INTERNATIONAL JOURNAL FOR NUMERICAL METHODS IN ENGINEERING
Int. J. Numer. Meth. Engng 2014; 00:1-29
Published online in Wiley InterScience (www.interscience.wiley.com). DOI: 10.1002/nme

Optimizing Perfectly Matched Layers in Discrete Contexts

A. Modave'*, E. Delhez?, C. Geuzaine'

L Department of Electrical Engineering and Computer Science (Montefiore Institute), University of Liége, Belgium
2 Department of Aerospace and Mechanical Engineering (A&M), University of Liege, Belgium

SUMMARY

Perfectly Matched Layers (PMLs) are widely used for the numerical simulation of wave-like problems
defined on large or infinite spatial domains. However, for both the time-dependent and the time-harmonic
cases, their performance critically depends on the so-called absorption function. This paper deals with
the choice of this function when classical numerical methods are used (based on finite differences, finite
volumes, continuous finite elements and discontinuous finite elements). After reviewing the properties of
the PMLs at the continuous level, we analyse how they are altered by the different spatial discretizations. In
the light of these results, different shapes of absorption function are optimized and compared by means of
both one- and two-dimensional representative time-dependent cases. This study highlights the advantages
of the so-called shifted hyperbolic function, which is efficient in all cases and does not require the tuning of
a free parameter, by contrast with the widely used polynomial functions. Copyright © 2014 John Wiley &
Sons, Ltd.

Received ...

KEY WORDS: perfectly matched layer; absorbing layer; absorption function; optimization; finite
difference; finite volume; finite element

1. INTRODUCTION

The numerical simulation of wave propagation problems set in very large or infinite spatial domains
remains a major challenge. A classical strategy consists in truncating the spatial domain to diminish
the computational cost without altering too much the original solution. The artificial boundary of the
truncated domain then requires a specific treatment allowing outgoing waves to leave the domain
without spurious reflection. To this aim, numerous artificial boundary conditions, absorbing layers
and special numerical techniques have been developped (see e.g. [2, 10, 14, 19, 21, 22, 23, 46]
and references therein). Among them, the perfectly mached layer (PML) of Bérenger [5] exhibits
features that have motivated its adaptation and its use in a wide range of cases from acoustics
[28, 29], electromagnetism [1, 6, 31, 40], geophysical fluid dynamics [3, 33, 37], elastodynamics
[4, 44, 45] and quantum mechanics [38]. Basically, the truncated domain is extended beyond the
artificial boundary with an artificial layer where the original governing equations are transformed.
When the PML techniques are used, outgoing waves are perfectly transmitted from the truncated
domain to the PML whatever the angle of incidence — this is the perfect matching — and are then
damped. The decay of the outgoing waves is controled by an additional parameter: the absorption
function o (). Under a specific condition on o(z), the outgoing waves are completely damped and
every spurious reflection is then avoided (see e.g. [5, 7]), which is the goal to achieve.
Unfortunately, the properties of the PMLs are altered when the problem is discretized [11, 47].
At the discrete level, the perfect matching is lost and, in the worst cases, the PML becomes
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2 A.MODAVE ET AL.

highly reflective. Spurious reflection of outgoing waves can hopefully be reduced by ajusting
the discretization and the PML parameters. To this aim, very thick layers, mesh adaptation [34],
modified discrete schemes [17, 20] and optimized absorption functions [11, 47] can all be used.
However, the first two approaches imply an increase of the computational cost, and the others are
case-dependent. In particular, polynomial functions are commonly used as absorption functions in
order to ensure a progressive damping of the outgoing waves in the layer (see e.g. [6, 18]). These
functions involve free parameters that are generally optimized by means of costly computational
procedures or a priori error estimates [13, 16, 25, 38, 41]. Unfortunately, the optimum parameters
depend on both the equations and the numerical scheme considered.

An alternative approach is offered by two promising absorption functions: the hyperbolic function
on(z) and the shifted hyperbolic function og, (). With them, a PML provides an exact treatment of
the artificial boundary at the continuous level. At the discrete level, these functions do not require
any tuning since the optimum value of their free parameter possesses a physical interpretation.
This result is of high interest in industrial cases where the optimization of a free parameter is
computationally very expensive, and sometimes downright impossible. This has been highlighted
in several works [7, 8, 35, 36, 42] for a few wave-like problems and numerical schemes. However,
conflicting conclusions about the relative performances of oy, and oy, can be found in the litterature.
In the specific context of the Helmholtz equation with a continuous finite element scheme, Bermiidez
et al. [8] showed that o, outperforms both oy, and classical optimized polynomial functions. By
contast, for a time-dependent first-order wave-like system with a finite difference scheme, we
showed [35] that oy, performs very well, while oy, provides bad results.

This paper deals with the optimization of PMLs in discrete contexts for wave-like problems based
on first-order systems. In order to reach conclusions as case-independent as possible, all simulations
are systematically performed with different numerical methods, and interpretations are proposed.
Since the absorption function is a key parameter of this optimization problem, a large part of the
paper is dedicated to its study. In particular, we confirm that the functions oy, and oy, do not require
any tuning whatever the numerical method. In all cases, o, provides good results that are at least
comparable to those obtained with the optimized polynomial functions, while oy, is less robust.

This paper is organized as follows. The PML equations are derived for a fundamental case in
Section 2. Classical results on PMLs at the continuous level are reviewed in Section 3. In Section 4,
we propose a preliminary analysis of the PML in one-dimensional discrete contexts. The change of
properties of the discretized PMLs and the influence of the problem parameters on their effectiveness
are then highlighted. In particular, the specific role of the absorption function o(z) is shown
and interpreted, together with the existence of optimum values in discrete contexts. In Section
5, the polynomial and hyperbolic absorption functions are optimized and compared by means of
benchmarks involving waves with normal and oblique incidences. Thereby, an interpretation of the
results obtained with the hyperbolic functions is proposed.

2. THE PERFECTLY MATCHED LAYER

Let us consider a general problem with non-dispersive scalar waves, defined on the unbounded
domain R¢, where d is the dimension of the space. The time-evolution of a scalar field p(x, t) and a
vector field u(x, ¢) is governed by the first-order system

Op

a‘i‘aV'u:O, (1)
Jdu
a+pr:O,

where a and b are physical parameters, x denotes the spatial position and ¢ is the time. Initial
conditions on both fields close the differential problem. This problem corresponds to a basic case
encoutered in various physical contexts.

The PML equations are introduced for a modified version of this problem that is defined on the
truncated domain 2 = {x € R% : x < 0} extended with the layer ¥ = {x € R? : z € [0, 6]}, where
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OPTIMIZING PERFECTLY MATCHED LAYERS IN DISCRETE CONTEXTS 3

x is the Cartesian coordinate corresponding to the direction e; and § denotes the thickness of the
layer. Most PMLs can be interpreted as media where the coordinates are stretched in the frequency
space, as firstly introduced by Chew and Weedon [12]. Following this idea, the PML equations are
built by considering the time-harmonic form of the system (1), i.e.
{ wp —1— aV U: 0, )

—wa + bVp =0,

where p and 1 are the time-harmonic fields and w is the angular frequency. The real coordinate x is
then stretched using the complex mapping

1o,
* — o d !
x = z(x)== w /) o(z") da’, 3)

where o(x) is the absorption function, which is positive in 3 and equal to zero inside the domain
). Basically, the original variable x is replaced with x* in the differential operators of the system
(2). The resulting system is then rewritten in terms of the physical variable x thanks to the change
of variable z*(x). The time-harmonic system then becomes

o Oty

a

—wp+aV -t =— ,
w—o O

—wl + bVp = —otze,,

where 4, is the x—component of U1 and e, indicates the x—direction. The time-dependent system is
finally obtained by defining an additional equation and applying the inverse Fourier-transform:

% +aV - -u=—ogq,

%—ltl +bVp = —ouge,, “4)
@ + a@u,, =—0

ot o~ 7T

where ¢(x, t) is an additional field, which is defined only in 3. At the interface between (2 and ¥, the
continuity of the fields is prescribed. We choose to use a homogeneous Dirichlet condition on u for
the external boundary, i.e. u - e, = 0 at x = §. Note that the exact nature of this boundary condition
has little influence on the solution if the outgoing waves are efficiently damped in the PML [39].

In the fundamental case where all waves propagate along the normal to the artificial boundary,
the problem becomes one-dimensional. In both the one-dimensional domain {2 = R~ and the layer
Y = [0, ¢], the scalar fields p(z, t) and u(z, t) are then governed by

dp ou

ot Tlr T TP
ou dp

This system is an important asymptotic case for all first-order PML systems of the literature. The
scope of the discussion based on it is therefore very large, and does not only apply for problems
with non-dispersive scalar waves.

