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ABSTRACT 
In the present contribution bending tests are 
modeled and the bendability of steel sheets 
is evaluated. Bendability refers to the ratio 
of the minimum bend radius to the initial 
sheet thickness at which the bending proc-
ess is successfully accomplished [1]. The 
metallurgic microstructure of the studied 
sheet consists in two principal phases: a 
fully dense matrix (which may be itself 
composed by several metallurgic phases) 
and spherical voids. For that purpose, the 
Gurson Tvergaard Needleman law ([2], [3], 
[4]) is used and significantly modified. The 
behavior of the fully dense matrix is de-
fined by the anisotropic Hill 48 function 
and the Swift hardening law. The width of 
the sheet is assumed to be large enough to 
neglect the transversal strains and the stress 
component in the thickness direction is also 
neglected. The bending operation can thus 
be modelled by a plane strain-plane stress 
loading. The influence of mechanical pa-
rameters such as the initial porosity, the 
Lankford coefficient and the strain harden-
ing exponent on the bendability is studied 
herein. The failure here is defined by the 
onset coalescence of neighbour voids and is 
checked by using Thomason [5], Pardoen 
[6] and Brunet [7] coalescence models. So 
the influence of other phenomena (like the 
shear band development and the localized 
necking) on the bendability is neglected 
here. 
Keywords: bendability, Gurson law, semi-
analytical model 

1. INTRODUCTION 
A great deal of experimental evidence indi-
cates that the shear band and the void dam-
age development play co-operative role in 

promoting bendability of sheets ([8], [9], 
[10]). The prediction of shear localization 
requires the use of the finite element 
method ([11], [12]). In spite of its rele-
vance, the application of this method (espe-
cially for non linear, complex behaviors 
with large deformations and damage as-
pects) often suffers bad convergence, mesh 
dependency or loss of ellipticity. It is also 
time consuming. In order to avoid these 
problems, analytical or semi-analytical 
models were developed. These models less 
general than the finite element method are 
easily applied on the bending processes on-
ly. They don’t require a large CPU time and 
algorithmic developments are minimized 
but they are unable to take into account the 
shear band development. In the frame of 
analytical models, several contributions 
([1], [13], [14], [15]) are quoted. 
The research goal is to significantly im-
prove the formability prediction in bending 
processes in order to bring a solution for 
cases not well taken into account by avail-
able criteria (edge effects, strain gradient in 
the thickness direction…). These improve-
ments require the development of sophisti-
cated behavior laws. They will later be im-
plemented in the finite element code LA-
GAMINE, developed at the University of 
Liège for more than 20 years. In order to 
reach this final goal, the first step of the 
study consists in the development of a 
semi-analytical model for the prediction of 
the bendability of sheets. The kinematic of 
the bending loading is actually well known 
and is easy to analytically compute, under 
some basic assumptions, the strain at each 
point of the sheet. Once the strain field is 
known, it is possible to numerically evalu-
ate the evolution of the stress and the dif-



  

ferent internal variables at the correspond-
ing point of the sheet and eventually to 
check if critical damage is reached. The 
purpose of this paper is double: firstly to 
develop and validate of the chosen behavior 
law without its incorporation in the finite 
element code and secondly to evaluate the 
influence of some mechanical parameters 
on the bendability of sheets.  

2. CONSTITUTIVE EQUATIONS 
The set of constitutive equations is defined 
by the Gurson Tvergaard Needleman 
(GTN) law ([2], [3], [4]). This law is de-
fined by four principal elements. The first 
one is the yield function pF : 
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In this expression: 
•  is the equivalent stress defined by 
the Hill criterion and equal to 

q

(1/ 2) ( : : )d H dσ σ . Here H  is the Hill 

matrix and dσ  is the deviatoric part of 
the Cauchy stress tensor; 
• (1/ 3) ( )m trσ σ=  is the mean stress; 
• Yσ  is the current yield stress of the 
fully dense matrix;  
• f  is the void volume fraction or the 
porosity; 
•  and : parameters introduced 
by Tvergaard and Needleman ([3], [4]); 
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• The coefficient 3/  which scales the 
hydrostatic stress in the initial GTN law 
is replaced by a coefficient 

2

θ  to reflect 
the plastic anisotropy effect of the fully 
dense matrix; 

