this section, we optimise the geometries of the cantilever and doubly-clamped beams using Eq. (34) to
achieve the prescribed nonlinear load-deflection curves represented in Figure 7 as given by the exact values
in Table 4. In the first part, we aim at designing cantilever beams. In the second part, we aim at designing
doubly-clamped beams.

Tables 6 and 7 present the optimised cantilever beams for load-deflection curves related to physical mass
ratios equal to 1% and 5%, respectively. When 2D geometrically exact beam elements implemented as in
[14] are used, the objective functions are not properly fitted. Better performances are achieved by allowing
modulated thickness or width. Among all the designs, the optimised beams with modulated width and
thickness can identically achieve the prescribed load-deflection curves related to physical mass ratios equal
to 1% and 5%. For the same optimisation parameters, the optimised beams for 1% mass ratio exhibit smaller
length than ones for 5% mass ratio. However, it is noted that the dimensions of the optimised beams are very



uniform modulate modulate modulate

design width thickness width& thickness
length (mm) 5.78 7.50 11.22 11.89
width (mm) 0.64 [0.20, 3.57] 0.20 [0.35, 1.55]
‘ E—
thickness (mm) 0.64 0.65 [0.20, 1.52] [0.35, 1.56]
— —

Table 6: Optimised cantilever beam for nonlinear load-deflection curve related to 1% physical mass ratio.

uniform modulate modulate modulate
design width thickness width& thickness
length (mm) 2.79 4.00 4.50 5.28
width (mm) 0.52 [0.20, 5.82] 0.20 [0.20, 1.45]

V

thickness (mm) 0.52 0.58 [0.20, 1.15] [0.20, 1.45]

P

V

Table 7: Optimised cantilever beam for nonlinear load-deflection curve related to 5% physical mass ratio.

uniform modulate modulate modulate
design width thickness width& thickness
length (mm) 244.81 305.64 255.94 254.62
width (mm) 4.46 [2.31,19.69 ] 2.63 [0.71,9.31]
- - —— —— —
thickness (mm) 3.47 3.99 [2.63,9.76] [0.70, 9.58]
e e

Table 8: Optimised doubly-clamped beam for nonlinear load-deflection curve related to 1% physical mass
ratio

uniform modulate modulate modulate
design width thickness width& thickness
length (mm) 59.66 40.19 64.13 61.61
width (mm) 2.09 [0.20, 5.571] 2.51 [0.54, 3.19]
(—— i — el
thickness (mm) 1.72 1.51 [0.71, 2.51] [0.54, 3.24]
I —ee et —"‘

Table 9: Optimised doubly-clamped beam for nonlinear load-deflection curve related to 5% physical mass
ratio.

small and all the optimised cantilever beams possess dimensions smaller than 0.5 mm in both the width and
thickness. Hence, it is difficult to manufacture them using 3D printing.

In the second part, the doubly-clamped beams are optimised to achieve the prescribed load-deflection curves.
Tables 8 and 9 present the optimised beams for physical mass ratios equal to 1% and 5%, respectively. Same
as in the previous case, the 5% mass ratio leads to much smaller beams, compared to the case with 1%. It
is noted that all the optimised doubly-clamped beams exhibit much larger dimensions than the optimised
cantilever beams, and therefore can be manufactured using the 3D printer.



5.5 Discussion

Thanks to the procedure summarised in Figure 1, effective NLTVA prototypes can be designed when the
primary structure behaves as a Duffing oscillator around the resonance of interest. Combining Egs. (11)
with Egs. (39 — 40), the geometrical dimensions of uniform cantilever and doubly-clamped beams can be
derived analytically as functions of only the linear and nonlinear stiffness of the primary system (k; and
ki1, respectively) and the mass ratio €. The design procedure is therefore greatly simplified as represented
in Figure 11. The beams can then be directly manufactured using 3D printing.

’ Experimental structure ‘

!

’ Modal model ‘

/ AN

Cantilever beams Clamped beams

Egs. (11 and 39) Egs. (11 and 40)

AN /.

] 3D printed NLTVA ‘

Figure 11: Diagram of the design procedure.

Conversely, the implementation of the shape optimisation procedure cannot be further simplified. However,
its flexibility with regard to the pre-assigned load-deflection curve allows the design of many different me-
chanical NLTVAs. The application on discretised beams provides different designs with modulated width
and/or thickness. Therefore, this approach, combined with the 3D printing technology, is very promising for
the practical application of the NLTVA to engineering structures.

6 Concluding remarks

A practical design procedure of a new nonlinear tuned vibration absorber is described in the present paper.
The analytical formulation proves that the NLTVA is capable of mitigating the vibrations of nonlinear sys-
tems for a large range of forcing amplitudes. Several mechanical designs are proposed using continuous
and discretised cantilever and doubly-clamped beams. These designs, suitable to be manufactured by 3D
printing, are derived by imposing the nonlinear load-deflection functions prescribed by the analytical formu-
lation. The application of the methodology to a nonlinear MDOF main structure shows that the NLTVA can
be effectively used for mitigating one specific resonance.
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