3. KEY PROPERTIES IN THE CONTINUOUS CONTEXT
At the continuous level, the PML has interesting properties that make it an attractive method to
deal with the truncation of a large or infinite domain. These are reviewed and demonstrated in this

section by means of a classical plane-wave analysis (see e.g. [5, 6, 9]).
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The original system (1) supports time-harmonic plane-wave solutions of the form

() = () e 8

where P and U are the amplitudes and k is the wave vector, which are related by the dispersion

relation
w = Vab |K|

k a
Pm = \/;U. (6)

These waves correspond to a non-dispersive and non-dissipative medium. In the PML, the properties
of the waves are modified due to the complex coordinate stretch (3). The travelling modes (5) indeed
become damped waves shaped as

and the amplitude relation

p(X, t) _ Vig vk-x—wt)  —v(x)
<u(x,t)> o (U € ¢ ’ @
with the attenuation factor
cos@ [* .,
T) = —— o(z’)dx’, Vz €]0,46],
1) =T | o) 0.5

where 6 = arccos(k;/ ||k||) is the angle of incidence. Both the dispersion relation and the amplitude
relation are identical to those of the original medium. Therefore, plane waves propagating in
the PML medium have exactly the same properties as those of the original medium, but with
an additional damping factor (the second exponential of the solution (7)). The PML medium is
both non-dispersive and dissipative. Note that the shape of the wave decay is independent of the
frequency, but not of the angle of incidence.

The interface between the domain €2 and the layer X is transparent to all travelling waves. This
can be shown by considering a representative problem where the domain {2 is extended with a semi-
infinite layer, i.e. with 6 — 4o00. Let us assume that an incident wave propagating in (2 towards the
layer splits into a reflected part (in 2) and a transmitted part (in X). The solution then reads

Piez(k-x—wt) + PTe—2lkw$el(k'x_"~’t)’ Vx € 97
p(x,t) = Ptez(kX—wt)e—’Y(ﬂlf)7 Vx € 3, ®

B Uterlex—wt) 4 Ure—2tkazgrlkex—wt) = yy ¢ () 9
ll(X, t) - Utez(k-x—wt)e—7(1)7 Vx € Y. ©)

Injecting this solution in the interface conditions and using the amplitude relation (6), one
immediately obtains that the amplitudes of the reflected wave, P” and U", are zero whatever the
value of o. Therefore, the reflection coefficient associated with the interface is zero, i.e.

PT‘

S| =0. (10)

Tinterf = ‘

Every incident wave is perfectly transmitted from the truncated domain to the layer whatever its
frequency and angle of incidence. Therefore the interface is perfectly matched.

If the layer thickness ¢ is finite, the outgoing waves that are not sufficiently damped in 3 can be
reflected at the external boundary (i.e. at z = §) and come back in 2. This is shown by assuming the
plane-wave solution has an additional component that is reflected by the external boundary, i.e.

Piez(k-x—wt) + Pre—2zkmm€z(k-x—wt)’ Vx € Q,

p(X, t) = Ptez(k-xfwt) 67’y(m) + pb672zkzzez(k~x7wt)e'y(m)’ Vx € Y, (11)
Uiez(k'x—wt) + U7'e—21lk1xez(k~x—wt)’ Vx € Q’

u(x, t) = Utei(kx—wt)e—'y(f) + '[Jbe—szmmez(k-x—wt)e’y(z)7 Vx € 3. (12)
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OPTIMIZING PERFECTLY MATCHED LAYERS IN DISCRETE CONTEXTS 5

Injecting this solution in the boundary condition e, - u = 0 at z = ¢ and using the perfect matching
and the amplitude relation, one obtains the reflection coefficient associated with a finite layer, i.e.

T

5
cos
Tpml = F

o
Vab Jo

= exp [—2 (2) dx’] . (13)

This coefficient gives an indication on the reflection of outgoing waves by the layer. In the particular
case where the absorption function o (z) has an unbounded integral, i.e.

5
/ o(z') dz’ = +o0, (14)
0

the reflection coefficient is zero. There is then no reflection and the layer is perfectly absorbing.

4. PRELIMINARY ANALYSIS IN DISCRETE CONTEXTS

When using a PML together with a numerical scheme, it is worthwhile to preserve its ability to
accurately simulate the artificial boundary of the truncated domain. This can be studied from two
complementary points of view.

1. The different contributions to the global error on the solution can be identified and quantified
separately: the modeling error, caused by the replacement of the original continuous problem
(defined on R?) with the modified version (defined on ), and the numerical error, generated
by the discretization of the modified continuous problem. The former can be quantified with
the reflection coefficient rpy (13) or a L?-error on the solution. For a finite difference scheme,
the latter can be evaluated using the truncation error of the scheme.

2. The discrete problem can also be considered itself as a wave-like problem, where the discrete
equations support discrete plane-wave solutions. The purpose of a discretized PML is then to
absorb as accurately as possible the discrete outgoing waves. The challenge consists here in
defining and computing discrete versions of the reflection coefficient.

These points of view lead to different approaches to optimize PMLs: minimizing both modeling
and numerical errors [38], and minimizing a discrete reflection coefficient [13, 25, 41]. The former
way has the advantage of highlighting the different sources of error, while the latter provides a single
quantity to minimize. In this section, the properties of the PML are analysed in discrete contexts
taking the second point of view. Discrete reflection coefficients are first provided by a discrete time-
harmonic plane-wave analysis in a basic one-dimensional finite difference case. Then, our approach
is validated and extended to other numerical methods by using simulations in the time domain.

4.1. Discrete plane-wave analysis — Finite difference scheme

Let us consider a spatial discretization of the problem in a one-dimensional case with a finite
difference (FD) method. The semi-discrete fields p;1/,(t) and @,(t) take their values on staggered
regular grids, at the discrete points x;4.1/, = (i + 1/2)Ax and x; = iAx, respectively, where i is the
spatial index and Az is the spatial step. Using central finite differences, the governing semi-discrete
equations read

APy i1 — s i
é/2+aLAx "= —Oi)2 Ditya
da; ﬁi—i—l/z - ﬁi—1/2
—_— + p—r=
dt Az

(15)

= —0; ﬂl

The discrete values of the absorption function, ¢; and o; 1 /2, Ar€ equal to zero in the truncated
domain (¢ < 0) and are positive in the PML (i > 0).
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Prepared using nmeauth.cls DOI: 10.1002/nme



6 A.MODAVE ET AL.

Plane—wave solution

Domain Q

LayerZ

Spatial coordinate x

Figure 1. Illustration of the exponential decay of a plane wave in a one-dimensional PML for a constant
absorption function o(x) = &. The characteristic length of the decay is ¢/5.

The semi-discrete system (15) supports plane-wave solutions similar to the continuous systems,
but with slightly different properties. In the domain 2, where the source terms are removed, the
elementary solution reads

ﬁi-‘rl/Q(t) _ Pez(k(z#l/z)Aa:fwt)’ (16)
’ELZ(t) — Uez(kiAw—wt), (17)

and the wave number k (real) and the angular frequency w (real and positive) are now related to
each other by the dispersion relation

2 . [ Az w
k= :I:A—x arcsin <2c> , (18)

with ¢ = v/ab. Since the phase velocity w/ |k| depends on the wave number, these plane waves are
dispersive, contrary to their continuous versions. The non-dispersive behavior of continuous waves
is recovered when the spatial step Az is small with respect to the wavelength ¢/w. This means that
the discrete lattice must be fine enough to be able to capture the oscillatory behavior of waves. In
the PML 3, the oscillatory behavior of discrete plane waves is altered by the source terms, and
the decay of these waves varies with the frequency, in contrast with the continuous case. If the
absorption function is constant (o; = 0,41/, = 7, Vi > 0), the elementary solution of the system can
be written as a damped plane wave

Pigiya(t) = PePUFYDAT=t), (19)
i;(t) = Ue'P1ar=et), (20)

where (3 is a complex number that is linked to the problem parameters by the dispersion relation

2

B= :l:Al arcsin (A:vw + w) .
x

2 c

The real part of /3 corresponds to the wave number and its imaginary part gives the attenuation factor.
To recover the continuous dispersion relation, the spatial step Az must be small with respect to both
¢/w and ¢/&. The first condition is the same as in the domain 2 (with o = 0). The second condition
can be interpreted considering the shape of the solution in the layer, which is illustrated in Figure
1. For a constant absorption function, the decay of waves is exponential, with the characteristic
length ¢/&. This decay is captured by the discrete mesh only if the spatial step is smaller than the
characteristic length, i.e. Az << ¢/&.

Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (2014)
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Figure 2. Reflection coefficients provided by plane-wave analyses in both continuous (7inerf and 7pm) and
discrete (1, and r5y,) contexts. The parameters are § = 5 Az, A = 13 Az and Az = 103. All quantities
are normalized to both the phase velocity v ab and the impedance /a/b, and are then dimensionless.

The discrete versions of the reflection coefficients can be derived using the same procedure as in
the continuous case (Section 3). Let us assume a semi-infinite truncated domain terminated with a
PML of infinite or finite thickness, and semi-discrete solutions similar to the continuous ones (8)—
(9) and (11)—(12). The discrete reflection coefficients are the ratio of the amplitudes of the incident
and the reflected discrete plane waves. Injecting the semi-discrete solutions in the discrete scheme
and using the discrete versions of both dispertion and amplitude relations, we get, respectively, the
coefficient associated to the interface (or an infinite PML)

efzﬁAa:/Z _ efzk:Aw/2

rx
e—BAz/2 | ekAx/2

interf —

and the one corresponding to the PML of thickness &

1cos(B6 + BAx/2) — sin(B0) e~ FA®/2
1cos(Bd + BAx/2) + sin(BJ) etkAz/2

* —
rpml -

; (22)

where k and /3 are given by the dispersion relations (18) and (21) with the plus sign in either case.
The complete calculations are detailed in Appendix A.2.

Both continuous and discrete versions of the reflection coefficients are plotted as functions of
& for a set of parameters in Figure 2. It is interesting to compare and interpret these curves for
small and large values of & separately. For a small value of &, the behaviour of the continuous
solution is accurately reproduced by the numerical scheme. Indeed, when & < ¢/4, the curves of
the discrete reflection coefficients are close to those of the continuous ones. The outgoing waves are
perfectly transmitted from the domain to the PML. However, they are not sufficiently damped, and
are then reflected by the external boundary and come back in the domain. This undesirable behavior
is due to the modeling error that is already present in the continuous model, and is reproduced
by the discrete model. If & is large, the interface domain/layer is reflective in the discrete context,
while it is perfectly mached in the continuous one. This spurious reflection of waves is caused by
the discretization error. When the characteristic length of the exponential decay of outgoing waves
is smaller than the spatial step, i.e. ¢/ < Az, the behavior of the solution cannot be reproduced
with the discrete lattice and large numerical errors appear. A constant absorption function & must
therefore be chosen in such a way to damp enough outgoing waves without inducing a too sharp
decrease of the fields. There exists an optimum value G,y that corresponds to this compromise. It

Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (2014)
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(a) Optimum value Gopt

of the constant absorption function (b) Minimum reflection coefficient 7,
10°
c/Ax
10° ’
10"
+2 —
& g
,bo LC-'
- 107}
c/o
10 : : : : : 10° : : : : :
20 40 60 80 100 10 20 30 40 50
Az A Ax

Figure 3. The optimum value Gop of the constant absorption function and the corresponding minimum
reflection coefficient r,, as a function of the wavelength \. Same parameters as in Figure 2.

minimizes the coefficient (22), and is such that the characteristic length of the exponential decay
¢/Gopt is in the range [Ax, 6], as shown in Figure 2.

The impact of the spatial step Az and the tickness of the layer ¢ on the errors can be also
interpreted from Figure 2. An increase of § moves the curve 7y (7) to the left, and a decrease of Ax
moves the curve r7..(7) to the right. Therefore, for a given value of &, this leads to a decrease of
the modeling or numerical error, respectively. Both ways can potentially decrease the global error.
However, they require an increase of the computational cost, and it is not certain that the global error
will actually decrease in all cases. Indeed, an increase of § (resp. decrease of Ax) does not improve
the layer if the global error is largely dominated by the numerical error (resp. modeling error).

The curves associated to the discrete reflection coefficients do not notably change with the
wavelength A. In particular, as shown in Figure 3a, the optimum values 0.y remain in the
range [c/d, ¢/ Ax], whatever the wavelength. The corresponding minimum values of the reflection
coefficient do not vary significantly for large enough wavelength (Figure 3b). Therefore, the
effectiveness of the PML is equivalent for all plane waves with nearly the same optimum value
Gopt» €xcept when the wavelength is close to the spatial step. The formulas of the discrete reflection
coefficients for the low-frequency asymptotic case are given at the end of Appendix A.2. It is a
remarkable fact that these formulas are independent of the frequency, which confirms our analysis.

As a conclusion, &, § and Az are the key parameters that influence the effectiveness of the PML
in this discrete finite difference context. For a constant absorption function, the modeling error is
related to the value ¢, while the numerical error obviously depends on Az. The most appropriate
approach to improve a PML is to choose § and Ax according to the acceptable computational cost,
and after to find the corresponding optimum value of &. If the obtained global error is too large,
the procedure must be done again with a larger 6 and/or a smaller Az, and thus an increase of the
computational cost.

4.2. Time-dependent simulations — Extention to other numerical schemes

In order to validate our approach and to extend the discussion to other numerical methods, the
properties of the PML are now studied with time-dependent numerical simulations. We consider
numerical schemes based on the finite difference (FD) method, as well as finite volume (FV),
stabilized continuous finite element (CG) and discontinuous finite element (DG) methods. For

Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (2014)
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(a) Initial solution

o
1 1 1 1 "L‘
L —L/2 0 5
(b) Final solution
o
: : A : —"
L —L/2 0 5

Figure 4. Illustration of the solution of the one-dimensional benchmark at the initial and final instants. A
Gaussian-shaped pulse that moves to the right is prescribed by the initial condition. After a reflection by the
layer, the reflected part of the pulse moves to the left, and is finally centered in the right part of the domain.

convenience, all quantities are normalized to both the velocity v/ab and the impedance \/%, and
are then dimensionless.

The time-harmonic one-dimensional benchmark is adapted for the time domain with a transient
incident signal. The finite truncated domain 2 = [—L, 0] is extended with the PML X = [0, d]. An
incident Gaussian-shaped pulse is used as initial condition with

i) xp (Y,

where R is a constant parameter. This pulse covers a broad range of frequencies, in contrast to the
incident sine wave of the time-harmonic benchmark. As illustrated in Figure 4, it is initially centered
at the middle of [—L/2, 0]. The parameter R is chosen such that both fields are initially negligible
outside this region. As time goes by, the pulse moves towards the layer and is partly reflected. At
the end of the simulation (¢; = L/2), the reflected part of the pulse is mainly in [—L/2, 0]. Due to
the numerical dispersion of the discrete scheme, some numerical modes can reach [—L, —L /2] and
the shape of the reflected signal can be non-Gaussian. The boundary condition » = 0 is used at both
x=—Landx = 4.

The effectiveness of the PML is now quantified using the relative error &, on the numerical
solution defined by

Epm(ty)

g'r - Ewall(tf) ’

(23)

where Epmi(ty) is the global energy associated to the numerical solution in [—L, 0] at the end of the
simulation, and Ey(ts) is the one obtained by remplacing the PML with the perfectly reflecting
boundary condition v = 0 at z = 0. In this dimensionless context, the global energy F is defined by

_Eﬁf)zl/i/<;p%x7wj+—;u%m,wﬁ>dx.

The value of &, can be interpreted as the part of the global energy that is reflected by the layer. The
value 0 corresponds to a perfectly absorbing layer, while 1 is for a perfectly reflective layer.

Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (2014)
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The discrete reflection coefficient r;ml and the relative error &, are complementary ways of
quantifying the effectiveness of a discretized PML. The former is for a particular frequency (time-
harmonic context), while the latter directly accounts for a range of frequencies through the initial
incident pulse (time-dependent context). In the particular case where a harmonic plane wave is used
instead of the Gaussian-shaped incident pulse, the relative error reduces to the discrete reflection
coefficient, i.e. & = 15,

The relative error &, has been computed for different values of the parameter & in [10~5, 10°] with
different numerical schemes in a unique setting. The curves of &, as a function of & are plotted in
Figure 5 (linear scale) and Figure 6 (logarithmic scale). The finite difference (FD) scheme described
in Section 4.1 is considered, as well as a finite volume (FV) scheme and finite element schemes
based on continuous and discontinuous Galerkin methods (CG and DG). Both CG and DG schemes
are described in Appendix B, while the FV scheme corresponds to the DG scheme with piecewise
constant basis functions. We use centered and upwind fluxes for FV and DG schemes, and first- and
second-order polynomial basis functions for CG and DG schemes. In all cases, the spatial step is
Az = 102, the size of the domain is L = 500 Az, the thickness of the layer is § = 5 Az, and the
parameter of the initial pulse is R = 10 Az. The time-stepping is performed using the Leapfrog
scheme with At = 0.5 102 (FD) or the Crank-Nicolson scheme with At = 2.5102 (FV, CG and
DG). To stabilize the CG scheme, PSPG terms are added in the formulation (see Appendix B) with
the numerical diffusion parameter x = 103.