Many values are used in the literature for 
the coefficient θ : Ragab et al ([1]) keeps 
the value of 3/2 used in the initial law. Liao 
et al. [16] chooses 0 03 (1 2 ) / 6(1 )r r+ +  (  
is the Lankford coefficient in the rolling 
direction). More recently, Benzerga [17] 
uses a thermodynamic formulation in order 

to identify this coefficient. And he obtained 
the following relation:  
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where ( 1,...,6)ih i =  are defined as func-
tions of the Lankford coefficients ,  
and  (for more details, see [17]).  
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This last form of the coefficient θ  is 
adopted in this paper. 
The second element of this law is the plas-
tic flow rule defined by the normality rela-
tion: 
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The third element is the evolution equation 
of the porosity. This equation derives from 
approximate incompressibility of the fully 
dense matrix: 

(1 ) ( )pf f tr ε= −  (4) 

The fourth element relates to the hardening 
function defining the yield stress Yσ . This 
function is given by the Swift model: 

0( p n
Y Kσ ε ε= + )  (5) 

K ,  and n 0ε  are material parameters and 
pε  represents the equivalent plastic strain 

in the fully dense matrix. The evolution of 
pε  is governed by the following equation 

(6), which was obtained by Gurson by 
matching the plastic dissipation in the het-
erogeneous voided material to the plastic 
dissipation in the homogeneous “equiva-
lent” material: 

(1 ) :p
Yf pσ ε σ ε− =  (6) 



  

Failure is reached when neighboring voids 
coalesce. Here the original Thomason mod-
el [5] and two of its extensions (by Pardoen 
[6] and Brunet et al.[7]) are used for model-
ing the coalescence phase. These models 
state that no coalescence will occur as long 
as the following condition is satisfied: 
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where 1σ  is the maximal principal stress 
and  is the void spacing ratio defined as a 
function of principal strains 

r
1ε , 2ε  and 3ε : 
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Table 1. Different values of α , β  and δ  
 α  β  δ  
Thomason 0.1 1.2 1 

Pardoen 2

0.1 0.217

4.83

n

n

+

+
 1.24 1 

Brunet 0.1 1.2 11 ( / )YT σ σ−
 

where  is the triaxiality factor and  is 
the hardening exponent. 

T n

3. NUMERICAL MODELING 

3.1. Integration of the 3D GTN law 
The integration of the behavior law remains 
a crucial step in the numerical process es-
pecially with material non-linearities and 
complex behavior. In this frame, many al-
gorithms are developed in the literature. 
One of the most famous ones is “the elastic 
predictor-plastic corrector” algorithm. In an 
incremental formulation, the aim of this al-
gorithm is to decompose the increment of 
the total strain εΔ  into an elastic part eεΔ  
and a plastic part pεΔ . 

e pε ε εΔ = Δ + Δ  (9) 

pεΔ  can itself be decomposed in the fol-
lowing form: 

( )p p p
eq n tr Iε ε εΔ = Δ + Δ  (10) 

where p
eqεΔ  is the increment of the equiva-

lent plastic strain, n  is the unit tensor nor-
mal to the yield surface, ( ptr )εΔ  is the 
trace of pεΔ  and I  is the identity tensor. 
The determination of p

eqεΔ , n  and ( )ptr εΔ  

allows computing pεΔ  and the complete 
integration of the behavior law. In the par-
ticular case of the classic Von Mises crite-
rion (without damage), the plasticity is as-
sumed incompressible ( ( )ptr εΔ = 0 ) and 
the normal n  is known a priori because it is 
coaxial to the trial stress. So the only un-
known in Eqn. (10) and of the behavior law 
is p

eqεΔ . When the damage is taken into ac-
count (Gurson law for example), the as-
sumption of the plastic incompressibility is 
not valid. So that ( ptr )εΔ  becomes a new 
unknown, in addition to p

eqεΔ . Aravas 
treated this case in [18] where he developed 
an extension of the classic “elastic predic-
tion-plastic correction algorithm” in order 
to take into account the computation of the 
trace of the plastic strain (for the von Mises 
isotropic yield function). In our case, the 
Hill anisotropic criterion is coupled with 
the GTN law so the problem is more com-
plicated. Indeed the normal to the yield sur-
face n  is not coaxial to the trial stress and 
thus isn’t known a priori. It becomes there-
fore a new unknown to be added to 

( ptr )εΔ  and p
eqεΔ . So our development 

aims to extend the Aravas algorithm to the 
plastic anisotropy of the fully dense matrix. 
The main developments of this algorithm 
are exposed hereafter: 

The yield function (1) involves the first and 
the second invariant of the stress tensor and 
can be written as: 

( , ) 0pF p q =  (11) 



