Académie Universitaire
Wallonie-Europe

Projectively Invariant Quantization
in Super Geometry

Dissertation originale présentée en vue de 1’obtention

du grade de Docteur en Sciences

Juin 2013

Par : Thomas LEUTHER

Sous la direction de :
Pierre LECOMTE (promoteur), Université de Liége

Fabian RADOUX (co-promoteur), Université de Liége



Un doctorat, c’est un chemin qui se dessine & mesure qu’on y avance. C’est un premier

projet professionnel & I'intersection d’un plan de carriére et d’un plan de vie.

Un doctorat, c’est un apprentissage de la Recherche par la Recherche, au contact de
personnes qui ont avant nous tracé leur propre chemin de thése. Parmi ces personnes,
je tiens & remercier mon promoteur, Pierre LECOMTE, pour m’avoir donné le gott de
la géométrie ainsi que la possibilité d’y réaliser une thése. Je remercie aussi Fabian
RADOUX, mon co-promoteur, pour nos collaborations et pour sa disponibilité et son
soutien tout au long de la rédaction de ce document. Ensuite, je remercie Pierre Ma-
THONET et Gijs TUYNMAN avec qui j’ai eu la chance de pouvoir travailler : dans les deux
cas, lexpérience fut pour moi immensément enrichissante. Enfin, je remercie Simone

GUTT et Pierre BELIAVSKY d’avoir accepté de faire partie de mon jury.

Un doctorat, c’est une expérience humaine, partagée avec tout un tas de personnes
qui font que ¢a vaut le détour (famille, amis, collégues, doctorants...). J’ai 'audace de
penser que mon naturel démonstratif pendant les années de mon doctorat compensera
I'absence d’énumération de ces personnes ici et que chacune de ces personnes sait en

fait déja combien j’ai apprécié les moments partagés avec elle.

Mon doctorat, je I'ai vécu aux cotés de Gaélle. Je souhaite lui témoigner ma gratitude

pour son soutien durant ces années et lui exprimer tout mon Amour.

Thomas



Mathematics is a collection of languages (Jet Nestruev)



CONTENTS

Introduction

1 Projectively Equivariant Quantization
in Super Geometry

1.1

1.2

There is a local action of the projective supergroup

on the flat superspace. . . . . .. .. .. ... ... ..

A PEQ is a quantization that is equivariant with

respect to the projective superalgebra of vector fields.

2 Natural Bundles over A-Manifolds

2.1

2.2

2.3

24

Natural bundle functors on A-manifolds can lift

smooth families of local homeomorphisms. . . . . . . .

The Lie derivative of vector/affine geometric objects

is a derivation along the flow of a vector field. . . . . .

Natural operators on A-manifolds transform

smooth families of sections. . . . . . .. ... ... ..

Natural linear operators are differential operators. . .

3 Projective Equivalence of Torsion-free Connections
in Super Geometry

3.1

3.2

3.3

Supergeodesics of a torsion free connection
on an A-manifold are projections of the flow

of a vector field on the tangent bundle. . . . . . . . ..

Weyl’s algebraic characterization of projective

equivalence can be extended to A-manifolds. . . . . .

The projective subalgebra of vector fields on Eglm

preserves the projective class of the flat connection. . .

4 Natural Projectively Invariant Quantization on 4-manifolds

4.1

4.2

Natural Projectively Invariant Quantization

generalizes Projectively Equivariant Quantization. . .

M. BORDEMANN’s construction of a NPIQ

can be adapted on A-manifolds. . . . . . ... ... ..

iii

13

17

19

29

32

33

38

41

46

o1

55



A A Quick Introduction to .A-Manifolds

A.1 An A-vector space E is a free graded A-module
with an equivalence class of bases. . . . . . . . ... ... L.

A.2 On the even part of an A-vector space, one can define
smooth functions and their derivatives. . . . . . . . . . .. ... ... ... ..

A.3 An A-manifold M is a set covered by local charts
valued in the even part Fy of an A-vector space. . . . .. .. ... ... ...

B A Quick Introduction to Fiber Bundles over A-Manifolds

B.1 A fiber bundle is an A-manifold fibered
by means of a locally trivial smooth surjection. . . . . .. ... ... .....

B.2 A vector bundle is a bundle whose structure group
consists of automorphisms of an A-vector space. . . . . . .. ... ... ...

B.3 An affine bundle is a bundle whose structure group consists of affine isomor-
phisms of an A-vector space. . . . . . . .. ...

iv



INTRODUCTION

The classical setting

A vector field X on an ordinary smooth manifold M can be lifted in a natural way to a vector
field on T* M, thereby defining an action of the algebra of vector fields on M, Vect(M), on
the subspace of functions on T*M that are polynomial in the fibers. Those functions are
called “symbols”. It turns out that there is a unique (up to a normalization) Vect(M)-
equivariant map from the space of symbols of degree at most one to the space of differential
operators on M, namely geometric quantization [?]. However, geometric quantization cannot
be extended to the whole space of symbols if one requires equivariance with respect to the

Lie algebra Vect(M), due to cohomological reasons [?].

One can ask whether there exists a Lie subalgebra g C Vect(M) for which geometric quanti-
zation can be extended as a g-equivariant quantization map. This g should be “as big as pos-
sible” to attain the uniqueness, but “small enough” to acquire the extension of the geometric
quantization to the whole space of symbols. When M = R" with a PGL(n+ 1, R)-structure,
the quantization map has been investigated by P. LECOMTE and V. OVSIENKO [?]. They

showed that there exists a unique quantization map that is pgl(n + 1, R)-equivariant.

The concept of pgl(n+1, R)-equivariant quantization on R™ has a counterpart on an arbitrary
smooth manifold M [?]. It aims at constructing, for any manifold M, a quantization map
Qum,v by means of a connection, depending only on its projective class (i.e. projectively
invariant) and natural in all of its arguments. The existence of such a quantization procedure

was proved by M. BORDEMANN |?].

This natural projectively invariant quantization (NPIQ) on smooth manifolds is a general-
ization of projectively equivariant quantization on R™. Indeed, if @) is a natural projectively
invariant quantization, then Qrn v, (where V stands for the canonical flat connection on
R™) is a projectively equivariant quantization. The idea of the proof is as follows: naturality
means that @ is equivariant with respect to all vector fields on R™, but only vector fields in
pgl(n + 1,R) (seen as a subalgebra of Vect(M)) preserve the projective class of Vg, so that

Qrr,v, is projectively equivariant only with respect to those vector fields.



The super setting

In 2011, P. MATHONET and F. RADOUX |[?] extended the problem of projectively equivariant
quantization (PEQ) from ordinary smooth manifolds to supermanifolds. As a starting point,
they managed to embed the Lie superalgebra pgl(p+1/g, R) in the Lie superalgebra of vector
fields on the flat supermanifold R?17. Their embedding provides formulas that superize the

classical ones, and so does their construction of a PEQ.

In the same way as in the classical case, one can wonder if projectively equivariant quan-
tization on RPIY has a counterpart on arbitrary supermanifolds. A partial positive answer
to this question has first been given in [?], where a projectively invariant quantization on
supermanifolds has been constructed for symbols of degree less than or equal to two. Then
F. RADOUX and the author [?] showed that both the problem of NPIQ and M. BORDE-
MANN’s method can be extended to the super setting (except for some peculiar values of the

superdimension p — q).

At this stage, one could think that the super picture was complete since it encompassed
both projectively equivariant quantization and natural projectively invariant quantization.

Nevertheless, some important pieces of the puzzle were missing.

(i) The super projective embedding of pgl(p+1|¢, R) found by P. MATHONET and F. RADOUX
was not constructed in terms of fundamental vector fields associated with an action
of a projective supergroup on a supermanifold (as in the classical case). Indeed, their
construction goes as follows: with each element of pgl(p + 1|¢,R), they first associate
a linear vector field on RP+119; this linear vector field, restricted to some homogeneous

superfunctions, then amounts to a vector field on RPI4.

(ii) Although the explicit formula found by P. MATHONET and F. RAapoux for pgl(p +
1]g, R)-equivariant quantization could be recovered by means of M. BORDEMANN’Ss
construction, no proof could be given that the problem of NPIQ was a priori a gener-

alization of projectively equivariant quantization on the flat superspace.

(iii) No geometric interpretation in terms of supergeodesics could be given for the condi-
tion of projective invariance imposed on super NPIQ. In the classical setting, thanks
to a result due to H. WEYL [?], it is known that the algebraic condition used to
define projective equivalence between two torsion-free connections (i.e., their differ-
ence tensor can be expressed in terms of 1-form) means that the connections have the
same geodesics up to reparametrization. As geodesics on smooth manifolds generalize
the notion of straight lines in R™, H. WEYL’s result relates somehow the projective

invariance condition imposed on NPIQ to the projective origin of PEQ.



This document
We focus mainly on answering the following questions:

(i) Does the projective embedding of pgl(p + 1|g, R) as a subalgebra of Vect(RP!%) arise

from the action of a supergroup on a supermanifold of graded dimension p|g ?

(ii) Does the problem of NPIQ on supermanifolds in graded dimension p|q generalize a
priori the problem of PEQ on RPI7 ?

(iii) Does the algebraic condition of projective equivalence of torsion-free connections have

a geometric counterpart in terms of supergeodesics ?

The text is divided into four chapters.

In the first chapter, we answer question (i): we recover the realization of pgl(p 4+ 1]g,R) as
a subalgebra of vector fields starting from an action of a supergroup on a supermanifold.
Moreover, we describe the problem of projectively equivariant quantization and we recall
the results of F. RADOUX and P. MATHONET about existence and uniqueness of such a

quantization.

In the second chapter, we prepare the study of question (ii). More precisely, we set up a
geometric definition for the Lie derivative of geometric objects (as a derivative along the
flow of a vector field) and we establish a Peetre-like result for local linear operators between
vector geometric objects. To this aim, we propose a definition of super natural bundles
over A-manifolds, a superization of natural bundles (over smooth manifolds) in the sense of

A. NuENHUIS [?, ?].

In the third chapter, we answer question (iii): we show that projectively equivalence can be
equivalently described in algebraic terms or in terms of super geodesics. This is based on
a joint paper [?|] with F. RApoux and G. TUYNMAN. Moreover, in the perspective of the
study of question (ii), we show that the vector fields obtained in Chapter 1 by means of the
projective embedding preserve the projective class of the canonical flat connection on the

flat superspace.

In the fourth chapter, we finally answer question (ii): we prove that the problem of natural
projectively invariant quantization on supermanifolds is a priori a generalization of the
problem of projectively equivariant on the flat superspace. Moreover, we describe how the
superization of M. BORDEMANN’s procedure allows one to construct a NPIQ for most values
of the graded dimension and we discuss the situation in the peculiar cases. This is based on

a joint paper [?] with F. RADOUX.



The language of A-manifolds

We will work with the geometric H*® version of DeWitt supermanifolds, which is equivalent
to the theory of graded manifolds of Berezin, Leites and Kostant (see [?, ?, 7, ?, ?]). More
precisely, we will use the language of A-manifolds introduced by G. TUYNMAN [?]. The
choice of this language is motivated by the fact that it is well-suited to dealing with geometric

notion like smooth supergroup actions, supercurves, etc.

For the reader who is not familiar with A-manifolds, we provide a quick introduction to
A-manifolds (Appendix A) and fiber bundles over them (Appendix B). The presentation
is very incomplete and covers only some basic ingredients of the formalism. For a more

comprehensive presentation, the reading of G. Tuynman’s book [?] is highly suggested.



CHAPTER 1

PROJECTIVELY EQUIVARIANT
(QUANTIZATION
IN SUPER GEOMETRY

In this chapter, we first aim to recover a geometric origin for the “super projective embed-
ding” found by P. MATHONET and F. RADOUX [?]. In the language of .A-manifolds, the
superization of the classical construction turns out to be pretty straightforward and we do
recover the formulas of P. MATHONET and F. RADOUX for the embedding of pgl(p + 1|¢, R)

into the Lie algebra of vector fields on the flat superspace of dimension p|q.

REMARK. Actually, the construction yields a bit more: a smooth family of (not necessarily
smooth) vector fields indexed by an A-Lie algebra, with respect to which the projective
embedding of pgl(p + 1|¢g,R) is just the restriction to the smooth elements. This family
will play a major role in Chapter 4, where we prove that Natural Projectively Invariant

Quantization (NPIQ) is a generalization of Projectively Equivariant Quantization (PEQ).