The numerical results obtained with the FD scheme are consistent with the plane-wave analysis
of the previous section. Indeed, in Figure 5a, the curve of the relative error &,.(5) is close to
the one of the discrete reflection coefficient 7 (5) obtained with the plane-wave analysis. The
small difference can be explained by the change of incident signal: a harmonic one with a single
frequency for /| and a Gaussian-shaped one covering a range of frequencies for ¢, including high
frequencies.

For & < ¢/4, the continuous solution, and then the corresponding modeling error, is accurately
reproduced by all schemes. All relative error curves are indeed close to the one of the continuous
reflection coefficient 7,y,. By contrast, for ¢ > ¢/0, i.e. when the exponential decay of outgoing
waves is too sharp to be reproduced by the discrete mesh, the behavior of the discretized PML varies
with the numerical scheme. With the CG scheme and the FV/DG schemes (with centered fluxes), the
curves &, (7 ) look like the one obtained with the FD scheme (Figures 5b and 5¢): there is an optimum
value of & and, beyond this value, the relative error increases with &. For very high values of &, the
interface domain/layer becomes perfectly reflective. The optimum value of & increases when the
order of the polynomial basis functions increases (Figures 6b and 6c¢). This can be explained by
considering that a higher order method can more accurately reproduce the rapid variations of the
solution. Therefore, a higher &, which reduces the characteristic length of the exponential decay, can
be used. With the FV/DG schemes and upwind fluxes, unlike with other schemes, the PML remains
highly absorbing for large values of & (Figure 5d). This particular behavior is due to the upwind
fluxes, which are based on an exact Riemann solver. At the interface, this solver naturally splits the
parts of the solution that propagate inward and outward. The outgoing Riemann invariant, which
contains outgoing waves, is correctly computed, while the incoming Riemann invariant is computed
using the overdamped values of the fields of the layer, and is then close to zero. This corresponds
to prescribing that there are no incoming waves. Prescribing the incoming Riemann invariant to
zero is a common absorbing boundary condition (ABC) strategy, which is exact in one-dimensional
cases. As shown in Figure 6d, the PML reaches the accuracy of this ABC for large values of .
Unfortunately, as shown later, this ideal behavior is lost for multidimensional problems with oblique
incident waves. Indeed, the ABC is then approximate and becomes reflective. Similarly, the PML
becomes reflective for too large values of .

All these numerical results corroborate the conclusion of the plane-wave analysis performed in
the FD context, and extend it to other numerical methods. In nearly all cases, there is an optimum
value of the constant absorption function & to use in discrete contexts. The important exception
observed with the FV/DG schemes and upwind fluxes is a particular case that does not occur in
multidimensional problems.
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Figure 5. Relative errors & of the one-dimensional benchmark as a function of the constant absorption
function & for different numerical methods. The continuous reflection coefficient rpy is plotted in each
graph, as well as the discrete version 7, in FD case for A\ = 13 Az. All values are dimensionless.

Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (2014)
Prepared using nmeauth.cls DOI: 10.1002/nme



12

-

Relative error &

A.MODAVE ET AL.

(a) FD scheme

=
S
&

|
i
o

=
o

10° 10 107 10°
Constant absorption function o

(c) FV and DG schemes with centered fluxes

r

Relative error &

0

10
107 |
r
- pml
——FV
—e—DG order 1
_ —A—
10710 DG order 2
10—157
10° 107 107 10°

Constant absorption function o

10

r

Relative error &

!
o

=
o

(b) CG scheme
r
- pml
—e—CG order 1
—A—CG order 2
10° 10™ 107 10°

Constant absorption function o

(d) FV and DG schemes with upwind fluxes

r

Relative error &

=
o

4
r
- pml
——FV
—e—DG order 1
—4— DG order 2
5 |
DG order 2 with ABC
DG order 1 with ABC
-10|
FV with ABC
-15
10°° 107 107 10°

Constant absorption function o

Figure 6. Same as Figure 5, but with a logarithmic scale. In Figure 6d, horizontal lines are plotted at the
levels corresponding to the relative errors obtained with an ABC prescribed at = 0.
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5. SPATIALLY VARYING ABSORPTION FUNCTIONS

Smoothly increasing functions are widely used as absorption functions. They induce a gradual decay
of outgoing waves that is more easily captured by numerical methods than a sharp exponential
decay. At the discrete level, the effectiveness of the PML is then easily improved at no additional
cost. Polynomial absorption functions are most frequently used (see e.g. [18] and the references of
the present paper), i.e.

or=a(2)'

where n and « are positive parameters. The power n is generally equal to 2 or 3, which correspond
respectively to parabolic o2 and cubic o3 functions. Similarly to the value & of constant absorption
functions, the parameter o of polynomial functions must be large enough to damp the outgoing
waves, and small enough to avoid a too sharp variation of the solution that cannot be reproduced
accurately by the numerical scheme. Nevertheless, the optimum « is currently not clearly identified,
and no general rule exists to choose it.

As an alternative, hyperbolic functions were proposed by Bermudez et al. [8]:

o
(@) = b—xz 6

where « is an additional positive parameter to choose. The second function is called shifted
hyperbolic function, because it is pushed down to ensure a zero value at the interface domain/layer
(i.e. at z = 0). Since both functions have an unbounded integral, the PML is theoretically perfectly
absorbing at the continuous level (the condition (14) is met). In discrete contexts, the parameter
« must be optimized for the same reason as with other functions. Fortunately, both functions are
close to optimum with o = ¢ (or @ ~ 1 in the dimensionless context). This was first observed by
Bermudez et al. [7] in a specific time-harmonic acoustic context with a continuous finite element
scheme. This result is extended hereafter in time-dependent contexts with different numerical
methods and interpretations are proposed.

This section deals with the choice of the spatially varying function to use as absorption function
o(x). Polynomial and hyperbolic functions are optimized and compared, and the optimum value
of the free-parameter « is discussed. To this aim, the one-dimensional benchmark is used again, as
well as a two-dimensional benchmark that deals with waves having oblique incidences.

5.1. Optimization for normal waves

Consider again the one-dimensional benchmark of Section 4.2. The relative error &, (23) is now
computed with different values of the parameter o for the different absorption functions and
different numerical settings. We consider FD, CG and DG schemes, with first-order polynomial
basis functions for the finite element schemes (CG and DG), and both centered and upwind fluxes
for the DG scheme. In each case, two PML thicknesses § are considered, as well as two sets of
numerical parameters: those of Section 4.2 (set A) and smaller ones (set B). The curves of the
relative error &, as a function of « are shown in Figures 7, 8, 9 and 10.

The curves &, («) exhibit the same behavior in all cases, except when the DG scheme is used with
upwind fluxes (Figure 10). In this case, the result obtained with the constant absorption function is
recovered: the PML is highly absorbing with very high value of «, and the value of the relative error
is close to the one provided by the ABC. This particularity can be explained again by the specific
definition of the upwind fluxes (see Section 4.2).

With the other numerical schemes, the curves £, («) can present several minima. A systematic
optimization of absorption functions must then be carefully done. For polynomial functions, the best
«, which corresponds to the global minimum of each curve, is always in the range 1073 — 1072,
except for the DG scheme with centered fluxes, where the best « can have very different values:

Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (2014)
Prepared using nmeauth.cls DOI: 10.1002/nme



14 A. MODAVE ET AL.
(a) FD scheme with § = 5 10% and set A (b) FD scheme with § = 10* and set A
10° 10°
107 1072t
"a W
5 . 5 .
5 10 5 10 '+
o o
= =
8 8
[0 — [3) —
X 10° o, x 10° o,
o o
_ —— - ——
10 8| h 10 8| h
—— Gsh —— osh
10 107 10° 10° 10™ 107 10° 10°
Parameter a Parameter a
[ scheme wi = and se scheme wi = and se
FD sch th § = 5 10% and set B d) FD sch th 6 = 10* and set B
10° 10°
107 1072}
WL Ml'l_
S . S .
B 10 '+ E 10 -
o o
= =
8 8
g 107 5 r 10° s
. e 0, - —— 0
10 8| h 10 8| h
— 0sh —h— o—sh
10™ 107 10° 10° 10™ 107 10° 10>

Parameter a

Parameter a

Figure 7. One-dimensional benchmark with the finite difference (FD) scheme. Relative error &, as a function
of the parameter « for different absorption functions o(z) and two PML thicknesses ¢. In each case, two

sets of numerical parameters are considered: Az = 103, At = 500 (set A) and Az = 100, At = 50 (set B).

