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Abstract. The Besov spaces Bﬁ q(Rd‘) and Hélder spaces C*(R%) (a >0, 1< p.q < +x ) provide natural ways for measuring the smoothness of a function and are used in multiple areas from
the solving of PDE to multifractal analysis. As such, it appears that generalizations of these spaces would prove themselves very useful in many domains and that is why a generalization of
Besov Spaces has been extensively studied by many authors during those last 20 years. On the other hand, it has been proved that those spaces coincide with some kind of generalized

Holder spaces in particular cases ([4]). The purpose of this poster is to introduce those new Hélder spaces and to show that all main properties of the classical case are still true for the

generalized ones.
Notation Ajf(z) = f(x+h) — flz), ApH'(z) = Ajf(x+h) - Ajf(x)

Definition of Holder-Zygmund spaces C*(R)
Let f € L=(R%) and a > 0; we say that f belongs to C*(R?) if there
exists C', R > 0 such that

sup ||A',|;QJ+1fHLx(Rd) <2790, yjen.
|h|<2—d
The Hélder exponent of f is hy = sup{a: f € C*(R%)}.
Definition of admissible sequences

Asequence o = (7;)jen of positive numbers is called admissible
if there exists two positive constants dy and d; such that

d[]UjSUj+lgd1(fj, jEN
Let
o o
o= inf itk and T = Supﬂ, jEeEN.
k>0 Op k>0 Ok

The lower and upper Boyd index are respectively defined by
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Definition of generalized Holder-Zygmund spaces C"'“(Rd)
Leta >0 and o an admissible sequence. A function f € L>(R%)
belongs to the generalized Hélder space C’"’O‘(Rd) if there

exists C' > 0 such that

sup \A,E"‘Hlf(cc)\ < Coy vy € No.
z|h|<2-7
Remark
The space(C7, ||.||co.«) is a Banach space, with||.||cs.e = |||l + |.|con

1, o .
; Ysup AR I~ is a seminorm.

where |flesa = supo;
jeM 7 <o

Link with generalized Besov spaces
If s(0™") >0, it can be shown that generalized Holder spaces (7"} (R¢)
are indeed generalized Besov spaces ng_; (see [4]).

Example Let ;= (277):|log|log(2 /)| 2 forj € No. A.Khintchine
proved that the trajectories of a Brownian Motion belong almost
surely to C7%(R) (0<a<1).

Proposition (link with classical regularity)
Let K € Ny and o = (0;)jen an admissible sequence such that & < s(c™!)
Iff e C”‘E("_'J(Rd), then f is K-times continuously differentiable.

A characterization by the convolution
Leto = (0;)jen be an admissible sequence such that s(a™") > 0.
Then

osle |’(]Rd) = {f € L®(RY): 30 € (_T?C[Rd) sup (rr;1 sup ||f* ®5 — f”,x) < x}.
jeN §<2-3

(where &5 = 5*dq>(m/5)). Moreover, if C' > 1, the norm
[ ]l o + inf sup (aj_l sup ||f +Ps5 — f“Lx)
JEN §<2-71
is equivalent to || f|l s 1«41 (where the infinum is taken on the set of

functions & € C>(R?) that verify the inequality above and such that

sup D@1y < C).
ale{0F(a-1)]+1}

Holder exponent

In [1], some sufficient conditions on admissible sequences a”

(a > 0) are exposed so that we have a < 3 = C°"# € C°"® Those
inclusions allow to define an Holder exponent linked to these
spaces by HY = sup{a > 0: f € C7 °}.

A characterization by polynomials
Leto = (0;)jen be an admissible sequence such that s(e™') > 0. Let M € N
such that M > 5(¢), then

zeRd \ jEN

oSl (R = {f = L¥(RY) : sup (Hll]) (UJTI

Moreover, the norm [|fllz= + sup supo' inf ||f = Pllp(pz-i)
) . reRd jEN PePy
is equivalent to| | o, s 1)1 -
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Taylor decomposition
Let o bg an admissible sequence such that N — 1 < s(¢ ') <3(c ') < N.
If f € 77 )(RY), then we have -

[k

r v oF h . .
fla+h) = Mgiln fa)o + 1f;\_,(.1.i,)m:—71)!.

where sup Ry (e, h)| < Co2/ V0
v, k| <2~

Conversely, if [ € LR n Y (R) satisfy the previous equality with
sup Ry (1)) < Co@™Y then f e 0750 RY)

va, h e RY

2 |h|<2-3

Notation
® J(t,a) = max{|lal|a,. tllalla, } (t=>0,a€ AyNAy)
e a€[Ag, Aoy iff @ can be written as a = z u; where the
convergence is in Ao + Ay, uj € AgN A, andr?}‘r_,l(vu- uj))jez € I™(Z).
o K(t,a) = inf{[lao|la, + tllaslla, o =a0+ar} (£>0,a € A9+ Ay)
e a € Ao Ailou i iff a € Ay + Ay and(o;K (1, a))jez € I(Z).
Interpolation of Sobolev spaces
Let o be an admissible sequence such thatV < s(o
(where N, M are integers). Then we have
Cﬂwi:)(m‘d) = WF Wiilgaiae-w = [WE Wil gicw- i
where @ is a new sequence defined by
0; = { PNoZ) Ve -N
(07})—1 Vj e Ng.
A characterization by wavelet coefficients
Let N € Np and o = (0;)jen be a decreasing admissible sequence such
that N -1 < s(c7") <35(c7!) < N,
Forall .7 € N. Let be a multiresolution analysis of regularity r > N . Then
the following are equivalent:
1. fec N mrd)y

sup |Cyx| < C
2. 3C>0:4 k¥
>0 sup |ch | < Coy, Wi =0.Vie {1,...,27— 1},
kezd

H<sleHY <M

where ¢ and Cﬁ_k are the classical wavelet coefficients associated with
the multiresolution analysis (they correspond respectively to the father
wavelet and the mother wavelet).
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