Having recovered the geometry of the projective embedding, we describe the problem of
Projectively Equivariant Quantization on Ej 7 the flat superspace of dimension plg. An im-
portant point there is that all objects involved in the quantization problem are obtained in an
algebraic way from the real superalgebra C*°(E} lq). Consequently, because of the canonical
isomorphism C*> (Eg‘q) =~ C>(RPl9), PEQ on Eg‘q in our sense is the same as pgl(p+1|q, R)-
equivariant quantization on RP!? in the sense of P. MATHONET and F. RADOUX. In partic-
ular, their main result about existence and uniqueness of pgl(p + 1|¢, R)-equivariant quanti-

zation rules existence and uniqueness of PEQ here.
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There is a local action of the projective supergroup

on the flat superspace.

1.1 There is a local action of the projective supergroup

on the flat superspace.

Preliminary Remark

In the framework of R-manifolds, matrix mutliplication provides a smooth (left) action of the
Lie group GL(p + 1,R) on RP*L. This action corresponds to the evaluation of the elements
of the group Aut(RP*!) through the canonical matrix representation associated with any

automorphism of RP*1. In the framework of A-manifolds, remember |?]:

“Special attention has to be paid to matrices associated to linear maps. Whereas in usual
linear algebra there is a single natural way to associate a matrix to a linear map when a
basis has been given, in graded linear algebra there are three natural ways to do so. Each

of these three ways has its own advantages and disadvantages.”

The different matrix representations for elements of Endg(E) & E ® E* correspond to the

choice of either the left-, right- or middle-coordinates associated with the basis vectors e;®e?.

In view of this subtlety, we shall mainly speak in terms of automorphisms. When using
matrices (i.e., when performing computations in coordinates), we shall always specify which

coordinates are understood.

1.1.1 The flat superspace

By definition, the A-vector space EPT!4 is the A-module AP*' x (IT.A)9, where IT is the
parity reversal operation (see [?, pg 102] or Appendix B), together with the equivalence class

of bases of the canonical basis

(0) (1) (p+a), |
e,=(0,...,0,1,0,..., 0 ):i=0,....,p+q;, .

p+1lg
E

The elements of the even part are thus represented by p + 1 even (commuting)

coordinates and ¢ odd (anti-commuting) coordinates in any basis of E.

DEFINITION. The flat supermanifold of dimension p + 1|q is Engllq =~ AP 5 AL

By definition, EZ™? is an A-manifold covered by the chart id i EpTHT _, pptile
0

1 1lq .
+1[q +‘q1f

Moreover, the topology on Ef is the De witt topology: a subset U is open in Ef

BU is open in BEL™? ~ RP+1 and U = B~1(BU).



There is a local action of the projective supergroup

on the flat superspace.

1.1.2 The projective superspace

Roughly speaking, the projective superspace of dimension plq is the space of (even) straight

lines in the flat superspace Engllq_

DEFINITION. Any two points z,y € ELTH7\ B=1({0}) are projectively equivalent if there is
an element a € Ag \ B71({0}) such that y = a - z. The corresponding quotient space

P(EYHY) = (BZT\ BTL({0})) / (Ao \ B1({0})),

endowed with the quotient topology, is called the projective superspace of dimension p|q.

Local charts

The space P(Eg“lq) is an A-manifold. For any i = 0, ..., p, we set

Vi = {[(0, .., Ty, 1, ., &)] € P(EETD) : Ba £ 0} .
Obviously, we have P(Eg“‘q) =, Vi. We also define

i1 Vi = BT = (AP XTLAY) g ) (20, oo Tpy €1, oy Eq)] = @5 (0, oot T €1, 0y &)
where 7 means that x; is omitted. Each map ; is a homeomorphism with inverse

<pi_1 : Eg‘q = Vi, (&1, .., 2p, &, ... &) = [(21, o @iy L @ig1, ooy Tpy €15 00, &) -

The change of charts pj; = @ 0¢; 1 are smooth because multiplying and inverting elements

+1|f1>

in A are smooth operations. Thus, we have endowed P(E} with an atlas.

1.1.3 The projective supergroup

DEFINITION. We say that any two automorphisms g, h € Aut(E?1119) are projectively equiv-
alent if there is an element a € A \ B71({0}) such that g = A\, o h, where \, stands for the

left multiplication by a (i.e., Aq(z) = a - x). The corresponding quotient space
PAut(p + 1|g, A) = Aut(EPTH) / (4o \ B71({0})),

endowed with the quotient topology, is called the projective supergroup in dimension p|q.



There is a local action of the projective supergroup

on the flat superspace.

An A-Lie group

The space PAut(p+1|g,.A) is an A-manifold. Indeed, PAut(p+1|q,.A) can easily be covered
with charts similar to those of the projective space, but valued in (A(p+1)2+q2_1 x TLA%P?):

for any (i,7) € I ={0,....,p}>U{p+1,....,p+ ¢}?, we set
Vij = {lg] € PAut(p+1|g, A) : (Bg)j #0} ,

where By is seen as an element of GL(p + 1|¢, R). Then we define

pt+q
+1)2+¢%—1]2(p+1 i\ — 7N
i Vi — BT HCREEDE g o NPk i@l | - () 1-<y8,-~-,y2+q,y(§7---(Z,J)---,yﬁig)-
k,1=0

The A-manifold PAut(p + 1|¢,.A) is an A-Lie group. Indeed, for any g, h € Aut(EPT9), we

have a smooth multiplication (smoothness is easily shown using charts):

[9] - [h] =[goh].

Action on the projective superspace

The A-Lie group PAut(p + 1|¢,.A) acts (smoothly, on the left) on the projective superspace

of dimension p|q by means of the map
 : PAut(p + g, A) x P(EFT11) = P(EFT) L ((g], [2]) = [9(a)] -

The body of this action recovers the usual action of PGL(p+1,R) = GL(p+1,R)/R¢.Id on

the projective space PPR = (RP1\{0})/Ry, i.e., we have a commutative diagram

PAut(p + 1]g, A) x P(EFH1) . P(Ey)

5 ~ lB

PGL(p + 1,R) x PPR PPR

with

B® : PGL(p + 1,R) x PPR — PPR , ([4],[z]) — [Az] .
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on the flat superspace.

1.1.4 The projective superalgebra

DEFINITION. We denote by paut(p+1|g, .A) the A-Lie algebra of the A-Lie group PAut(p + 1|g, A).
We have
paut(p + 1|¢, A) = Endg(EP19)/AId .

Indeed, the A-Lie algebra of Aut(EP*'9) can be interpreted as the whole .A-vector space
Endg(EPH19), endowed with the usual (graded) commutator of endomorphisms (see [?]).
Moreover, since Lie((A \ B71({0}).Id) = Lie(Aut(A)) = Endz(A) = A.Id , it follows from
[?, Theorem VI.5.9] that the A-Lie algebra of PAut(p+1|g, A) is nothing but End g(EP*119)/ A.1d,
where two automorphisms g, h € End R(Ep+1|q) belong to the same coset if there is an ele-

ment a € A such that g—h =X, :x+— a-x.

The 3-grading of pgl(p + 1|q,R)

In the classical context, the Lie algebra pgl(p + 1,R) has a natural decomposition into a
direct sum of 3 Lie algebras. This decomposition was extended to the super context in [?]
as follows: any element g of pgl(p + 1|¢,R) can be represented in the canonical coordinates
of RPH14 by a matrix(*)

( o ) , L

where a4 € R, v4 € RPla ¢, € (RPI9)* and A, € gl(p|g, R); this decomposition of matrices

defines an even R-linear bijection
j:pgl(p + 1lg,R) — R”7 @ gl(p|g, R) & (R)" : [g] = (vg, (Ag — ag - 1dyyq), &) -

Using this bijection, the Lie algebra structure of pgl(p + 1|¢, R) can be transported to Rrle g
al(plg, R) @ (RP19)*: the transported Lie bracket reads

[U7w] = 0, [A,U] = A(U) )
[A, B] AoB — (-1)*W=BIBo A, €, 0] —£(v) - 1dypy — (1) v ¢,
[faC] = 0, [é-aA] = fOA,

(1.2)

where v, w (resp. A, B, resp. &,() stand for elements of RP!? (resp. gl(p|g, R), resp. (RPI9)*).

1 Note that in the context of real super vector spaces, the entries of matrices are real numbers and the
matrix representation of a linear map is unique.

10



The 3-grading of paut(p + 1|g,.A)

In turn, the A-Lie algebra paut(p + 1|q,

There is a local action of the projective supergroup

on the flat superspace.

A) inherits a similar decomposition through the

body map. Indeed, there is a unique even A-linear bijection

Gj : paut(p + 1lg, A) — g(—1) D 9(0) © 8(1) »

where g_1) = EPla, g900) = Endg (EP!9) and gy = (EP19)* such that BGj = j. More

explicitly, we have

p+q
i ([Satwoe
k=1

p+q

Gj 98'€0®€0+Zyz]€'6k®el
k=1

)

p+q

Z yzk'ek c Erla

k=1

p+q

STk 6 -yd) - er @€ € Endg(EP)
k,l=1

p+q

Zy? € (Pl

p+q
Gj (lZle g @ e
=1

Using Gj, we can transport the A-Lie algebra structure from paut(p|q, A) = Endg(EP*T9)/A.1d
to EPl7 @ Endg (EPI9) @ (EPI9)*:

(b1 he] = Gj ([A0 B~ (-1)* =) . Bo A]) ,
if Gj71(h1) = [A] and Gj~!(h2) = [B]. Doing so, we recover formulas (1.2) but now with

v,w (resp. A, B, resp. &,¢) in EPI9 (resp. gl(p|g,.A), resp. (EPI9)%).

1.1.5 The projective embedding

Identifying Eglq with the open subset goal(Eg‘q) C P(Eg“lq)7 we can associate with each
element h € g(_1) ® g(0) ® g(1) a vector field X" on Eg‘q, namely (the local expression of)
the fundamental vector field corresponding to Gj=1(h) € paut(p + 1|q, A).

PROPOSITION 1. In terms of the Euler vector field £ =3, yk - Oyr, we have

XU — 2p+q i ifv= Z’H'q ie; € g9(-1) >
XA — _ Zfﬁ (— )eJ (e +e5) A; Oy, ifA= Zf;rql Az e ®el €giy, (1.3)
X6 = ST Gy g, fo=Y0G ¢ on

In particular, the vector field X" is smooth if and only if h lies in the body of EP!9 &

Endg (EPl9) @ (EP19)*, i.c., the components of h in any basis are real numbers.

11



There is a local action of the projective supergroup

on the flat superspace.

Proof. By definition of the fundamental vector fields [?, VI.5.1], the value of X" at x € E} la
is given by the local expression of the generalized tangent map fT:Iv)%l (2)1 evaluated at
Gj~!(h) € paut(p+1|q, A) (seen as a tangent vector at the identity of PAut(p + 1|q, .A)). In

practice, we then have
X = b+ (00 87) (@) - 0uil, -

where the A’ are the left coordinates of h € g(—1) D 9(0) © g(1) and where the &7 are the p+q

components of the local expression
P —1 24g?—1)2
P00 ® 10, 0 904() s o0(Voo) C Eg %pa _, ppla,

Computations are straightforward. O

COROLLARY 2. If for any two hi,hy € g, we define the Lie bracket of X" and X" by
[Xh, XP2)(2) = Try([Z1, Zo) (b1, ha, 7))

where each Z; is the smooth vector field on g x g X Eglq defined by Zi(hi,ho,x) = 05, +
Oy, + XPIi then the map h — X" becomes a morphism of A-Lie algebras. In particular, the
set of smooth vector fields {X" : h € Bg} is canonically isomorphic to pgl(p + 1|¢,R) as a

real superalgebra .

Proof. Computations are straightforward from the local expression of the vector fields X"
and the local formula for the graded bracket of vector fields [?, V.1.21]. Note that for
h1, hy € Bg, we deal with matrices having real entries and our computations coincide with

those of [?] since they used formulas (1.3) too.

For arbitrary hi,he € g, you basically have to use the usual local formula for the graded
bracket of super vector fields, taking care to treat the coefficients of h as constant with
parities. Doing so, you can check that the local formulas for X [1-72] and [Xh1, X*h2] coincide.

O

12



A PEQ is a quantization that is equivariant with

respect to the projective superalgebra of vector fields.

1.2 A PEQ is a quantization that is equivariant with

respect to the projective superalgebra of vector fields.

With {X” : h € Bpaut(p + 1|g,.A)}, we have somehow recovered the realization found by
F. Rapoux and P. MATHONET |[?] of the real superalgebra pgl(p + 1|¢,R) as a subalgebra
of vector fields on the flat superspace of graded dimension p|q. We are now in position to
describe the problem of Projectively Equivariant Quantization (or PEQ, for short) in the

language of .A-manifolds.