All values are dimensionless.
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(a) CG scheme with § = 5 103 and set A (b) CG scheme with § = 10% and set A
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Figure 8. One-dimensional benchmark with the continuous Galerkin (CG) scheme. Relative error &, as a

function of the parameter « for different absorption functions o(z) and two PML thicknesses §. In each

case, two sets of numerical parameters are considered: Az = 103, At =2.510° (set A) and Az = 250,
At = 625 (set B). k = 1000 for both settings. All values are dimensionless.
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Figure 9. One-dimensional benchmark with the discontinuous Galerkin (DG) scheme and centered fluxes.

Relative error &, as a function of the parameter « for different absorption functions o(x) and two PML

thicknesses . In each case, two sets of numerical parameters are considered: Az = 103, At =2510°
(set A) and Az = 250, At = 625 (set B). All values are dimensionless.
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Figure 10. One-dimensional benchmark with the discontinuous Galerkin (DG) scheme and upwind fluxes.

Relative error & as a function of the parameter « for different absorption functions o(z) and two PML

thicknesses . In each case, two sets of numerical parameters are considered: Az = 103, At =2.510°

(set A) and Az = 250, At = 625 (set B). The level of the dashed line corresponds to the relative error
obtained with the ABC. All values are dimensionless.
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close to 1073, 10° or 10? (Figure 9). By contrast, for the functions oy, and oy, the best « is always
in a single range of values 10~ — 10%.

Figure 11 shows the minimum &, and the corresponding optimum « as functions of the number
of grid cells in the layer. These optimum values are obtained using the line-search algorithm. They
are searched in the range 104 — 102 for polynomial functions, and 10~! — 10* for hyperbolic
ones. Although there is no guarantee that the obtained values correspond to the global minimum of
& (), all the curves show coherent behaviors: by increasing the thickness of the layer, the minimum
relative error &, decreases.

For each absorption function, the optimum value of « is similar in all discrete contexts (Figure
11, right). It lies in the range 10~2 — 10~2 for polynomial functions (o2 and o3), and close to 10° for
hyperbolic ones (oy, and og,). In the first case, this optimum value varies slightly with the numerical
scheme, and diminishes when the layer thickness increases. With the hyperbolic functions, it is
almost always constant, except for o, with the DG scheme and centered fluxes, where the optimum
value slightly oscillates.

The effectiveness of the different absorption functions at their best, i.e. when the optimum «
is used, changes depending on the numerical method (Figure 11, left). With the FD scheme, the
optimized polynomial functions give the smallest relative error. Among the hyperbolic functions,
the shifted one o, works better than the other. With the CG scheme, oy, outperforms all other
optimized functions, which give equivalent results. Finally, with the DG scheme and centered fluxes,
the functions o9, oy, and oy, are the best, and nearly equivalent.

The performance of the hyperbolic and shifted hyperbolic functions and the optimum value
of their free-parameter o can be interpreted by considering the particular shape of the obtained
solutions. Indeed, since there is no modeling error with these functions, the global error is entirely
due to the numerical error, which depends on the ability of the numerical scheme to reproduce the
solution, as highlighted in Section 4. Therefore, the best absorption function corresponds to the most
adequate solution shape in a given numerical context. When the functions oy, () and o, () are used
with a = ¢, the plane-wave solution (7) becomes respectively

p(x,t) = Petllex—wt) [(1 — %)]Cose (24)

and
cos 0

p(x,t) = Ppetlex—wt) [ew/‘s (1 — %)}

If the plane waves are normal to the interface (i.e. @ = 0), their decay is then respectively linear and
exponential-linear, as illustrated in Figure 12. Since linear variations are accurately represented by
numerical schemes on regular grids, the decay induced by oy, is ideal. In particular, in a previous
work [35], we showed that the linear decay of waves is perfectly captured by the FD scheme if o
is equal to the group velocity ¢, (27)". Therefore, if the spatial step is small enough to capture the
oscillations, the solution is correctly simulated. We expect the same behavior with other numerical
schemes. However, at the interface between the domain 2 and the layer X, the spatial derivative of
the plane-wave solution is discontinuous (Figure 12a). Such a solution can be correctly represented
with the CG and DG schemes, whose piecewise polynomial solutions are only continuous (not
continuously differentiable) and discontinuous, respectively, at the interface between elements. By
contrast, the classical FD scheme considered here is based on the direct replacement of partial
derivatives using finite differences in the equations. Since the partial derivative is discontinuous at
the interace between 2 and 3, this strategy is not efficient without specific interface treatement
(e.g. an ad hoc transmission condition). This explains the observed results for the one-dimensional
benchmark: oy, is good with both CG and DG schemes and bad with the FD one. The shifted
hyperbolic function oy, provides a nonlinear decay of plane waves, without discontinuity of the
spatial derivative at the interface, as illustrated in Figure 12b. The shape of this solution exhibits a
slow decay that is accurately represented by the FD scheme without specific interface treatment.

This assumption is reasonable since c, differs from the propagation velocity c only for wavelengths close to the spatial
step Az [26]. However, in practical cases, Az is chosen small enough in comparison to the considered wavelengths.
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Figure 11. One-dimensional benchmark. Minimum relative error & (left) and corresponding optimum
parameter « (right) as a function of the PML thickness ¢ for the different absorption functions o (z). When
¢ increases, the spatial step Ax remains constant and the number of cells in the PML increases. For all

schemes, Az = 103. The time step At is 500 (FD) or 2.5 108 (CG and DG). All values are dimensionless.
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Figure 12. Illustration of the decay of a plane wave in a one-dimensional PML for (a) a hyperbolic function
on(x) and (b) a shifted hyperbolic function og, (). The decay is respectively linear and exponential-linear.

5.2. Optimization for oblique waves

In order to test the PML with waves entering in the layer with an oblique incidence, we now consider
a two-dimensional benchmark. A Gaussian-shaped pulse is initially prescribed in the center of a
squared domain using the initial condition on p(x, t):

2
X
p(xvo) = €Xp <_HR!> )

where R is a constant parameter. At the initial instant ¢ = 0, the field u(x, t) and the additional field
q(x,t), are equal to zero in Q U X and 3, respectively, and p(x, t) is negligible outside 2. As time
goes by, the pulse collapses and circular waves appear. The simulation stops when the main wave
reaches the lateral boundary of the domain (see the snapshots of the reference solution in Figure 13).
The homogeneous Dirichlet condition u - n = 0 is prescribed at each border of the square, where n
is the outward normal.

The PML is tested considering a version of the problem with a truncated domain: the upper
part of the squared domain is removed, and replaced with a PML X (see Figure 13). The goal is
to reproduce the reference solution in the truncated domain 2. The effectiveness of the PML is
quantified by using the relative error &, that is now defined as

f o Eerror with pml (t f )

" Eetror with wall (tf) ’

where the global energies Ferror with pmi (t) and Eerror with wanl (t) are now associated to the error on the
fields in the truncated domain 2. The former corresponds to the numerical solution obtained with
the PML, while the latter is obtained in the case where the interface is perfectly reflective (u-n =0
is prescribed at the interface). In this dimensionless context, the first global energy reads

Eerror with pml(t) = /

((ppm1 (5,8) = Prei(,1))” + || tpmi (3, £) — et (x, t)||2) dx,
Q

where the numerical fields ppm and upy are obtained with the PML, while prer and u,er correspond
to the reference numerical solution obtained with the original squared domain (see Figure 13, left).
The layer is then perfectly absorbing for &, = 0, and perfectly reflective for & = 1. In the latter
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Reference solution Solution with PML Error in the domain Q2
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Figure 13. Two-dimensional benchmark. Field p(x, ¢) at different instants of the simulation in the reference
domain (left) and the truncated domain 2 extended with a PML X (center). The difference between these
two solutions in the truncated domain is plotted on the right.

case, the energy reflected by the layer is indeed the same as with a perfectly reflective boundary
condition.