  

where p ,  are respectively the hydro-
static pressure and the equivalent stress: 

q

1 : ; (1/ 2) ( : : )
3 d dp I q Hσ σ σ= − =  (12) 

With these notations, the stress tensor can 
be rephrased as: 

12 ( : )pI q H nσ −= − +  (13) 
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Using (12), the flow rule (3) becomes: 
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Eqn. (15) can be written in the following 
form (see Eqn. (10)): 
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The elimination of λΔ  in Eqns (17) gives: 
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The elasticity equation gives another form 
of the stress tensor:  

:e e e e
prev C C : pσ σ ε σ= + Δ = − Δε  (19) 

where prevσ  is the stress state computed in 

the previous increment and eσ  is the trial 
stress equal to :e

prev Cσ ε+ Δ . 
Using Eqn. (16), we can write Eqn. (19) as: 

2e
pK I G qnσ σ ε ε= − Δ − Δ  (20) 

G  and  are respectively the elastic shear 
and the bulk moduli.  

K

Projecting Eqn. (19) onto I  and n , and us-
ing Eqn. (20), gives: 
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This set of equations is completed by de-
scribing the evolution of the state variables 
(the incremental version of Eqns. (4) and 
(6)): 
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In an incremental formulation, the computa-
tion algorithm of the integration of the elas-
toplastic equations reduces to the solution 
of the set of the non-linear equations ((11), 
(14), (18), (21) and (22)). These equations 
are solved using Newton-Raphson method. 

pεΔ , qεΔ  and n  were chosen as the pri-
mary unknowns, treating Eqns. (11), (14) 
and (18) as the basic equations in which 

1, ,p q HΔ  and 2HΔ  are defined by Eqns. 
(21) and (22). 

In case of deformation under plane stress 
conditions (like the bending process for ex-
ample) in the plane ( , )x y , the increment 

zzεΔ  is treated as an extra unknown of the 
problem, with the extra equation of its de-
termination being the constraint:  

 0zzσ =  (23) 

The computation algorithm is in principle 
the same as given previously but with few 
corrections. Indeed the new Eqn. (23) will 
be added to the set ((11), (14), (18), (21) 



  

and (22)) and the new unknown 33εΔ  will 
be added to the set ( pεΔ , qεΔ  and n ).  

3.2. Kinematic of the bending operation 

 
 (a) 

 

(b) 
Figure 1. Geometry of the bended sheet: (a) 
before bending, (b) after bending 

The 1 axis coincides with the neutral axis of 
the sheet. Under three assumptions, we will 
define the kinematic of the bending test: 

Assumption 1: 

The studied sheet is supposed large enough 
that the strain component yyε  can be ne-
glected. 

Assumption 2: 

Plane stress state is assumed ( 0zzσ = ). 

Assumption 3: 

The bending is assumed to be pure and the 
neutral axis is supposed always in the cen-
ter of the sheet so that the strain component 

xxε  is defined by the following relation: 

(1 ( / ))xx ln zε ρ= +  (24)  

With these assumptions the stress and the 
strain tensors are in the form: 
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At each increment of curvature [ , 1ρ ρ +  
and at each point of thickness , the in-
crement 

iz

xxεΔ  is known (Eqn. (24)) and by 
using the numerical algorithm explained 
previously it is possible to compute the evo-
lution of the different variables and to 
check if bendability of the sheet is reached. 

z 

x 

y 

4. RESULTS z 

4.1. Material data 
x In the current paper, the so-called DP 1000 

(dual phase) steel was chosen as the fully 
dense matrix. The material parameters of 
this steel are given in [13]: 

y 

Table 2. Material parameters of DP1000 
F G H N 

1.051 1.036 0.925 3.182 
 

K n 0ε  E ν  
1626 0.17 0.00487 215000 0.3 

ρ 

The values of ,  and q  are given by 
[3] (

1q 2q 3

1 1.5q = , 2 1q =  and ) and the 
value of 

2=3 1q q

0f  is typically used for steel struc-
tures ( 0 0.002f = ). 
The thickness of the studied sheet is equal 
to 2 mm. 

4.2. Results  
In this part, the S.I. units are used: xxσ  is 
expressed in Mpa, z  and ρ  are expressed 
in mm. The other numerical data are with-
out unit. 