1.2.1 Tensor densities and weighted symmetric tensors

DEFINITION. The space Fy of densities of weight A over E} 7 i an R-linear representation
of Vect(E} ‘q) on the (infinite-dimensional, Zs-graded) R-vector space F = C*(E} ‘q). The
action of Vect(EE!?) 2 DerC*(EE?) is defined by the Lie derivative

LA f = Dx(f) +X-div(X) - f, (1.4)

where Dx is the derivation associated with X and where div, the divergence, is the even

R-linear operator whose value on a homogeneous vector field X = > +f Xt Oy is given by

1=

p+q
div(X) = (-1 (9, X e F. (1.5)

i=1

DEFINITION. The space of symmetric tensor fields of weight 6 and degree k is an R-linear

representation of Vect(E} |q) on the (infinite-dimensional, Zy-graded) R-vector space

Sk=F;0 VFVect(EP!) .

= (Bf!)

The action of Vect(E§ lq) is defined by the Lie derivative

L (foXi v VX)) =L fo X1 V-V X
k -
+ Z(_l)E(X)(E?:ll X)X Ve VXXV V X . (1.6)

i=1
REMARK. Because of the definition of the partial derivatives (see Subsection A.2.2), the
canonical isomorphism of real superalgebras ® : C*°(E} ‘q) > C®(RPI9) (see formula (A.2))
induces an isomorphism @, between the representation of Vect(E} |q) on S§ and the rep-
resentation of Vect(RPI9) on the space of weighted symmetric tensor fields considered by
F. RADOUX and P. MATHONET [?]: @, (f ® Oy1 V -+ Oypta) = P(f) @ Oy V -+ - Oypta.
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A PEQ is a quantization that is equivariant with

respect to the projective superalgebra of vector fields.

1.2.2 Differential operators and symbols

Let £k € N. We denote by D’f\’ ., the (infinite-dimensional, Zs-graded) R-vector space of R-
linear differential operators D : F\ — F, of order at most k. Any differential operator

D € Df , reads in coordinates as

DAy ) = > Daly's v ) - (Oye N 7)) (1.7)
la| <k
where a is a multi-index, each D, is a local d-density (5 = u — M), |a] = S P ay,
Qpil,.-.,0pyq are either 0 or 1 and Oy stands for 8;‘11 e [“);j’fj

The natural (left) linear representation of Vect(E2?) on Dy, is given by the graded com-

mutator: for any homogeneous D € Dy , and X € Vect(Eg‘q), we set,

LEMD = LA o D — (=1)°0=(P) . Do LY. (1.8)

The Vect(E§ ‘q)—module of symbols is then the graded space associated with the filtered
space Dy, = Upen DX - 1t is isomorphic (as a representation of Vect(Ep‘q)) to the space

of weighted symmetric tensor fields

=Psi, s=p-Ar.

keN

Indeed, the isomorphism comes from the principal symbol operator, oy, : D’ﬁ, u Sé“, whose

value on an element D which reads as (1.7), is given by

=Y D.® Ogt V-V (1.9)
|| =k
This operator commutes with the action of smooth vector fields and induces an R-linear

even bijection from D’/{’M/Df\;l to Sk.

REMARK. Let @ : COO(Eglq) >~ C°°(RPl9) be the canonical isomorphism of real superalge-
bras. The map D +— ®*(D) = ® o Do ®~! is an isomorphism between the representation of
Vect(E§ lq) on D’)i ., and the representation of Vect(R? 9) on the space of differential operators

from A-densities to p-densities considered by F. RADOUX and P. MATHONET [?].
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A PEQ is a quantization that is equivariant with

respect to the projective superalgebra of vector fields.

1.2.3 Projectively Equivariant Quantization

Let A\, x € R and § = A — p. By a quantization on Eg'q, we mean an even R-linear bijection
Q:85 = Dxp

that preserves the principal symbol, i.e., for any k € N and any T € S, Q must satisfy
or(Q(T)) =T . (1.10)

We say that a quantization @ is projectively equivariant when we have
L oQ=QoLk) forall hepgl(p+1|g,R),

where pgl(p + 1]g, R) is identified to Bpaut(p + 1|g,.A).

Existence and uniqueness

Through the canonical isomorphism of real superalgebras ® : C(E?} ‘q) = C>*(RP) ®g
AR? = C>(RPI?), the problem of PEQ described above is just a rewording of the problem
of pgl(p + 1|g, R)-equivariant quantization studied by P. MATHONET and F. RADOUX in
[?]. In particular, their main result about existence and uniqueness rules existence and

uniqueness of PEQ here.(?)

DEFINITION. When n —m # —1, we define the numbers

(n—m+2k—1—(n—m+1)J)
n—m+1 '

Y2k—1 =
A value of ¢ is said to be critical if there exist k,l € N such that 1 <1 <k and 7g,_; = 0.
THEOREM 3 (Mathonet-Radoux).
(i) When p—q # —1 and § = p — X\ is not critical, there is a unique pgl(p + 1|q,R)-

equivariant quantization @ : Ss — Dy ;.

(ii) When p —q = —1, there is a 1-parameter family of pgl(p + 1|q, R)-equivariant quanti-
zations @ : S5 — Dy, (without any restriction on the values of A and ).

2If Q is a pgl(p + 1|g, R)-equivariant quantization on RP!9, then ®* 0 Q o @, is a PEQ on Eg‘q.

15



A PEQ is a quantization that is equivariant with

respect to the projective superalgebra of vector fields.

1.2.4 About the equivariance condition

So far, the condition of projective equivariance composed on PEQ is mainly algebraic: it is
expressed in terms of algebraic Lie derivatives, not in terms of Lie derivatives corresponding
to derivatives along the flow of vector fields. Moreover, since our algebraic Lie derivatives
exist only for smooth vector fields, the equivariance condition is limited to asking for equiv-
ariance with respect to the fundamental vector fields associated with elements in the body
of the A-Lie algebra paut(p + 1|¢,.A).

We shall see that the equivariance condition can be stated equivalently in terms of the
fundamental vector fields associated with the whole even part of paut(p + 1|g,.A), this even
part being known to capture the whole information about the Lie group action (see [?,
Chapter VI, paragraph 5]). But before being in position to see it, we shall need to develop
a geometric language for symbols, differential operators and their Lie derivatives in the
direction of (not necessarily smooth) vector fields. The development of this language will
be the core of Chapter 2.

As often, the “semantic limitation” (here, the fact that algebraic Lie derivatives make sense
only for smooth vector fields) will be removed by means of a change of viewpoint: rather
then restricting the projective embedding h — X" to pgl(p + 1|¢,R) to avoid non-smooth
vector fields, we can see it as a smooth family of (possibly non-smooth) vector fields, i.e.,

we can consider h as a variable and look at the smooth map
Z :paut(p + 1|q, A)g x EET? — TEPTI (h,z) — X!

The geometric equivariance condition will consist in asking for equivariance with respect to

the (yet to define) Lie derivative in the direction of this smooth family of even vector fields.
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CHAPTER 2

NATURAL BUNDLES OVER
A-MANIFOLDS

The concept of a natural bundle over a smooth manifold was introduced in the 1970’s by
A. NUIJENHUIS [?] in order to formalize in modern terms the idea of a geometric object on a

smooth manifold.

In this chapter, we first aim at extending the concept of a natural bundle from ordinary
smooth manifolds to A-manifolds. Following A. NIJENHUIS, we shall define geometric objects
on manifolds by means of natural bundle functors, i.e., functors that associate with an A-

manifold a fiber bundle over it.

As often in supergeometry, it will be useful to perform a slight change of viewpoint in order
to circumvent some semantic obstructions. For instance, remember that although the flow
of a vector field X € I'(T'M) is smooth as a map Ay x M — M, the induced maps M — M
corresponding to a fixed ¢ € Ay are not smooth in general. Since natural bundle functors
should be able to lift the flow of vector fields in order to define Lie derivatives, natural bundle
functors in the context of A-manifolds need to be defined not only on local diffeomorphisms
M — N, but on all smooth families P x M — N (where P is an A-manifold of parameters)

of locally invertible maps M — N.

By the way, also our spaces of geometric objects will be larger than what a straightforward
superization would suggest: given a natural bundle functor F, a geometric object of type F
on a A-manifold is any smooth family of local sections, i.e., smooth maps P x M — FM
such that for any p € P, the induced map M — FM is a section (not necessarily a smooth
one) of the bundle 7 : FM — M built by F over M.

In terms of these “extended” geometric objects, we will then give a definition of natural
operators between natural bundle functors. At the end of this chapter, we will then show

that natural linear operators are differential operators.
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Natural bundle functors on A-manifolds can lift

smooth families of local homeomorphisms.

2.1 Natural bundle functors on .4-manifolds can lift

smooth families of local homeomorphisms.

2.1.1 From local diffeomorphisms to smooth families
The classical setting

In the classical setting, natural bundle functors operate from the category of smooth mani-
folds and local diffeomorphisms between them to the category of fiber bundles and fibered

smooth maps between them. They are defined as follows (see [?]):

A natural bundle functor in dimension n is a covariant functor
F : Man,, — Fib,,

possessing the following three properties.
(P) Prolongation:

(i) Each FM is a fiber bundle mrp : FM — M over M.

(ii) The image of a morphism ® : M — N is a morphism
Fo: FM — FN

such that the following diagram commutes.

FM—7T% _FN

\LW}'J\/I lﬂ'}'N

M—2* N
(R) Regularity: if ® : P x M — N is a smooth map such that all &, = ®(p,-) are local
diffeomorphisms, then F® : Px FM — FN, defined by (F®), = F®,,, is also smooth.

(L) Locality: If.:U — M is the inclusion of an open submanifold, then FU = 77, (U)
and Fu : FU — FM is the inclusion of 75}, (U) in FM.

The regularity property was shown to be a consequence of the other two requirements
(prolongation and locality). However, it is very useful in the theory of natural bundles,
especially for defining Lie derivatives of geometric objects (the regularity condition ensures
that the pullback of a geometric object by the flow of a vector field is smooth with respect
to the time parameter). Therefore, one usually continues to include it in the definition of

(classical) natural vector bundle functors.
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Natural bundle functors on A-manifolds can lift

smooth families of local homeomorphisms.

The super setting

Passing from ordinary manifolds to .4-manifolds, a quick look at how the regularity condition
should be superized suggests that a change of viewpoint could be necessary. Indeed, if super
natural bundle functors could only lift local diffeomorphisms between A-manifolds, then the
regularity condition would not be applicable to the flow of super vector fields (the flow is
not made of local diffeomorphisms because if we fix the time parameter, the resulting local
homeomorphism is in general not smooth). Therefore, if we want super natural bundles to
be able to lift the flow of vector fields (and we do want it in order to define Lie derivatives),

we need to enlarge the space of morphisms.

DEFINITION. We denote by I\Ia/n(A) the category whose objects are A-manifolds. The
space Hom%(A)(M, N), also denoted by Ce® (M, N), is made of all smooth maps ® : W C
PxM — N, where W is an open subset in P x M (the A-manifold P is called the parameter

space of ®). Morphisms are thus of the form

B(p,x) = Pp(x)

for some (not necessarily smooth) maps ®, : M — N. By definition, the composition of two
morphisms ® : W C Px M — M and ® : W Cc P’ x M’ — N is

®'od : {(p),p,x) : (p,z) € W and (p', ®p(x)) € W'} C P'’xPxM — N, (p',p,x) = ®),00,(z) .

In particular, we have (®' o @), ) = @}, 0 ©,,.
DEFINITION.

e We denote by M;nn‘m(.A) the subcategory of Man(.4) whose objects are A-manifolds
of graded dimension n|m. The space HomM/a;/‘ " (M, N) is the subset of all elements

®:W CPxM— N in C®(M;N) for which the map
d:WCPxM-—PxN, (pz)— (p,®,(z))

is a local diffeomorphism. (')

e We denote by fEMm(A) the category whose objects are fiber bundles 7 : B, — M
over A-manifolds of graded dimension n|m. The space Hom,, |, (m,7) is the subset of
all fiber-preserving elements in GOO(EW, E,),ie., smoothmaps ¥ : W C Px E, — E,
such that ¥, (Ex(e)) C Eyyp,(e)) for all (p,e) € W.

'In view of the inverse function theorem for ® and of the definition of the generalized tangent map (see [?]),
asking for ® to be a local diffeomorphism amounts to asking for all the maps T®p |1, ar : T M — Tq)p(z)N
to be (even, left) A-linear bijections.
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Natural bundle functors on A-manifolds can lift

smooth families of local homeomorphisms.