The relative error &, is computed with numerous values of the parameter « for the different
absorption functions and FD, CG and DG numerical schemes. Figure 14 shows the curves of the
relative error &, as a function of a. The spatial dimensions are 8 10* x 8 10* for the reference
squared domain, and 8 10* x 5 10* for the truncated domain. We consider the PML thickness
§ = 10*, the characteristic length of the Gaussian-shaped pulse R =5 103 and the simulation
duration ¢; = 3.6 10>. For the FD scheme, the spatial steps are Az = Ay = 500 and the time-
stepping leapfrog scheme is used with the time step At = 300. The CG and DG schemes are
described in Appendix B. For both, the mesh is made of first-order triangular elements with the
edge length ¢ = 1.75 103, and the Crank-Nicolson time-stepping scheme is used with the time step
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Figure 14. Two-dimensional benchmark. Relative error &, as a function of the parameter « for the different
absorption functions in different numerical contexts. In Figure 14e, the level of the horizontal line indicates
the relative error obtained with the ABC.
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At = 3 103. We consider two values of the stabilization parameter « for the CG scheme, and both
centered and upwind fluxes for the DG scheme.

As shown in Figure 14e, the PML discretized with the DG scheme and upwind fluxes is reflective
for large values of «, by contrast with the one-dimensional case. There is now an optimum « (at
the minimum of each curve) for each absorption function, like with the other numerical schemes.
In each case, the minimum relative error &, is smaller than the one obtained with the ABC. As
expected, the ABC is only approximate for oblique outgoing waves, which can be treated by the
PML. The PML is then more accurate in this context, but it requires to choose a value of « neither
too large nor too small.

As an another difference with the one-dimensional case, the hyperbolic function oy, provides now
worse results than other absorption functions in all the cases. When all functions are optimized, the
relative error corresponding to oy, is indeed the worst in every discrete context, while this function
was efficient with both CG and DG schemes in one dimension. This contrasts with Bermuidez et
al. [8] who obtained better results with o}, in a two-dimensional case with circular waves. This
can be explained by the different numerical schemes: Bermudez et al. used a CG scheme without
stabilization based on the Helmholtz equation, which provides a different approximation of the
solution. The stabilization technique employed in the present work probably plays an important
role, since oy, gets worse when the stabilization parameter « increases (see Figures 14c—14d). By
contrast, the performance of other functions is not significantly affected. Therefore, oy, provides
contrasted performances and is less robust than others.

The cubic function o3 and the shifted hyperbolic one oy, exhibit similar relative error £, when
they are optimized. The former is slightly better than the latter for the FD scheme and the DG
scheme with centered fluxes. The converse holds for the CG scheme with x = 200. The parabolic
function o5 is always worse than .

As for the one-dimensional case, the optimum « of the functions oy, and oy, remains close to 1,
while it is now systematically a bit smaller than 1 for o},. For polynomial functions o2 and o3, the
optimum « is always close to 10~3. This value is coherent with those obtained in one dimension with
the same PML thickness (see Figure 11 for a PML with 10 cells), while being currently devoided of
any interpretation.

6. CONCLUSION

PMLs provide an efficient way to simulate the truncation of a large or infinite domain. However,
their main features are altered when numerical methods are used. While the perfect matching
was automatic and the perfect absorption was ensured by a large absorption function o(x) at the
continuous level, the parameters of a discretized PML must be carefully chosen in order to limit
both modeling and numerical errors.

The analytical and numerical results presented in this paper highlight the importance of the
absorption function o, the layer thickness ¢ and the spatial discretization in this issue. In a discrete
context, the effectiveness of the PML critically depends on the ability of the numerical scheme to
accurately represent the decay of outgoing waves in the layer. Increasing the layer thickness § or
refining the mesh can then improve the PML, but at the prize of an increase of the computational
cost. By contrast, taking a better o improves the effectiveness of the layer at no additional cost.
Looking for efficient absorption functions is then a very attractive approach.

Polynomial functions are widely used as absorption functions, even if they require an optimization
procedure or empirical formula to choose their free parameter «. In this work, we confirm the
effectiveness of these functions, but the choice of the parameter remains an open issue: the optimum
value does not find any direct interpretation. By contrast, for the functions oy and oy, the optimum
value for « is always very close to the propagation velocity c. They can therefore be used without
any tuning, as already observed by Bermudez et al. [7] and in our previous works [35, 36] in more
specific contexts. We recommand the use of the shifted hyperbolic function og,, which is as efficient
as optimized polynomial functions and more robust than oy,. This recommandation concerns a wide
range of cases since fundamental one- and two-dimensional benchmarks are used with various
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classical numerical schemes (based on finite difference, finite volume, stabilized continuous finite
element and discontinuous finite element methods).

Many topics of further research about perfectly matched layers remains open. In the continuation
of this paper, the knowledge of error estimates should permit a better choice of the PML thickness
and the mesh refinement. Then, as mentionned in the introduction, the use of modified discrete
schemes or mesh adaptation, as well as specific transmission conditions at the interface, can also
improve the PML effectiveness. However, since these strategies change the approximation of the
solution, the conclusion of the present work could not be relevant, and ad hoc analyses should be
performed. In a general way, verifications should be made if numerical schemes not considered in
this work are used (e.g. finite elements schemes with other elements and basis functions). Finally,
detailed analyses and interpretation of optimum parameters should be proposed for other efficient
PML formulations where other additional parameters are introduced (e.g. [15, 18, 32, 43]).

A. PLANE-WAVE ANALYSES IN THE DISCRETE FINITE DIFFERENCE CONTEXT

When a differential problem is discretized, the qualitative properties of its solution change. As
dispersion and dissipation of waves are modified in the context of wave propagation, the features
of PMLs are equally altered. In this appendix, the dispersion and dissipation properties of waves
are studied for the basic one-dimensional problem with and without PML terms, discretized with
the finite difference method. The discrete reflection coefficients associated to both infinite and finite
PMLs are then derived for the constant absorption function &.

A.l. Discrete scalar wave system without PML terms

Let us consider the finite difference (FD) scheme for the one-dimensional scalar wave system, given
by the semi-discrete system (15) without the sources terms. The dispertion and dissipation properties
of waves supported by this system are studied by considering the elementary plane-wave solution
(16)—(17). Injecting this solution in the system gives

ezkAz/Q _ efzkAx/2

—wP +a U =0,

Ax

ezkAx/2 _ efzkA:v/Q

—wU + b P =0,

Ax
—WTMP + asin (kgx) U=0,

= A LA (25)

‘¥$U+mm<if>Pa

The last system has non-trivial solutions if

2 kA
w—:l:cAsin< $> ,

T 2

P:i¢?ﬁ (26)

with ¢ = v/ab. The plus sign corresponds to k > 0 and the minus sign is for k& < 0. The phase
velocity and the group velocity of waves are then

c ef & c 2 sin —kAx
L || T kAx 2 ’
def. Ow kAz
= — =4 S —_— - 2
Cg ok ccos ( 5 ) (27)

Since the phase velocity ¢, depends on &, the scheme is dispersive. Since the elementary plane-wave
solution is not damped, the scheme is non-dissipative.

Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (2014)
Prepared using nmeauth.cls DOI: 10.1002/nme



OPTIMIZING PERFECTLY MATCHED LAYERS IN DISCRETE CONTEXTS 25

A.2. Discrete scalar wave system with PML terms and a constant function &

Let us consider the FD scheme (15) for the one-dimensional problem with PML terms and a constant
absorption function &. Injecting the elementary plane-wave time-harmonic solution (19)—(20) in the
system (15) gives

ezBAw/Q _ e—zﬁAac/Q

—wP +a U=-6P,
Az
ez,@Aac/2 _ e—zBAa:/Q
—wU +b P=-cU.
Az

A A
— (w+10) %P—i—asin <ﬁ2$> U=0,

A A
—(w—l—z&)—xU—i—bsin pAz P =0,
2 2
This system has non-trivial solutions if

_ 2 . [ BAx
w—+10 = icﬂ sin (2) , (28)

P = ﬁ:\/gU. (29)

From the first relation, one has an expression for the complex parameter /3,

Aa:w—i—w)

2 c

2
8= :EM arcsin (

Because the real part of S non-linearly depends on the frequency, the waves are dispersive. If & is
nonzero, the imaginary part of 3 is positive and the waves are then damped.

Similarly to the continuous case (Section 3), the matching of the layer at the interface is studied
considering a one-dimensional problem defined on the domain 2 = R~ extended with the infinite
PML X = R*. At the interface, the field @g(#) is governed by
dig | P12 —P-1/2  _

q +b AL = —Gug- (30)
The solution of this problem is written as the superposition of incident, reflected and transmitted
waves, i.e.