 
 
 



  

 
Figure 2. Influence of the initial porosity on 
the flexural stress 

The flexural stress 11σ  at 1z mm=  in terms 
of the curvature for Hill and GTN material 
laws is shown in Figure 2. The GTN law is 
applied for three initial porosities: 0.002, 
0.02 and 0.05. It can be observed that if the 
damage is not taken into account during the 
simulation, the corresponding 11σ - (1/ )ρ  
curve increases constantly. The application 
of the GTN model leads to a decrease of the 
predicted 11σ - (1/ )ρ  curves because of the 
damage evolution. Figure 2 shows also the 
influence of various level of the initial po-
rosity on 11σ - (1/ )ρ  curves. These curves 
show that the level of the maximum flex-
ural stress is significantly reduced by the 
increased presence of voids.  

 
Figure 3. Flexural stress distribution across 
the sheet thickness 
  

Figure 3 shows that the influence of the 
curvature on the distribution of the flexural 
stress through the thickness of the sheet is 
significant. Indeed 11σ  increases with de-
creasing the curvature 1/ ρ . Here only the 
upper part of the sheet is modeled.  
The influence of sheet metal properties 
namely 0f ,  and  are displayed in 
Figure 4, Figure 5 and Figure 6. The bend-
ability of the studied sheet is reached when 
the coalescence condition is verified. Here 
the Thomason, Pardoen and Brunet coales-
cence model are used to check the bendabil-
ity. These three models are noted respec-
tively in the following figures T, P and B. 

n 0r

 
Figure 4. Influence of the initial porosity 0f  
on the bendability of the sheet 

Figure 4 shows the evolution of the bend-
ability as a function of the initial porosity. 
For realistic values of 0f  close to that ob-
served in sheet metals (between  and 

), the three coalescence models pre-
dict the same bendability. By increasing the 
value of 

0.001
0.002

0f , the triaxiality factor T  in-
creases significantly which decreases the 
right hand side of Eqn. (7) when the Brunet 
model (B) is applied. For this reason the 
bendability of the sheet is very limited 
when the Brunet model is applied with 
large 0f  values. The difference between the 
bendability predicted by the initial Thoma-
son model (T) and the Pardoen model (P) is 



  

due to the difference between the values of 
parameters α  and β  for these models. 

 
Figure 5. Influence of the hardening expo-
nent  on the bendability of the sheet n

Figure 5 shows that there is no influence of 
the hardening exponent on the bendability 
when the Thomason or Brunet models are 
used. Only the application of the Pardoen 
model is influenced by the hardening expo-
nent. This influence is due to the depend-
ence of the parameter α  in Eqn. (7) on .  n

 
Figure 6. Influence of the Lankford coeffi-
cient  on the bendability of the sheet 0r

Figure 6 shows that the plastic anisotropy 
of the fully dense matrix has a significant 
influence on the bendability of the sheet. 
Metal sheets with  possess lower ben-
dability. 

0 1r >

Figure 4, Figure 5 and Figure 6 show that 
there is a significant difference between the 
application of the different coalescence 
models in order to evaluate the bendability 
of sheets. The Brunet model largely under-
estimates the bendability (especially with 
higher values of the triaxiality factor T ). 
The difference between the Thomason and 
the Pardoen models is due to the difference 
between the value of the parameter α  for 
the two models. The results indicate better 
bendability with small initial porosities and 
with low values of .  0r

5. CONCLUSIONS 
A numerical algorithm has been developed 
in order to integrate the GTN law with ani-
sotropic fully dense matrix. This algorithm 
is an extension of the Aravas algorithm de-
veloped for the isotropic case. This algo-
rithm is modified to be able to treat defor-
mation under plane stress condition and is 
applied to simulate bending processes. This 
numerical tool is coupled with the Thoma-
son coalescence model (and two of its de-
rivatives) to study the bendability of metal-
lic sheets. The numerical results display the 
effects of the initial porosity as well as plas-
tic anisotropy. The effect of the hardening 
exponent is captured by the analytical 
model when coupled with the Pardoen’s 
coalescence approach to detect the void 
coalescence. However at this stage, the 
hardening effect on shear band event is of 
course not yet taken into account. The 
whole effect of this parameter on bendabil-
ity ([1], [14]) needs further steps. A more 
systematic investigation is planned in order 
to elucidate the influence of other mechani-
cal and material parameters on the bend-
ability of sheets. In particular, the effect of 
the kinematic hardening of the matrix and 
the introduction of the nucleation/growth 
law developed by Bouaziz [19] will be in-
vestigated. After that, the next step is to 
implement this proposed Gurson model in 
the Lagamine FE code. This tool will be 
used to study the combined effect of the 
void damage development and the occur-
rence of shear bands.  
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