2.1.2 Natural bundle functors on A-manifolds

DEFINITION. A natural bundle functor in graded dimension n|m is a covariant functor
F : Main (A) = Fibyjm (A)

possessing the following three properties.

(P1) Prolongation: Each FM is a fiber bundle wzpr : FM — M over M.

(R) Regularity: The image of amap ®: W C P x M — N is a map
FO:{(p,e) e PxFM: (p,rrm(e)) e W} CPxFM — FN
Moreover, each (F®), depends only of ®, in the sense that
Ty =B, = (F¥), = (FD),

In particular, if p € BP, then (F®), = F®,.(%)

(P2) Prolongation: Each (F®), is over the corresponding ®,,, i.e., the following diagram

commutes.
(FP)p
FM ——" = FN
l TFM \L TN
(I’P
M N

(L) Locality: If::U — M is the inclusion of an open submanifold, then FU = 75},(U)
and Fu : FU — FM is the inclusion of 75}, (U) in FM.

REMARK. The locality property (L) and the regularity property (R) ensure together that

a natural bundle functor F is local on morphisms in the sense that
(CI);;')‘U = ((I)p)‘U = (]:(I)/)p’lﬂ—l(U) = (f(I))p|7r—1(U) :

Indeed, we have ®,|y = (® o), and @, |y = (¥ 0 ¢),, where ¢ : U — M is the inclusion.
Using this and both the locality and the regularity property, we obtain (F®’ )P’|rl(U) =
(FO)p o Fu=(F® 0 Fu),, = (F(®'o1))y = (F(Por))p = (FPoFu)p = (FO)pl, -1

2Now that we consider smooth maps with a parameter space, regularity of an operator means that this
operator somehow leaves the parameter untouched and that it is compatible with reparametrizations. In the
sequel, all operators acting on smooth families will be assumed to have this property.
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Natural bundle functors on A-manifolds can lift

smooth families of local homeomorphisms.

Geometric objects on A-manifolds

DEFINITION.

e A natural bundle is a fiber bundle wzp; : FM — M built from the data of an A-

manifold M by means of a natural bundle functor F.

e A geometric object of type F on M is a smooth family of (not necessarily) smooth

sections of wrp; : FM — M, i.e., a smooth map
o WCPxM—FM,

such that for any (p,x) € W, we have 7wz o o(p,z) = x. The space of geometric
objects of type F on M is denoted by f(}'M)

REMARK. Let us stress that the space f(]-"M ) contains smooth families of sections with
all possible parameter 4-manifolds P. In particular, the space I'(FM) of (unparametrized)
smooth sections is a subset of I'(FM) (corresponding somehow to P = {0}).

The typical fiber of a natural bundle functor

If F is a natural bundle functor, all fiber bundles FM share the same typical fiber. Indeed,

note first that FE; ™ is trivial: a global trivialization is given by the map
FEY™ 5 EJ™ X F | e (n(e), F(t)(—7(e),€)) ,

where F = FoEy™ is the fiber at 0(%) and t : Ej™ x EJ'™ — E'™ is the smooth family

n|m

of all translations in E;"". By the locality property, it follows that
FO>20OxF

for all open subsets O C Eg‘m. Then, if (Uy, pq : Uy — O,) is a chart of M, the locality
property gives

-7‘:9\0/(1

FM|y, = FU, FO, =20, x F2U, x F,

showing that F' is also the typical fiber of FM.

REMARK. In the paragraph above, we constructed local trivializations to show that all fiber
bundles F M share the same typical fiber. Note that these local trivializations are completely

determined by the lifts Fy, of local charts (Uy, ¢,) of M.

3Remember that when we have a fiber bundle, the fibers above the base points with real coordinates are
diffeomorphic to the typical fiber. Therefore we can assume here that the fiber at 0 is the typical fiber.
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Natural bundle functors on A-manifolds can lift

smooth families of local homeomorphisms.

2.1.3 Natural vector bundles

DEFINITION. A natural vector bundle functor in graded dimension n|m is a natural bundle
functor F : Man,|,, (A) — Fiby,(A) such that

e all bundles FM are vector bundles;

e all maps F® are smooth families of fiberwise even A-linear maps.

Transition functions on a natural vector bundles

When F is a natural vector bundle functor, the typical fiber F = FyEy ™ i an A-vector
space. Moreover, the local trivializations of FM that we constructed in 2.1.2 from local

charts (Us, ¢q) of M, namely
U,: FM|ly = U X F | e (n(e), Ft(—pq(n(e)), Fea(e))) ,

are fiberwise even A-linear because both Ft and F, are. In other words, the maps ¥, are

local trivializations of FM as a vector bundle.

Given an atlas {(U,, pa)} of M, we claim that the morphisms Fyp, completely determine

the vector bundle structure of M. On the one hand, we have

Uy 0 Ut (x, f) = (2, Ft(—pp(x), Fopa © Ft(pa(z), £)))

showing that the transition functions are the maps

\I/ba(x) = (’Ft)(*LPb(I)) o Fppg © (]:t)(gaa(m)) . (2.1)

On the other hand, these maps are completely determined by the knowledge of the atlas
{(Uq, ¢a} and the collection of all maps {Fp,}. Hence the claim.
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Natural bundle functors on A-manifolds can lift

smooth families of local homeomorphisms.

The space of geometric objects

If F is a natural vector bundle, the space f(}"M) of geometric object of type F on M is a
C°°(M)-module. Indeed, the zero section 0 : M — FM is an element of I'(FM). Moreover,
for any 0,0’ € I'(FM), we can define

(0 +0)(p,p2) =0(p,x)+0'(p, ) € FuM .

for all (p,p’,x) such that (p,z) € W and (p/,z) € W’. Finally, given a smooth function
f e C>®(M), we form

(fro): WCPxM—=FM, (px)— f(z) olp,x) € F, M .
This being said, the space I'(FM) also has a linear structure (over A). Indeed, for an
arbitrary a € A, the maps (p,z) — a-o(p,x) and (p,z) — o(p,z) - a are in general

not smooth because a is not considered as a variable. However, nothing prevents us from

considering a as an additional parameter, i.e., we can define smooth families of sections
A-c: AxWCAXxPxU—FM, (a,p,z)— a-(c(p,x)) € FrM
and

o A AXW CAXPxU—FM, (a,p,x) — (o(p,x))-a € F,M .

With these new operations at hand, we introduce what is .A-linearity for an operator acting

on geometric objects over an A-manifold.

DEFINITION. A regular map T : ['(FM) — I(GM) is said to be left A-linear (vesp. right
A-linear) if

{ T(c+0) = T(o)+T(o)
T(A-0) = A-(T(0)) (vesp. T(A-0)=A-(T(0))).

for all 0,0’ € T(FM).

ExXAMPLE 4. From any left linear vector bundle morphism ® : FM — GM over ¢ = idyy,
we can define a map Ty : T(FM) — T'(GM) by setting

Te(o)(p,x) = ®(a(p,x)) € G M

Because of the fiberwise left A-linearity of ®, Ty is both C°°(M)-linear and left A-linear.
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Natural bundle functors on A-manifolds can lift

smooth families of local homeomorphisms.

Example : the tangent bundle

Let M be an A-manifold of dimension n|m and let {(U, C M, ¢, : U, — O, C Eglm)} be
an atlas of M. The tangent bundle of M is the vector bundle TM with typical fiber E™™

and structure group Aut(E"™™) determined by the transition functions
Uy, = Jac(@pa) © o : Uy NU, — Aut(E”lm) .

Remember that in terms of a basis {e;} of E™™  the Jacobian Jac(pp.) € C®(pa(Us N
Up), Homp, (E™™, E™™)) is given by

o(h* - ex)(Jac(ppa)(2) = B - e

where

R = B (D0 @b () (2.2)

REMARK. The fact that the functions Jac(pps) © @, satisfy the cocycle conditions (B.1)

follows from the chain rule:

Uaalz) = Jac(ido,)(pa(z)) = idgnim
ep(z) 0 Wpa(z) = Jac(pe)(pp(x)) o Jac(pa)(pa())
Jac(peb © Pva) (Pa () = Jac(pea) (Pa(®)) -

REMARK. Let U be an open subset of M. Since {(U NU,, vq|u, } is an atlas of U, we have
the first part of the locality condition: TU = TM|y = n~Y(U).

DEFINITION. The tangent bundle functor associates with an 4-manifold M its tangent
bundle T'M while the image of a morphism ® : W C P x M — N is the smooth family of
all generalized tangent maps, i.e., T® : {(p,h) : (p,7(h)) € W} C P x TM — TN is given

in fibered coordinates by

x) (T®), = h'- ((axiq)j)(n 33)) * Oys |<I’(P»$) '

The fact that T" is a functor is an immediate consequence of the chain rule. The regularity
and locality conditions are obvious from the local expression of T'® because there is no

derivative in the direction of the parameter p.

REMARK. Comparing the local expression of T'® with the definition of the maps ¥y, shows
that the transition functions of the tangent bundle correspond to the tangent maps Ty, of

the transition functions between charts.
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Natural bundle functors on A-manifolds can lift

smooth families of local homeomorphisms.

Smooth families of vector fields

Smooth families of sections of the tangent bundle, are called (smooth families of) vector
fields. As shown in [?, Chapter V], there is a one-to-one correspondence between (un-

parametrized) smooth vector fields and R-linear graded derivations of the algebra C*°(M).

Now from a smooth family X € I'(T'M) of vector fields, we can define a map Dx : C*°(M) —
C>°(M) by setting, in local coordinates,

Dx(f)(p,p/,ar) = ZXZ(p7$) : (azlf)(plax) )

if Xi(p,z) = Xi(p, ) - yily. If X € I(TM) and f, g € C>(M) are such that all X, and all

fp are homogeneous, we have

Dx(f-9)(p.p',p",2) = Dx(f) (0,0, 2)- g, x)+ (=1)* )= f(p/ | 2)- Dx (g)(p, 0", @) ,

so that a smooth family of even vector fields can be seen as a smooth family of “derivations”.

2.1.4 Natural affine bundle functors

DEFINITION. A natural affine bundle functor in graded dimension n|m is a natural bundle
functor F : Man,,,,, (A) — Fib,,;, (A) such that all bundles M are affine bundles while all

maps FP are morphisms of affine bundles.

The space of geometric objects

DEFINITION. A geometric object of affine type (or simply, a affine geometric object) in

graded dimension n|m is an element o € L(FM ) with F a natural affine bundle functor.

If F is a natural affine bundle functor, the space f(}'M ) of geometric object of type F on
M is an affine space modeled on the C°(M)-module T'(FM) of smooth families of sections

of the underlying vector bundle. The affine space structure is defined fiberwise, i.e., we set

(0+s)(p,pz)=0c(p,x)+sp,z) e, .

for all o € ['(FM) and all s € D(FM).

REMARK. Since the fibers 7, of an affine bundle do not come with an origin (because affine
transition functions do not preserve the origin of the typical fiber), spaces of affine geometric

objects do not come with a canonical element as it was the case for vector geometric objects.
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Natural bundle functors on A-manifolds can lift

smooth families of local homeomorphisms.

Example: the bundle of connections

DEFINITION. Let M be an A-manifold modeled on an A-vector space E and let {(U, C
M, @, : U, — Ep)} be the atlas of all charts for M (i.e., the differentiable structure). We
define maps C(ppq) : 0a (U NUy) — Aff(E* ® EndgE) by analogy with the transformation
law of the Christoffel symbols of a linear connection on M under a change of chart from

(Ua, @a) to (Up, pp): in terms of a basis (eq, ..., emin) of E, we set
L (Z fe@le - T, ® er) (Cppa))(z) = Z”e R@Ye T ®ey,
with
Tty = (<12 ity (0a(2) - (B (00 (0)))) T - (B (o)
+ (Do ywPan(P1a(®))) - (O (@) - (2.3)
Now we can define the functions 1y, : Uy N U, — Aff(E* @ Endg(FE)) by
Yba = C(Pba) © Pa -

It can be checked using the chain rule that these functions satisfy the cocycle conditions,
but this is actually an immediate consequence of the fact that the transformation law is that
of Christoffel symbols under the effect of a coordinate change (see formula 3.11). The affine
bundle 7 : CM — M so obtained is called the bundle of connections of M.

The bundle functor C associates with an A-manifold M its bundle of connections while the
image of a morphism ® : W C P x M — N is the smooth collection C® : {(p,T) : (p, n(T")) €
W} C PxCM — CN defined in fibered coordinates as

v(da?], @ da?| - Thy @ Ogel,) (CO)p =Y dy®|, @ dy"|, - T, @ Dy, (2.4)
with

Y, = (—1)Erten)  (9,u 8714 (B(p, 2))) (8,0 &1 (B(p, 2))) - Ty, - (0,1 9%(p, 7))
2, & (B(p,2))) - (0B (p,x)) , (2.5)

+
>
dl\)
<
LSy
-

where ®! stands for a local inverse of @ : (p,z) — (p, o, (2)).