~ Pieuk(it1/2)Ax—wt) 4 Prez(—k(i+1/2)Aw—wt)’ fori=.. —2,—1

pz’+1/2(t) = Ptei(ﬁ(i+1/2)Afc—wt)7 fori =0,1,...
ity = f ey pre-kisee, fori =...,—1,0
% - Utez(ﬂiAw—wt)’ for: = O, 17

with k£ > 0. Injecting this solution in the governing equation of @ (t) (30) gives
. b A
(5_ 7 'LC(J)(UZ + Ur) + F (PtezBAac/2 o PzefzkA:r/2 7 PrezkAw/Q) —0.
x

Using the continuity condition of the field ; at the interface (i.e. U* = U’ 4+ U") and the amplitude
relations (26) and (29), it becomes

(5_ o zw)(Pi 7 Pr) + AL ((Pz o Pr)ezBAa:/2 . Piefzk:A:z/2 - PrezkAw/Q) —0.
T

Using the dispersion relation (28) with the plus sign, one has
efz,BAz/Q(Pi _ P’I") _ PiefzkAz/Q _ PreikAac/2 —0.
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Finally, one has the discrete reflection coefficient
e—zBAa:/Q _ e—zkAz/Q

e—BAT/2 + etkAx/2

i
Pi

* —
Tinterf = ‘

The discrete reflection coefficient is now derived for a PML of finite thickness, i.e. ¥ = [0, ¢]. Let
us consider an elementary solution written as the superposition of incident waves, their reflections
in the domain (2, transmitted waves in the PML and their reflections by the outer boundary of the
layer (z = 0). It reads

_ Piez(k(i+1/2)A17wt) + Prez(fk(z#l/z)Aszt)’ fori = e —2,—1

pi+1/2(t) = PterBli+Y/2)Az—wt) 4 Pbez(fﬁ(i+1/2)Aa:7wt)7 fori =0,1,...
208 = Uiei(kiAm—wt) + (]rez(—kiAm—wt)7 fori = =10
ul( ) - UterBidz—wt) + U’bez(fﬁiAocfmt)7 fori=0,1,...

with & > 0 and Re(5) > 0. The continuity condition at the interface domain/layer and the boundary
condition at the outer boundary of the layer (4, = 0) gives the relations between the amplitudes

Ui+Ur:Ut+Ub, Utezﬂ5+Ubefzﬁ5 :0’
and then
Ui+ur Ui+ur
t_ b _
U =12 U=z G

The governing equation of g (t) (30) gives
(5, - ZCL))(UZ + Ur) + I (PtezBA:v/Q + PbeszAz/Z o PzefzkAcr/Z . PrezkA:r/2> —=0.
x

Using the dispersion relation (28) with the plus sign and the amplitude relations (26) and (29), this
relation becomes

(e—zBAw/2 + ez,@Am/2> (Uz + Ur) + (Utez,BAm/2 _ Ube—zBAw/2 _ Uie—zkA;E/Q + UrezkA;E/Q) =0.

Using the relations (31) and the amplitude relations, one has
ez,@Aw/2 e—z,BAw/2
1— 621,55 - 1— 6—27,66

(e—zBAI/Q . ezBAw/? + ) (Pz _ Pr) _ Pie—zkAm/2 _ Prezk:Aw/2 —0.

Finally, the discrete reflection coefficient reads

1cos(B6 + BAx/2) — sin(B0) e~ FA2/2
1c08(80 + BAZ/2) + sin(B6) erkAz/2

*
rpml -

P
Pl

Assuming the frequencies are low, i.e. w << ¢/Ax, the formulas of the discrete reflection
coefficients become
N e =1
Tinterf | wce/Az T eT +1’
N | cosh (7 + 207/Ax) — sinh (207/Ax)
T ~
pullwece/Az ™ cosh (1 + 207 /Ax) + sinh (267/Ax)’

with
T = arcsinh (m> ,
2c
and are independent of the frequency.
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B. NUMERICAL SCHEMES

B.1. Continuous Galerkin finite element scheme

With the CG method, the exact continuous solution is approached by a piecewise polynomial
solution that verifies a weak form of the equations over the domain. This weak form is obtained
by multiplying the equations (4) by test functions, integrating them over 2 = QU ¥ and using
integration by part. It then reads

p . y y y
(55) = ion + 0.V = - 000
Q

(Ghu) = o= (ole. weriy. G2
Q

dq . y y y
<a(za Q) - <(ea: . u)ewa Q>BZ + ((ea? : u)ewa VQ)Z = - (UQa Q)E 9
b))

where we use the notations (i,5) , = [,(ij) dA, (i,j) 4 = [,(-J) dA, (i,4)p4 = [54(ij) -ndB
and (i,j)y4 = [,4(i) - ndB for the integrals over the region A and its boundary, and #, i and
¢ are the test functions. The vector n is the outward normal on the boundary 0A. However,
this formulation generates spurious numerical oscillations, even without the PML terms and the
additional equation. Stabilization techniques have been developped to avoid them (see e.g. [24]).
In particular, the Pressure-Stabilization Petrov-Galerkin (PSPG) method proposed by Hughes ar al.
[30], consists in adding a stabilisation term in the left-hand side of the continuity equation (the first
equation of the system (32))
Sp = = (KRu, VP)q

where & is the numerical stabilization parameter and R, is the residual associated to the momentum

equation, i.e.

ou
R, = T Vp+ o(e; -u)e,.

Considering the similarities between the first and last equations of the formulation, we add a
corresponding stabilization term in the governing equation of g, i.e.

Sq = — (k(es - Ru)es, Vi)sy, -

An impermeability boundary condition u - n = 0 on 0f2 is weakly incorporated in the formulation
by removing the boundary term of the first and last equations.

B.2. Discontinuous Galerkin finite element scheme

With the DG method, the exact continuous solution is approached by a piecewise polynomial
solution, discontinuous at the interfaces, that verifies weakly the equations over each element [27].
Multiplying the equations (4) by test functions, integrating them over each element ). and using
integration by part, one gets the weak form:

I .  x y y
(55) + (e dhon, — (@50, = - (0,
Qe

ou . . . .
<8t’u) + (bp*, 1) g, — (bp, V) = — (0(ez - u)ey, 1)q ,
Qe

e

0q . N . . .
(5e0) + taler - whensdhun, - (ales - wer, Vi, = = (00,
Q

Because the numerical solution is discontinuous at the interface between two elements, numerical
fluxes must be chosen at this interface. For a linear wave problem, the so-called upwing fluxes
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are classicaly defined using a Riemann solver. They are computed using the Riemann invariants
p* =p+n-[u] and u* = u + n[p], where the mean and the jump of p and u are defined as

+ 4 + _ + - + _u—
PP =t et e =t 69)

As an alternative, the centered fluxes based on the mean values p* = p and u* = u can be used.

ﬁ:

REFERENCES

1. S. Abarbanel, D. Gottlieb, and J. S. Hesthaven. Non-linear PML equations for time dependent electromagnetics in
three dimensions. Journal of Scientific Computing, 28(2-3):125-137, 2006.

2. X. Antoine, A. Arnold, C. Besse, M. Ehrhardt, and A. Schédle. A review of transparent and artificial boundary
conditions techniques for linear and nonlinear Schrodinger equations. Communications in Computational Physics,
4(4):729-796, 2008.

3. H. Barucq, J. Diaz, and M. Tlemcani. New absorbing layers conditions for short water waves. Journal of
Computational Physics, 229(1):58-72, 2010.

4. E. Bécache, S. Fauqueux, and P. Joly. Stability of perfectly matched layers, group velocities and anisotropic waves.
Journal of Computational Physics, 188(2):399-433, 2003.

5. J. P. Bérenger. A perfectly matched layer for the absorption of electromagnetic-waves. Journal of Computational
Physics, 114(2):185-200, 1994.

6. J. P. Bérenger. Perfectly Matched Layer (PML) for Computational Electromagnetics. Morgan & Claypool, 2007.

7. A. Bermudez, L. Hervella-Nieto, A. Prieto, and R. Rodriguez. An exact bounded perfectly matched layer for
time-harmonic scattering problems. SIAM Journal on Scientific Computing, 30(1):312-338, 2007.

8. A. Bermudez, L. Hervella-Nieto, A. Prieto, and R. Rodriguez. An optimal perfectly matched layer with
unbounded absorbing function for time-harmonic acoustic scattering problems. Journal of Computational Physics,
223(2):469-488, 2007.

9. A. Bermidez, L. Hervella-Nieto, A. Prieto, and R. Rodriguez. Perfectly matched layers for time-harmonic second
order elliptic problems. Archives of Computational Methods in Engineering, 17(1):77-107, 2010.