REMARK. Comparing the definition of the lifted map C® with the definition of the transition
functions for the bundle CM shows that the latter correspond to the lifted maps of the

transition functions between the charts.
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Natural bundle functors on A-manifolds can lift

smooth families of local homeomorphisms.

Smooth families of covariant derivatives

From a smooth family o : P x M — (CM)(® of even sections of CM, we can define a map
V:T'(TM)xT(TM) — f(TM) by setting, in local coordinates,

(W(X.Y)V ZXJ )2 @) o

+ Z(_l)Ej(e(Y)+ek) X (z) - yk(x) . ék(p,m) - Oy,
i,k

(2.6)

In other words, a smooth family of even connections defines a smooth family of covariant

derivatives.
PROPOSITION 5. There is a one-to-one correspondence between even sections of CM and

covariant derivatives on M.

Proof. With an even section o of CM, we associate the covariant derivative whose Christoffel
symbols in a chart (U,, ps) of M are the local components I‘é- i of the local expression of o

in the local adapted coordinates on CM associated with (Ug, ¢q).

This correspondence is well-defined because the transformation law (2.3) of the local com-
ponents of sections is the same as the transformation law of the Christoffel symbols of a

covariant derivative under a change of local coordinates.

This correspondence is also bijective because a covariant derivative on M is completely

determined by its Christoffel symbols in an atlas of M. O

REMARK. If & : M — N is a diffeomorphism, then for any smooth section o € I'(CM), the

covariant derivative corresponding to C® oo € T'(CN) is given by
UX,Y)VEP7 =T (TP o X, TP Lo Y)V7).

In other words, the action of the functor C on morphisms correspond to the push-forward

of covariant derivatives along (local) diffeomorphisms.
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The Lie derivative of vector/affine geometric objects

is a derivation along the flow of a vector field.

2.2 The Lie derivative of vector/affine geometric objects

is a derivation along the flow of a vector field.

2.2.1 The flow of a smooth family of even vector fields

Let X : Px M — TM be a smooth family of even vector fields on M. From X, we can
define an even vector field X € T(T(P x M)) by setting X (p, z) = 0, + X, (). The flow

O :Wg C(AgxP)x M —PxM

satisfies T® ¢ 09y = X 0 @ and @ 4(0,-,-) = idpyas. It is of the form
O (p,t,2) = (pymas 0 Py (p,t, ) -

By definition , the flow of the smooth family X is the map
Ox =mpyoPyg: Wi C(Agx P)x M — M.

It is an element of I:I_(;Elnm(]\/[, M).

2.2.2 The Lie derivative of vector geometric objects
Differentiating with respect to the time parameter

Let 7 : Ex — M be a vector bundle. Given a smooth family of sections o : W C (Ag x P) x
M — E, , it is possible (see [?, V.3.6]) to define the smooth family of sections

00 WC(AgxP)xM—E, .
Locally, in terms of a set {e; € Ty (E;)} of local trivializing sections, d; - o is given by

(8t : J)|U (t,p,x) = Zat(o—j)(t’pa QZ) : ej(‘r) )

if ol =320 e

REMARK. Remember that the function d;(07) is obtained by differentiating with respect to
the time coordinate each of the ordinary smooth functions on R x BP x BM appearing in

the Taylor expansion of the local expressions of o7 in charts (see Subsection A.2.2).
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The Lie derivative of vector/affine geometric objects

is a derivation along the flow of a vector field.

Differentiating along the flow

Let F be a natural vector bundle functor. Given a smooth family of even vector fields,
X:PxM—TM®O, and a smooth family of sections ¢ : P’ x M — FM, we can form the

smooth family of local sections
CI)}J : WX C (AO x P x P/) x M — FM s (t,p,p/,$) —> (‘F@X)(—t,p) OO'p/ o(I)X,(t,p)(x) .

DEFINITION. The Lie derivative of a smooth section o € I'(FM) in the direction of a smooth
family of even vector fields, X : Px M — TM(©  is the smooth family Ly o € I'(F M) whose
value at (p,x) € Wy is given by

(LXU)(pax) = (at : ((I)}U)) (Ovpa I) S -FrM .

Example : the Lie derivative of smooth functions

If X : PxM — TM®O is a smooth family of even vector fields on M, then for any
f € C®(M), we have Lx f = Dx(f). Indeed, it follows from the definitions and the chain
rule that

(LXf)(pv .’E) = (at ' (f o (I)X)) (Oapv :17)

> (% 0.00) - (L@xo.00)

= Y X)),

if X reads as X(p,z) =Y, X' (p,x) - Oypi

T

Example : the Lie derivative of smooth vector fields

If X : PxM — TM is a smooth family of even vector fields on M, then for any Y € T'(T M),

we can show using the chain rule that

ntm i i
L)) = 3 (X0 G = V(o) S ) ) - 0,

In particular, (LxY'), = [X,,Y] for all p € BP.

30



The Lie derivative of vector/affine geometric objects

is a derivation along the flow of a vector field.

2.2.3 The Lie derivative of affine geometric objects
Differentiating with respect to the time parameter

Let m : Z; — M be an affine bundle. Given a smooth family of sections, o : W C
(Ap x P) x M — Z,, it is possible to define the smooth family of sections (of 7)

00 WC(Agx P)xM — Ez.

Given a local section ag € I'y(Z;) and a set {e; € I'y(Ez)} of local trivializing sections, if

oly =ag+ Zj o7 - ej, then 9; - o is given by

( |U tp, Zata tpv ( )

Differentiating along the flow

DEFINITION. Let F be a natural affine bundle functor. The Lie derivative of o € T'(FM) in
the direction of the smooth family X € I'(T'M) is the smooth family Lyo € I'(FM) whose
value at (p,x) € Wy is given by

(Lx(f)(p,x) = (at : (@}0’)) (07p7 LL‘) € FuM ,

where @50 : W C (Ao X P) x M — FM is defined as in the vector case.

Example : the Lie derivative of covariant derivatives

If X : PxM — TM is a smooth family of even vector fields on M, then for any Y € T'(T M),

n+m
LxV)(px)= Y da*| ®da’| - ) @ Oyil,
i,5,k=1
with
i o, X’ : X! i
Su(p) = X0 2)- ) = Thle)- G .0) + (70 (G0 )

2xi

l
+ (G ) Thle) + gz 00) (2)

In particular, (LxV),(Y,Z) = [X,, Vv Z] = Vix, v)Z — Vy[X), Z] for all p € BP.
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Natural operators on .A-manifolds transform

smooth families of sections.

2.3 Natural operators on A-manifolds transform

smooth families of sections.

2.3.1 Natural operators on A-manifolds

By definition, natural operators from F to G transform geometric objects of type F into
geometric objects of type G. In our context, natural operators are thus operators acting

between smooth families of sections of natural bundles.

DEFINITION. A natural operator from F to G is a collection of operators
D ={Dy :T(FM) — f(QM)}M60b(1\/mn,m(,4))
with the following properties.
(R) Regularity: The image of a smooth family
o WCPxM-—FM
is a smooth family
Dpy(o) W CPxM—GM.

Moreover, Dys(o), only depends on o, in the sense that if o' : W C P’ x M — FM

is such that o, = a;), for some p € P and some p’ € P, then we must have
Da(o)p = Du(0")p -

In particular, (unparametrized) smooth sections are transformed into (unparametrized)
smooth sections and for any p € BP, we have D(o), = D(0,) € I'(FM).

(L) Locality: For any o : W C P x M — FM and any open subset U of M, we have

Dy(oly) = (Dmo)ly

where o|;; stands for the restriction of X to W N (P x U).

(N) Naturality: For any ® € Hg_n\l;m(M, N), 0 € I(FM) and o’ € T(FN), we have
0po®g=F0q00, = Dn(0)yo®=(GP)q0Dul(0),.

We say that D sends ®-related objects of type F to ®-related objects of type G.

32



Natural linear operators are differential operators.

2.4 Natural linear operators are differential operators.

We aim to obtain a Peetre-like theorem for linear (super) natural operators. Let us first

recall Peetre theorem for local linear operators over classical smooth manifolds.

THEOREM 6 (Classical Peetre theorem). Let m : B, — M and ©' = E» — M be vector
bundles. If D : T(E;) — T(FEy) is a local R-linear operator, then D reads in local adapted

coordinates as

Py = Y 040 (s @)

lor| <k

where « is a multi-index, |a| =Y a, and each D}, ; is a local smooth function on M.

2.4.1 Peetre theorem on A-manifolds
Linear operators between functions

THEOREM 7. Let M be an A-manifold. If D : C®(M) — C®(M) is a local R-linear

operator, then D reads in local graded coordinates as

req]
DN = Y Daly)- (8 f<y>) ,

(a3
lal<k dy

where a is a multi-index with apt1, ..., Qnem € {0,1}, |af = Z?jlm o; and each Dy is a

local smooth function.

Proof. Given a chart (Ug, pq : Uy = O,) of M, we have an isomorphism of real superalgebras
{fly, - f€C®(M)} =T(A(pr; : BO, x R™ — BO,)) .

If feC®(M)reads in (U,, @q : Uy — O,) as

Feo=Y 3 e (@)

r=01<i1 <<t <M

the corresponding form ay € I'(A(pr; : BO, x R™ — BO,)) is given by

ap(z) =) > ENN-NET - fiy (D)

r=01<i1 < <ip<m

where the £% now stand for a basis of R™.
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Natural linear operators are differential operators.

Through this correspondence, a local R-linear operator D : C*°(M) — C*(M) induces a
local R-linear operator D : T'(A(pr, : BO, x R™ — BO,)) — T'(A(pr, : BO, x R™ — BO,))
defined by

~

D(Uf) = UD(f) .

Note that D is well-defined thanks to the locality of D. Moreover, D is local and R-linear

because both D and the correspondence f| v, < oy are.
In view of (the classical) Peetre theorem, ﬁ(of) is locally of the form

. G , U o8l g
Do = 3 ¥ enenendyt, o (Tlw) ey

|B]|=07r,r"=0 1<i; < <i.<m
1<j1 < <g,v<m

In order to make f appear in the right-hand side of 2.8, we use the identity

~

APl fi Lotret sl o 0
(éfaﬁar(x)> (z) = (=1)270=V. ((%5 . @ cee T .f) (z,€) .

For any a € N"t™ with |(a1,...,a,)| <K and api1,. .., Qpym € {0,1}, we set

m

Da(ﬂf,f) _ Z Z (_1)%7‘(7‘—1) .gjl R .gjr/ . (ﬁz;'l"_l:fan)dilmjir/)N (33‘) s

=0 1<j1 <+ <j,s <M
where 4y, ..., are the indices i; € {1,...,m} for which a1, #0 (i.e. g =1).

Now if for any o € N"t™ with |(aq,...,a,)| > k', we set D, = 0, then the result follows
from formula (2.8) through the correspondence D(o ) ID(f):

PRIGEEES S S 5 €j1~----€j’"-(ﬁél,;f?jr,)w(x)-((%)N(x)>

[B|=07,r"=0 1<i1 < - <i.<mMm
1<j1 < <g,y<m

)

la|<k'+m
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Natural linear operators are differential operators.

COROLLARY 8. If D : C°°(M) — C*°(M) is a regular local (i.e., Ioly =0= D(f)pl, =0)
even (i.e. €(D(f)p) = €(fp) whenever f, is homogeneous) left A-linear operator, then D

reads in local graded coordinates as

||
D = 3 Daly)- (3 / <y>)

(e
lal<k 9y

where o is a multi-index with ayi1, ... anym € {0,1}, [a| = 377" ;. and each Dy, ; is a

local smooth function.

Proof. Let f : W C P x M — A be a smooth family of functions. In a local chart
(Vo X Ug, g X pg) of P x M, f can be written as

f(PaﬁafE,f) = ZnJﬂ(p,m)gl
I,J

_ K |K|
=2 -(aapf;”(Bp,o) (z)- €

I,J,K

for some local smooth functions f;; on BP x BM. For a fixed parameter in P with

coordinates (p,7), the map f, ) is, in general, not smooth, but it can be written locally as

fwm Ua = Z(A : fK,J)(nﬂ(p—Il?f)K)

J K

where the local smooth functions fr ; € C>(U,) are given by

~

|K|
a0 =30 (T i Bo)) @) ¢

I

Using the regularity, the left A-linearity and the locality of D, we obtain

— Bp)K
D(f)(p,n) U, = ZUJ(])TP) D(iK’J) ’
JK

Ua

where f, . stands for a global smooth function such that f, |v, = fx,s (multiply fx s by

a plateau function and restricts U, if necessary). Applying theorem 7, we then get

— K |l
D& = 3 S Tl e (Grletwo)

la|<k J,K Oz, 6)*

The result follows from the definition of the smooth function fx ; using the linearity of the

even operators D,, - (3(‘1‘7?)&) to reconstruct f in the right-hand side. O
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Natural linear operators are differential operators.

Linear operators between sections of vector bundles

COROLLARY 9. Let w : Ex — M and 7' : En — M be vector bundles. If D is a regular
local (i.e., op|, = 0 = D(0)pl, = 0) even left A-linear operator from [(E;) to D(E.),

then each Dy reads in local adapted coordinates as

Do) () = 3 D) (W@) |

(e}
lal<k dy

where o is a multi-index with ayi1, ... 0nym € {0,1}, [a| = 37" ;. and each Dy, ; is a

local smooth function.

Proof. Let {ej : Uy, C M — E.} (resp. {f; : U, C M — E,/) be a (finite) set of local
trivializing sections of E, (resp. E,/) above the domain of a chart (Us, ¢,) of M.

For each (i, 7), we have an even local left .A-linear operator
D} : C®(U,) — C®(U,) , f+ Dul(f -e;),

where D(f - e;)" stands for the component of D(f - e;) along f;.

The conclusion follows immediately from Corollary 8:

. o ) olelgi
D)) = Do) = 3 Dt (57 0) -
Y
lor| <k
2.4.2 Peetre theorem for natural linear operators

Locality

LEMMA 10. Let F and G be two natural bundle functors. If D is natural R-linear operator
from F to G, then for any open subset U C M such that {p} x U C W, we have

UP|U =0= DM(U)p\U =0.

Proof. Tt is a consequence of conditions (R) and (L):

oply = 0= (oly), = 0= ((Dv(aly)), =0= (Du(o)ly), =0= Du(0o)pl, =0.
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Natural linear operators are differential operators.

Local expression of natural linear operators

PRrROPOSITION 11. Let F and G be natural vector bundle functors. If D is an even left

A-linear natural operator from F to G, then each Dy; reads in local adapted coordinates as

, , ol g
Do) (pw) = 3 Divs(y) - (amy)) ,

(e}
lal<k dy

. .. . o n+m i i
where o is a multi-index with a1, ... anym € {0,1}, [a| = 7" ;. and each Dy, ; is a

local smooth function.

REMARK. Note that the property (IN) of natural operators does not play any role for the
above proposition to be true. Natural operators are just particular cases of local regular
operators. Moreover, it follows from the proof of Corollary 11 that an even left .A-linear

natural operator is completely determined by its value on (unparametrized) smooth sections.
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CHAPTER 3

PROJECTIVE EQUIVALENCE OF
TORSION-FREE CONNECTIONS
IN SUPER GEOMETRY

The concept of projective equivalence of connections goes back to the 1920’s, with the study

of the so-called “geometry of paths” (see [?, 7, ?] or [?, ?, ?] for a modern formulation).

By definition, two connections are called projectively equivalent if they have the same
geodesics, up to parametrization. In other words, the geodesics of two equivalent connec-
tions are the same, provided that we see them as sets of points, rather than as maps from an
open interval of R into the manifold. In [?], H. WEYL showed that projective equivalence
can be rephrased in an algebraic way: two connections are projectively equivalent if and
only if the symmetric tensor which measures the difference between them can be expressed

by means of a 1-form.

H. WEYL’s algebraic characterization of projective equivalence provides a convenient way to
transport projective equivalence to the framework of supergeometry: two superconnections
are said to be projectively equivalent if the (super)symmetric tensor which measures the

difference between them can be expressed by means of a (super)1l-form.

Remembering the classical picture, it is natural to ask whether it is possible to find a geomet-
ric counterpart to the algebraic definition of projective equivalence of superconnections, i.e.,
a characterization in terms of supergeodesics. In this chapter, we first answer this question
in the affirmative (cf. [?]). Then, in the perspective of Chapter 4, we show that the vector
fields obtained in Chapter 1 by means of the projective embedding preserve the projective

class of the canonical flat connection on the flat superspace.
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About supergeodesics

As in the classical case, we define, in section 3.1, supergeodesics associated with a supercon-
nection V on a supermanifold M as being the projections onto M of the integral curves of a
vector field GV on the tangent bundle TM: the geodesic vector field of V. In section 3.2 we
then define the notion of reparametrization of a geodesic and establish that two connections
V and V on a supermanifold M have the same geodesics up to parametrization if and only

if there is an even 1-form « such that
VxY =VxY + X - u(Y)a+ (-1 y . (X)a VX,Y € T(TM),

thus showing that Weyl’s characterization also holds in supergeometry.

Our approach to supergeodesics differs from that of O. GOERTSCHES [?]. In particular, our
equations for supergeodesics are the natural generalization of the classical ones. Actually, our
approach is nearly identical to that recently proposed by S. GARNIER and T. WURZBACHER

in [?], where they consider supergeodesics associated with a Levi-Civita superconnection.

In fact, beyond the fact that they restrict to the Riemannian setting where we consider
arbitrary connections, the main difference between Garnier-Wurzbacher’s supergeodesics and
ours lies in the way we interpret geodesics. In [?], geodesics are seen as individual supercurves
on M (which obliges them to add sometimes an arbitrary additional supermanifold S, in
particular to specifiy intial conditions), whereas we focus on the geodesic flow as a whole,

seen as the projection on M of the flow of an even vector field on the tangent bundle 7M.

Supercurves should be images of 1-dimensional manifolds, but as it is well-known, the theory
of supercurves with a single parameter turns out to be very shallow: supercurves in a
single even parameter are reduced to ordinary curves in the body of the manifold while
supercurves in a single odd parameter are simply odd straight lines. In order to overcome
these limitations, we choose to change the viewpoint. Usually curves do not come singly, they
appear in families. And in particular the integral curves of a vector field on a supermanifold
N should not be seen as a simplistic collection of curves, but as a map (the flow) defined
on (an open subset of) R x N (1), incorporating the initial condition in the domain of the
map. And indeed, the flow of a vector field is jointly smooth in the time parameter ¢ and the
initial condition n € N. In the simplistic viewpoint one writes 7, (t) for an integral curve
with initial condition n € N, whereas in the viewpoint of a flow one rather writes ¢.(n) or
©(t,n). Roughly speaking, we could say that our change of viewpoint enlarges in a natural
way (we do not add an arbitrary manifold S as in [?]) the domain of supercurves so that it

is now possible to get supercurves with desirable properties.

n fact, rather Ag x N than R x N since maps defined on Ag x N live in the category of supermanifolds
while containing the same information as maps defined on R x N.
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Supergeodesics of a torsion free connection
on an A-manifold are projections of the flow

of a vector field on the tangent bundle.

3.1 Supergeodesics of a torsion free connection
on an A-manifold are projections of the flow

of a vector field on the tangent bundle.

Before dealing with the specific problem of geodesics on a supermanifold, we first recall some
general definitions and facts about connections on 4-manifolds. Then we attack the problem
of defining super geodesics: we associate with any connection a so-called geodesic vector field
on the tangent bundle, whose flow equations are the straightforward super analogs of the

classical geodesic equations.

3.1.1 Connections on A-manifolds

DEFINITION ([?, VII§6]). A connection (or covariant derivative) on an A-manifold M is a
map V : I(TM) x T'(TM) — I'(I'M) such that
(i) V is bi-additive (in I'(TM) and I'(T'M)) and even;

(i) for X e (TM), s e I'(TM) and f € C°(M) we have
Vixs=f-Vxs; (3.1)
(iii) for homogeneous X € I'(T M), s € I'(TM) and f € C*°(M) we have

Vx(fs) =Dx(f)-s+ (=173 f. . vys. (3.2)

LEMMA 12. IfV and V are connections in TM, the map S : NTM)xT(TM) - T'(TM)
defined by

S(X,s) =Vxs—Vxs (3.3)

is even and bilinear over C*°(M). In other words, S is a “tensor”, i.e., can be seen as a
section of the bundle TM* @ End(TM) [?7, IV§5].

LEMMA 13. If V is a connection on M, then the map T : T'(TM) x T(TM) — I'(TM)
defined on homogeneous X,Y € T'(T'M) by

T(X,Y)=VxY — (=1)fX=¥) . vy X — [X,Y] (3.4)

is even, graded anti-symmetric and bilinear over C*°(M). In other words, T is a “tensor’,
i.e., can be seen as a section of the bundle /\2 TM*®TM, i.e., as a 2-form on M with
values in TM [?, IV§5].
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Supergeodesics of a torsion free connection
on an A-manifold are projections of the flow

of a vector field on the tangent bundle.

Torsion-free connections

DEFINITION. A connection V in T'M is said to be torsion-free if the tensor T is identically

Zero.

COROLLARY 14. If V and V are torsion-free connections in T M, the tensor S =V — v
I(TM) x T(TM) = T'(TM) is graded symmetric.

Let V be a connection in TM (we also say a connection on M). On a local chart for M
with coordinates z = (z',...,2""™) we define the Christoffel symbols F’k of V by

7

e(@) = (Vo 0,x) da’| (3.5)

with parity e (I‘;k) = ¢e; +¢j +e.(%) It follows that for homogeneous vector fields X =
>, X0 andY =3, Y- 9,:, we have

VxY = ZXJ azl+z INEASRARED CED G SR (3.6)
1,5,k

When the vector field X is even, we have (—1)% ) +er) — (_1)(E(X)+e) (V) +er) and in

that case the above formula can be written without signs as

oY"

VxY = ZXJ aml+ZY’f X7 T4 Oy . (3.7)

1,5,k

COROLLARY 15. If V and V are connections on M with Christoffel symbols T'% i and I‘

respectively, the tensor S reads locally as

S=3 det @da - ((r;k - A;lk)) ® By (3.8)

1,5,k
while the tensor T is given by

T: dek/\dfﬁ] Flk®8xz

N
=1-) daf Adal - (T, — (—1)¥% T}, ) @ O,
3,7,k

In particular V is torsion-free if and only if the Christoffel symbols are graded symmetric in

the lower indices, i.e.,

= (1) Ty,

2Remember that, by definition, we have ¢(9,;)dz® = 6;
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Supergeodesics of a torsion free connection
on an A-manifold are projections of the flow

of a vector field on the tangent bundle.

Transformation law of Christoffel symbols

If y = (y!,...,y™"™) is another local system of coordinates, we can consider the Christoffel

symbols f; . in terms of these coordinates:
Ll(y) = «(Vo,, 0p) dy'|, (3.9)

Now let g € M be the point in M whose coordinates are x or y depending upon the choice
of local coordinate system. As tangent vectors transform as O:[, = >, (92:y?)(2) - Oyr |,

it follows that the relation between I and T is given by

20 = (( Va,; <( Z(amkyf')(a:)-ayr>)>)

=Y (000 )@) - Dy,
+ 2D Dy @) - (Yo, D)),

_ Z(aﬂ Opry?) () - Oyo

Zl";k(m) -0

zo

+Z DS E0 - (9,0y") (@) - (Daiy?) (@) - (Vo,i0yr))]
= Z (003 Oury”) () - Dy,

+Z 1)) (D7) (@) (0 y?) (@) - TgPr(y) - Oyol,,,

which gives us the relations

> Cila) - (@y)@)

— (00 0,y") (@) + S (D)D) Oy (@) - (D) (@) - Thyly)  (3.00)

s,t

Equivalently, we can write

L7 (y) = (9yeOyea’)(y ) (iy") ()
D) (@yeat) () - (9pea) (y)  Thi(@) - @y} (@) (311)

(N
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3.1.2 Supergeodesics of a torsion-free connection

We start very naively and copy the classical case: a geodesic is a map v : Ag — M given in

local coordinates by y(t) = (y!(t),...,y"™(t)) satisfying the equations

62,71‘
ot?

k 7 )
1=~ 200 20 M) (312)

Jik

Since any system of second order differential equations on a manifold can be expressed as a
system of first order differential equations on the tangent bundle, we can equivalently look

at curves 7 : Ay — TM(® given in local coordinates by

&) = (@), AT, (), ) (3.13)

and satisfying the local equations

Gr(t) = Al

) = =Y AR A0 T () -

Initial conditions
In order to solve second order differential equations one needs initial conditions, which in

our case are a starting point x and an initial velocity v. A geodesic v depends upon these

initial conditions (forcing us to write (. instead of simply ) through the equations

(@:0) () = o' . (3.14)

”Yéx71))(0) =2z’ and

Passing from second order differential equations to first order differential equations (i.e.,

from ~ to 7), we thus end up looking at families of curves
F:TM® x Ay — TM©O | (2,0,t) = F40)(t)

satisfying the local equations

Mo —i

753{ Ht) = V(zﬂ,)(t)
a_im v — _7 7
() = =k A ) Ay () - T ((2)

together with the initial conditions

Viwwy(0) =2"  and 4, ,)(0) =0 .
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The geodesic vector field and its flow

The above equations for ¥ are exactly the equations of the integral curves of a vector field
on TM© . Indeed, using the Christoffel symbols we can define a vector field GV on TM(©)

in local coordinates (x,v) by

G‘{; = Zvi 8$L

= Y T (a0,

.3,k

§ (3.15)

These local expressions glue together to form a well-defined global vector field GV on TM ().
As it is an even vector field, it has a flow ¥ defined in an open subset W¢ of Ag x TM©)
containing {0} x TM© and with values in TM©® [?, V.4.9]. In local coordinates we will
write U(t,z,v) = (U1(t,z,v), Ua(t, z,v)), where ¥y = (U1 ... W) represents the base
point while Uy = (Wi ... WIT™) represents the tangent vector. By definition of a flow,

these functions thus satisfy the equations

vl

S (tx,v) = Wit a,v)
vl ; )
ot (t,z,v) = _Zj,k ‘Illg(t,x,v) '\I}%@’xav) 'F;,k(\yl(t)mvv))

together with the initial conditions
Uy(0,z,v) =2z and Us(0,z,v) =v (3.16)

With the global vector field GV we thus have found an intrinsic coordinate free description
of the equations we wrote for the geodesic curves ¥, ,)(t) and we are now in position to

state a definition.