10. E. Blayo and L. Debreu. Revisiting open boundary conditions from the point of view of characteristic variables.
Ocean Modelling, 9(3):231-252, 2005.

11. W. C. Chew and J. M. Jin. Perfectly matched layers in the discretized space: An analysis and optimization.
Electromagnetics, 16(4):325-340, 1996.

12. W. C. Chew and W. H. Weedon. A 3d perfectly matched medium from modified maxwells equations with stretched
coordinates. Microwave and Optical Technology Letters, 7(13):599-604, 1994.

13. F. Collino and P. B. Monk. Optimizing the perfectly matched layer. Computer Methods in Applied Mechanics and
Engineering, 164(1-2):157-171, 1998.

14. T. Colonius. Modeling artificial boundary conditions for compressible flow. Annual Review of Fluid Mechanics,
36:315-345, 2004.

15. D. Correia and J.-M. Jin. On the development of a higher-order PML. [EEE Transactions on Antennas and
Propagation, 53(12):4157-4163, 2005.

16. P. K. Datta and D. Bhattacharya. Optimization of uniaxial perfectly matched layer parameters for finite
difference time domain simulation and application to coupled microstrip lines with multiple bend discontinuities.
International Journal of RF and Microwave Computer-Aided Engineering, 12:508-519, 2002.

17. S. Ervedoza and E. Zuazua. Perfectly matched layers in 1-d: Energy decay for continuous and semi-discrete waves.
Numerische Mathematik, 109(4):597-634, 2008.

18. S. Gedney. Perfectly matched layer absorbing boundary conditions. In A. Taflove, editor, Computational
Electrodynamics: The Finite-Difference Time-Domain Method, pages 273-328. Artech House, 2005.

19. D. Givoli. Computational absorbing boundaries. In Computational Acoustics of Noise Propagation in Fluids,
chapter 5, pages 145-166. Springer, Berlin, 2008.

20. M. N. Guddati, K. W. Lim, and M. A. Zahid. Perfectly matched discrete layers for unbounded domain modeling.
In F. Magoules, editor, Computational Methods for Acoustics Problems, chapter 3, pages 69-98. Saxe-Coburg
Publications, Stirlingshire, UK, 2008.

21. T. Hagstrom. Radiation boundary conditions for the numerical simulation of waves. Acta Numerica, 8:47-106,
1999.

22. T. Hagstrom. Radiation boundary conditions for maxwell’s equations: a review of accurate time-domain
formulations. Journal of Computational Mathematics, 25:305-336, 2007.

23. T. Hagstrom, D. Givoli, D. Rabinovich, and J. Bielack. The double absorbing boundary method. Journal of
Computational Physics, 259:220-241, 2014.

24. E. Hanert, V. Legat, and E. Deleersnijder. A comparison of three finite elements to solve the linear shallow water
equations. Ocean Modelling, 5:17-35, 2002.

25. 1. Harari and U. Albocher. Studies of FE/PML for exterior problems of time-harmonic elastic waves. Computer
methods in applied mechanics and engineering, 195(29):3854-3879, 2006.

26. 1. Harari and E. Turkel. Accurate finite difference methods for time-harmonic wave propagation. Journal of
Computational Physics, 119(2):252-270, 1995.

27. J. S. Hesthaven and T. Warburton. Nodal discontinuous Galerkin methods: algorithms, analysis, and applications,
volume 54. Springer-Verlag New York, 2008.

28. F. Q. Hu. Development of pml absorbing boundary conditions for computational aeroacoustics: A progress review.
Computers & Fluids, 37(4):336-348, 2008.

Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (2014)
Prepared using nmeauth.cls DOI: 10.1002/nme



29

30.

31.
32.
33.
34.
35.
36.
37.
38.
39.
40.

41.

42.

43.
44.
45.
46.

47.

OPTIMIZING PERFECTLY MATCHED LAYERS IN DISCRETE CONTEXTS 29

F. Q. Hu, X. D. Li, and D. K. Lin. Absorbing boundary conditions for nonlinear Euler and Navier-stokes equations
based on the perfectly matched layer technique. Journal of Computational Physics, 227(9):4398-4424, 2008.

T. J. R. Hughes, L. P. Franca, and M. Balestra. A new finite element formulation for computational fluid dynamics:
V. Circumventing the Babuska-Brezzi condition: a stable Petrov-Galerkin formulation of the Stokes problem
accommodating equal-order interpolations. Computer Methods in Applied Mechanics and Engineering, 59(1):85—
99, 1986.

T. Kaufmann, K. Sankaran, C. Fumeaux, and R. Vahldieck. A review of perfectly matched absorbers for the finite-
volume time-domain method. Applied Computational Electromagnetics Society Journal, 23(3):184-192, 2008.
M. Kuzuoglu and R. Mittra. Frequency dependence of the constitutive parameters of causal perfectly matched
anisotropic absorbers. IEEE Microwave and Guided Wave Letters, 6(12):447-449, 1996.

J. W. Lavelle and W. C. Thacker. A pretty good sponge: Dealing with open boundaries in limited-area ocean
models. Ocean Modelling, 20(3):270-292, 2008.

C. Michler, L. Demkowicz, J. Kurtz, and D. Pardo. Improving the performance of perfectly matched layers by
means of hp-adaptivity. Numerical Methods for Partial Differential Equations, 23(4):832-858, 2007.

A. Modave, E. Deleersnijder, and E. Delhez. On the parameters of absorbing layers for shallow water models.
Ocean Dynamics, 60(1):65-79, 2010.

A. Modave, A. Kameni, J. Lambrechts, E. Delhez, L. Pichon, and C. Geuzaine. An optimum PML for scattering
problems in the time domain. The European Physical Journal Applied Physics, 64, 11 2013.

I. M. Navon, B. Neta, and M. Y. Hussaini. A perfectly matched layer approach to the linearized shallow water
equations models. Monthly Weather Review, 132(6):1369-1378, 2004.

A. Nissen and G. Kreiss. An optimized perfectly matched layer for the schrodinger equation. Communication in
Computational Physics, 9:147-179, 2011.

P. G. Petropoulos. On the termination of the perfectly matched layer with local absorbing boundary conditions.
Journal of Computational Physics, 143(2):665-673, 1998.

P. G. Petropoulos. Reflectionless sponge layers as absorbing boundary conditions for the numerical solution of
maxwell equations in rectangular, cylindrical, and spherical coordinates. SIAM Journal on Applied Mathematics,
60(3):1037-1058, 2000. Times Cited: 43.

P. G. Petropoulos. An analytical study of the discrete perfectly matched layer for the time-domain maxwell
equations in cylindrical coordinates. IEEE Transactions on Antennas and Propagation, 51(7):1671-1675, 2003.
D. Rabinovich, D. Givoli, and E. Bécache. Comparison of high-order absorbing boundary conditions and perfectly
matched layers in the frequency domain. International Journal for Numerical Methods in Biomedical Engineering,
26:1351-1369, 2010.

J. A. Roden and S. D. Gedney. Convolution PML (CPML): An efficient fdtd implementation of the cfs-pml for
arbitrary media. Microwave and Optical Technology Letters, 27(5):334-339, 2000.

S. Savadatti and M. N. Guddati. Absorbing boundary conditions for scalar waves in anisotropic media. part 1: Time
harmonic modeling. Journal of Computational Physics, 229(19):6696-6714, 2010.

S. Savadatti and M. N. Guddati. Absorbing boundary conditions for scalar waves in anisotropic media. part 2:
Time-dependent modeling. Journal of Computational Physics, 229(18):6644 — 6662, 2010.

S. V. Tsynkov. Numerical solution of problems on unbounded domains. a review. Applied Numerical Mathematics,
27(4):465-532, 1998.

D. C. Wittwer and R. W. Ziolkowski. How to design the imperfect berenger PML. Electromagnetics, 16(4):465—
485, 1996.

Copyright © 2014 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (2014)
Prepared using nmeauth.cls DOI: 10.1002/nme



	1 Introduction
	2 The Perfectly Matched Layer
	3 Key properties in the continuous context
	4 Preliminary analysis in discrete contexts
	4.1 Discrete plane-wave analysis – Finite difference scheme
	4.2 Time-dependent simulations – Extention to other numerical schemes

	5 Spatially varying absorption functions
	5.1 Optimization for normal waves
	5.2 Optimization for oblique waves

	6 Conclusion
	A Plane-wave analyses in the discrete finite difference context
	A.1 Discrete scalar wave system without PML terms
	A.2 Discrete scalar wave system with PML terms and a constant function 

	B Numerical schemes
	B.1 Continuous Galerkin finite element scheme
	B.2 Discontinuous Galerkin finite element scheme