DEFINITION. Let V be a connection in TM, let w : TM(® — M denote the canonical
projection, let GV be the even vector field 3.15 and let ¥ : Wg — TM(© be its flow. For a
fixed 7 = (z,v) € TM© we will call the map v : Ay — M defined by

V() =7 ((¥(t,0))) = U (t,2,0) (3.17)

the geodesic through x € M with initial velocity v. Note that if ¥ is not in the body of
TM© | this curve is not necessarily smooth (see [?, IT1.1.23g, V.3.19]).
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3.2 Weyl’s algebraic characterization of projective

equivalence can be extended to A-manifolds.

3.2.1 Projective equivalence in terms of super geodesics

We now consider the situation in which we have two connections V, ¥V on M and we wonder
under what conditions these two connections have “the same” geodesics as trajectories on
M: if ¥(t,v) and \f'(t, ¥) are the geodesic flows for V and v respectively, the naive question

is under what conditions we have
{ Uy (t,z,v) it € Ay} = {Uy(t,a,v) it € Ay} (3.18)

A more precise question is under what conditions we can find a reparametrization function,

r: Ay x TM©® — Ay, such that for any ¢ € TM®, we would have
Vie Ay Ui(r(tzv),z,v) = Uyt a,v) . (3.19)

Note that we added an explicit dependence on the initial condition ¥ in the reparame-
trization function 7, as there is no reason that geodesics through different points should be

reparametrized in the same way: a reparametrization is a smooth family of maps Ay — Ag.

DEFINITION. We say that V and V have the same geodesics up to reparametrization if there
exists a function r : Ag x TM ) — Ay such that (0, 7) = 0, (9r/dt)(0,7) = 1 and for which
equation (3.19) holds.?

3.2.2 Algebraic characterization of projective equivalence

First, we show that (3.19) holds if and only if the geodesic flow W of GV, the (difference)
tensor S = V — V and the reparametrization function r are related through a certain

differential equation.

PROPOSITION 16. The connections ¥V and ¥V have the same geodesics up to reparametriza-
tion if and only if there exists a function v : Ag x TM®) — Ay such that r(0,9) = 0,
(0r/ot)(0,7) =1 and for which the following differential equation holds:

2
)\
%(t,x,v) . b(7"(15,95,71),30,1})

ot
_or 2 o, ov,
= (a(t,x,v» S, (r(t,m,0),m,0) ( W(r(tx,v),x, v), W(r(t,x, v),amv)) (3.20)

3The additional conditions (0, %) = 0 and (9r/8t)(0, ¥) = 1 ensure that the reparametrization transforms
each geodesic of V into the geodesic of V with the same initial conditions.
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Proof. Let us show that the condition is necessary. In view of (3.12), if ¥y (r(t, z,v), z,v) is

a geodesic for ﬁ, then

B 02Vt (r(t,z,v),x,v) +Z Ok (r(t,z,v),z,v) '8\11{ (r(t,z,v),z,v)

0 ot? ot ot

~Aj~k(\I'1(r(t, x,0),T,v))
3.k

(3.21)

Let us replace in this equation f‘; & by F; T S; & and let us apply the chain rule to compute

the derivatives of the functions Wi (r(t,z,v),z,v). Doing so, we obtain

ov or R
0 = aﬂ(t,x,v).at(r(t,m,v)w,v)—i—((,%(t,m,v)) (3152 (r(tm,v),x,v))

or ? ouk vl ;
+ <at(t7m,v) Z —(r(t,z,v),z,v) - W(r(tw,u),x,v) 5 (W (r(t, 2, 0), 2,0))

o ot
or 2 ouk 0w ;
(i taw) [ X GE0E w0 St w),20) - S(Wi(r(E 2, v),2,0))

gk

Using the fact that ¥; is a geodesic for V, the second and third term on the right hand side

cancel and hence this equation reduces to (3.20).

In order to show the converse, it suffices to note that the above computations also show that
if (3.20) is satisfied, then the curve

<\Il1(r(t,1:, v),,0), %(t,w,v) . %(r(t, Z‘,U),.’E,’U))

satisfies the equation of the flow (\Tll(t, x,v), \Tlg(t, z,v)) of G, the geodesic vector field corre-
sponding to V. As it satisfies the same initial conditions as (\f/l(t, x,v), \Tlg(t, x,v)) at t =0,

these two curves have to coincide, and in particular ¥y (r(¢, z,v),z,v) = \Tll(t, x,0). O

3.2.3 Weyl’s characterization on A-manifolds

It remains to show that condition (3.20) amounts to imposing that S can be expressed by
means of an even (super) 1-form. As for the previous Proposition, the proof of the theorem
follows the lines of the classical case. It invokes a technical Lemma which roughly says that
if we have a bilinear function S(v,w) such that S(v,v) = h(v) - v for some function h, then
h must be linear in v. The proof of this technical Lemma is elementary but long, simply
because we have to be careful with the odd coordinates and moreover, everything depends
upon additional parameters (the local coordinates z and £ on M). The proof of the lemma

can be found in [?].
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LEMMA 17. Let E be a graded vector space of graded dimension p|q with even basis vectors
€1, ...,ep and odd basis vectors fi,..., fq, let U be an open coordinate subset of a manifold
M with local even coordinates x and local odd coordinates £. Suppose that S : UXxEXE — E
18 a smooth function which is left-bilinear, graded symmetric in the product E x E and for

which there is a smooth function h : U x Eg — A such that
V(z,&) e U Vv € Ey : S(z,&,v,v) = h(z,&,v) v (3.22)

Then there exists a unique smooth function o : U — E* such that h(z,&,v) = t(v)a(z,§)

and
S(z, & v,w) = % . (v v(w)a(x, &) + (—1)5(”)'8(“’) S - L(v)a(x,f)) (3.23)

THEOREM 18. Two torsion-free connections V and V on M have the same geodesics up to
reparametrization if and only if there exists a smooth even 1-form o on M such that the
tensor S =V —V is given by

Sy(v,w) =3 - (v-e(w)ag + (—1) ) -y (v)ay) (3.24)

for any x € M and any homogeneous v,w € T, M.

Proof. We first assume that we have a reparametrization r that transforms the geodesics of
V into those of V. Taking ¢ = 0 in (3.20) and using the initial conditions for ¥ and r, we

get the following (vector) equation in local coordinates:

0%r

: @(0,1’,0) = Sﬂb(v’v) (325)

v
Lemma 17, with h being here the function h(z,v) = %(O,w,v), gives us a (local) smooth
1-form «, which must be even by parity considerations. But (3.25) is an intrinsic equation
which does not depend upon the choice of local coordinates (because (3.20) is intrinsic).
As the 1-form « is unique, the local 1-forms « given by Lemma 17 glue together to form a

global smooth even 1-form « satisfying (3.29).

To show the converse, let us now assume that we have an even 1-form « on M such that

the tensor S is given by (3.29). Then (3.20) reduces to the (vector) equation

827" 3\1/1
w(taxﬂ)) : ot (T’(t, ,”U),I',U)
o 8r 2 6‘111 8\111
= (a(t,m,vD L <8t (r(tx,v),x,v)) Qs (r(tew)en) g (r(t,z,v),z,v)

(3.26)
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For this to be true for all geodesics of V, the function r thus has to satisfy the second order

differential equation

0%r or 2 0¥y
w(taxﬂ}) - (a(tw/ﬂav)) B <6t(7‘(t,$7’l)),1',1})> Ay, (r(t,z,w),z,v)

As for the geodesic equations, we translate this into a system of first order differential

equations by introducing a second function s : Ag x TM(® — Ay and we obtain

Gitav) = stz

%(Lx,v) = s(t,r,v)% 1 (851;1 (r(t, z, v),xm)) QW (r(t,2,0),2,0)

while the initial conditions for r yield r(0,2,v) = 0 and s(0,z,v) = 1. To show that these
equations always have a (unique) solution, we just note that these equations determine the
flow of the even vector field R on (Ag)? x TM(®) given by
0 9 (8\111 0

L

Rl(r,s,m,v) =Ss- 5 +s at(r’x7v)> Ay, (r,x,w) % (327)

And indeed, the equations for the flow ® = (®,., &, P, P5) of R are given by

agzr (t,’f'(”SO,.’,U,’U) = ®S(t77’07807xvv)
85115 (t, 70,80, T,0) = (Ps(t, 70,80, 7,0v))>
L (8(’\91:51 (‘bT(t7 ToyS0, T, U)7 x, U)) a‘lll(ér(t,ro,so,x,v),m,v)
%(tarmsmxa”) = 0
851;2 (t,r0,So,xz,v) = 0

Now it thus suffices to define r(t, xz,v) = ®,.(t,0,1,z,v) and s(t,z,v) = P4(¢,0,1,z,v). O

Local characterization of projective equivalence

Thanks to the algebraic characterization of projective equivalence, we can see that in co-

ordinates, the condition for two torsion-free superconnections V and V’ to be projectively
k

equivalent can be written as IT}; = II';;, where

1
Ik = r*
ig — tij T

————— (D}, 5 (=) + T, - 6f - (1)t 3.28
1] n—erl (zs ]( ) + Js 7 ( ) ) ( )

The Hfj define the so-called fundamental descriptive invariant of the projective class of V.

REMARK. In graded dimension n|m with n —m = —1, formula (3.28) does not make sense.

Actually, no such quantity as a fundamental descriptive invariant is known in this situation.
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3.2.4 Projectively equivalent smooth families

We use the algebraic characterization of projective equivalence in order to generalize this
equivalence to smooth families of torsion free connections on M, i.e., even smooth sections
of CM whose local components F;k in the local adapted coordinates are graded symmetric

in the lower indices.

DEFINITION. Two smooth families of torsion-free connections V: W C P x M — CM and
V:W CP xM-— CMon M are called projectively equivalent if there exists a smooth
family o : {(p,p’,z) : (p,z) € W and (p',x) € W'} C (P x P')x M — *TM of even 1-forms
on M such that the family S =V — vV is given by

v, w)S(p,p,x) =5 - (v v(w)a(p,p',z) + (=15 L (v)a(p, P, ) (3.29)

for all homogeneous v, w € T, M.
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3.3 The projective subalgebra of vector fields on Ej

preserves the projective class of the flat connection.

3.3.1 Preserving a projective class: vector fields

DEFINITION. We say that a smooth vector field X preserves the projective structure of V

when there exists a smooth 1-form « on M such that the tensor LxV is given by
WY, Z)LxV = (Y, Z)(a Vid) = (Y (Z)a+ (—1)F =@ 7. L(Y)a) 7
where (Y, Z)LxV is given by

(Y, Z)LxV = (_1)5(X),(5(Y)+5(Z)) X, VyZ] - (_1>5(X).(5(Y)+E(Z)) Vixy1Z
— (-1 =y [X, 7], (3.30)

PROPOSITION 19. A smooth vector field X € F(TEg‘m) preserves the projective structure of
the canonical flat connection Vg if and only if X = X" for some h € Bpaut(n + 1jm, A).

Proof. By definition, the Christoffel symbols of V in the canonical coordinates of Eg ™ are

zero. The condition for X = X*- 0,: to preserve the projective class of Vg thus reads

(8$j8kai)~8$i _ % ((71)6(0{).(€j+5k)+€j cay - Opr + (71)5(&).(5j+5k)+5j.5k+5k oy - axj) ,
(3.31)

where o = «; - dz®. Obviously, all X" with h € Bpaut(n + 1|m, .A) satisfy such an equation:
for h € Bg(_1) UBg(0), take a = 0 while for h = { € Bg(y), take o = 2 - (—1)"- & - dat.

Conversely, equation (3.31) gives

(14 (=1)%) - ay, ifi=j5=k;
. (71)(5(a)+€k)‘(€j+5k) oy, ifi=j#k;
. (_1)€(a)(€j+5k)+€j g, ifi=k+#j;
: ifi ¢ {j,k}.

0pi O Xt =

O NI = =

It can be shown from these equalities that all partial derivatives of the coefficient functions
of « are zero. Therefore those coefficient functions are real constants and X* reads as
Xi=1.q, -xsxi—kai’s 2t 4 ah

2

for some constants a’fJ, af € R. Finally, the conclusion is obtained from formulas (1.3). O
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A smooth family of vector fields

Let Z be the smooth family of all even fundamental vector fields associated with the action

of the projective group on the projective space, i.e.,
Z :paut(n + 1m, A)g x EZT™ — TEFT™ (h,2) — X! .

LEMMA 20. The smooth family of even vector fields Z preserves the projective structure of

the canonical flat connection Vg, i.e.,

Vo+ LzVg~Vy.

Proof. From the proof of Proposition 19, we already know that for any h € Bpaut(n +

1jm, A), we have
LxxVo=apVid,
where the smooth 1-form oy = ay, ; - dxi’m € F(*TEglm) is defined by

2. (—1)% & ER, ifh=¢€Bgy ;
Qp i =
& 0, otherwise .

We prolong these formula to paut(n + 1|jm,.A)q by setting

{ 2.(—1)F -G A, ifh=Ecgn);
Qp i =

0, otherwise .
As a result, we obtain a smooth family of even 1-forms on E; I,
o paut(n + 1m, A)g x EZ™ = *TEN™ (h,z) — an; - dz’| .
Finally, it is straightforward, using formula (2.7), to check in local coordinates that we have

LzVo(h,z) = a(h,z)Vid .

52



j— . . . . “n|m
T'he projective subalgebra of vector fields on £ !

preserves the projective class of the flat connection.

3.3.2 Preserving a projective class: integration
Integrating with respect to the time parameter

First, given a smooth function f: I C Ay — A, we set for any ¢ty € BI and ¢; € I such that
[to, Btl] cl,

s a= [ ute-at) (0.

to
where fy is the ordinary smooth function on R such that f(t) = fo(%).

Then, we extend this definition to any smooth function f defined on an open subset W of

Ao X M by setting, in local coordinates,

g @-Bo)’ ([ 0f -
[ e g-ar=Se EoPO5 ([ Shema i) w),

if freadsas f=5,¢0- E(t,x).

Finally, we extend the integration process to any smooth family of sections o : W C (Ag x
P) x M — E, of a vector bundle 7 : E, — M: given a set of local trivializing sections
{ej €Ty (Ex)}, we set

/t:1 o(t,p,z) - dt = ‘ </t:1 gj(t,pvx).> cej(x) |

J

if ol =320 e

REMARK. Integration as defined above is related to differentiation as recalled in 2.2.2:

(at - (/t o(t, p, z) -dt)) (1)

(/tl (O¢ - o)(t,p, ) .dt) = o(t1,p,x) — o(te,p,x) -

to

O-(thpa .T)

These formulas are inherited from the classical relation between integration and differentia-
tion because we defined things here from the classical notion through the local deomposition

of smooth functions.
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The projective subalgebra of vector fields on E

Integrating projective invariance

ProposiTiON 21. If X : P x M — TM is a smooth family of even wvector fields that
preserves the projective structure of V. € T'(CM), i.e., V+LxV ~ V, then so does its flow,
i.e., DLV ~ V.

Proof. By definiton of the Lie derivative Lx V, the fact that X preserves the projective class
of V gives

8t . (CI)}V) (Oapv CL’) = (LXV)(p7 ZL’)
= (aVid)(p,z),

for some smooth family o : P x M — *T'M of even 1-forms. For any t; € A, using the fact
that the flow map of X satisfies ®x (4, 41.p) = Px (1,,p) © Px,(t,p), We then find
(6t : (¢§(V)) (tlvpv Jj) = 6t . ((tat1’p7$) — (¢§(v)(t1+t,p) (.73)) (O’tlap7x)
= 8t . (<t7t17p7$) — (CCI)X,(ftl,p) © ((b;(V)(t’p) © (bX,(tl,p)(x))) (07t17p7 .’L')

= (COx (10 (D1 (OX V)00 B 19 ) ()
q)} (LXV)) (t15p7pa .’,E)
@}(O{ \ ld)) (t17pap7 Z‘) )

(
(

where the third and fourth equalities are easily obtained from the definition of C® and its
underlying natural vector bundle functor C. Then, integration with respect to the even time

parameter t yields

(B — V) (t1.p.z) = / (00 (®5Y)) (t.p,x) -t
— /Ol(tb}(oz\/id))(t,p,p,w)-dt
— ([ @) wppa)-ar) via,
0

showing that ®% V is projectively equivalent to V. O

COROLLARY 22. The flow ®z : Ay x paut(n + 1jm, A)g x EJT™ — EJT™ preserves the

projective structure of the canonical flat connection V.
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CHAPTER 4

NATURAL PROJECTIVELY
INVARIANT QUANTIZATION ON
A-MANIFOLDS

In this last chapter we first describe the problem of Natural Projectively Invariant Quantiza-
tion (NPIQ) on supermanifolds in the language of A-manifolds. Then, we establish a super
analog of the classical relation between Projectively Equivariant Quantization (PEQ) and
NPIQ: if a NPIQ exists, its restriction to the flat superspace endowed with the canonical flat
connection gives a PEQ. The idea of the proof in the classical setting can be reused as soon
as one adopts the “language of smooth families” developed in the other chapters. Actually,
this language enables us to circumvent semantic problems arising from the fact that the flow

of a super vector field is, in general, not smooth for a fixed value of the time parameter.

Having recovered the relation between NPIQ and PEQ, we describe the superization pre-
sented in [?] of M. BORDEMANN’s method: with each torsion-free connection [V] one asso-
ciates a unique linear connection, V, on a line bundle M — M; then one identifies symbols
on M with suitable tensors on M:; finally, one applies the so-called standard ordering on
M and project the result back to M, so that the whole procedure defines a projectively

invariant quantization map.

This procedure is not valid when the superdimension is either 1 or —1. As a conclusion, we

discuss the (open) problem of existence of a NPIQ in these peculiar cases.

REMARK. In this chapter, we denote by dz!,...,dz"+™ the left dual basis of the canonical
basis of local supervector fields 01, ..., 0p1m on M, i.e., we have here ¢(0,;)dz’ = 5; for
all 4,5. In [?], {dz'} stood for the right dual basis, which explains why some definition
may seem different at first sight. Actually, developing things in coordinates shows that the

formulas/computations here are exactly the same as in [?].
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Natural Projectively Invariant Quantization

generalizes Projectively Equivariant Quantization.

4.1 Natural Projectively Invariant Quantization

generalizes Projectively Equivariant Quantization.

4.1.1 The bundle of densities

Let M be an A-manifold of dimension n|m and let {(U, C M, ¢, : U, — Eglm)} be the atlas
of all charts for M. Let A € R. We define Fy(pa) : 0a(Up N U,) — Aut(A) by setting(!)

Fa(#va)(@)(a) = [Ber(Apa ()| - a

where Ay, () is given in terms of a basis {e;} of E™'™ and its left dual basis {*e} by

Aba Zk achba ))®€l-

In other words, we have t(h* - e)(Ape(z)) = Dokl R* - (0,10F,(2)) - e; and the matrix repre-
sentation of Ap,(z) is thus the ordinary (not graded) transpose of that of Jac(ppe) ().

It follows from the chain rule and the properties of the Berezinian Ber (see [?, IL.5]) that

the functions ¥y, = Fa(©pa) © @ : Up N U, — Aut(A) satisfy the cocycle conditions (B.1):

Vaa(z)(a) = [Ber(Aaa(pa(@)|™ - a = [Ber(idgum)| ™ -a=a
Ve (@) 0 Wpa(a) = [Ber(Ae(op(2)))| ™ - [Ber(Apa(pa()))| ™ - a
= [Ber(Apa(pp(2))) - Ber(Acp(a(2))| ™ - a
= [Ber(Apa,cs(@)| ™ -a

where Ap q.¢5(x), the product of the matrix representations of Acp(pp(z)) and Apg(pa(z))

(as left A-linear operators, in the middle coordinates), represents Agq(¢q(x)):

(Ab,a,c,b(x));' = (Aba(@a(x)));f : (14011(9011(33)));€
= (Das Pba)(Pa(®)) - (Dup 0]y (1))
= (Ori¥la)(¢a(@)) -

The vector bundle Fy\M corresponding to these transition functions Wy, is the bundle of
A-densities over M. Note that above a chart, any local section of Fy\M can be written as
¢ = f - |Dx|*, where f is a local smooth function while |Dxz|* stands for the local section

whose local expression in the chart is the constant function 1.

1 The function | - | : inv.Ag — inv.Ag is defined by |a| = sign(Ba) - a while -=* : {a € Ag : Ba > 0} — Ao
is defined from the ordinary smooth function -—* : R\ {0} — R\ {0} by means of a Taylor expansion in the

nilpotent part (see the definition of the functions f;, ., in Subsection A.2.2).
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A functor

DEFINITION. The bundle functor F) associates with an A-manifold M its vector bundle of
A-densities while the image of a morphism ® : W C P x M — N is the smooth collection
Fr® :{(p,9) : (p,m(¢)) € W} C P x FyxM — FyN of fiberwise even A-linear maps defined

locally as
t(a-|Dz[*s) (Fa®), = [Ber(As, ()| - a - [Dy|Ma, @) »

where Ag, (z) is given in terms of a basis {e;} of E™™ and its left dual basis {*e} by

t(h¥ - ey th 019" (p,x)) - e

Geometric Lie derivative

PROPOSITION 23. Let X : P x M — TM be a smooth family of even vector fields on M. If
¢ € T(FaM) reads locally as ¢ = f - |Dx|*, we have

(Lx¢)(p,z) = (X7 (p,2)(9:f) (@) + X+ (=1)7 - (05 X")(p,2) - f(2)) - [Dalo . (4.1)

In particular, when M = Eglm and p € BP, we recover the Lie derivative of Chapter 1, i.e.,
(Lx6)p = (Dx, (/) + A div(X,) - f) - [Dal* = (1, f) - |Dal* .
Proof. Tt follows from the definition of Lie derivatives (Chapter 2) and the chain rule that

Lx®)(p.x) = (9 ((t,p.2) = Ber(Aay _, , (Px,0p) @) (f 0 Px (1)) (0.2, 2)) - D,

- (( 2 000) - (S (@x0p00) ) 2P,

( ((tpow) = Ber(Awy ) (Px (1.0 (2))))) (0, p, ) - f(2)) - | DA,
= ( 2) - (O f) (@) + A str (O e (o, (@)]i=0) - f(2)) - |Dx M

where the graded trace, arising from Jac(Ber)(idg) = str (cf. [?, II1.3.14]), is given by

str (9 Aa ., ()]1=0) Z Fe (0 0u0%(0,p. 7)) @ e

Z(_1)61~(€k+6l+6(x ‘(p,z)))(;lk . (8$sz(p,m)) ,
k,l

where £(X¥(p, z)) = e since X (p, ) is even. Hence the proposition. O
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4.1.2 The bundle of weighted graded symmetric tensors

Let M be an A-manifold of dimension n|m and let {(U, C M, @, : Uy — Ef'™)} be the atlas
of all charts for M. Let § € R and r € N. We define V(pa) : 00 (Uy NU,) — Aut(V7E™™),

in terms of a basis (eq, ..., min) Of E™™ by setting

W(GF R e Ve Ve, )((VE(9pa)) (7)) =
|Ber(Aba(‘r))|76 : Skl’m’kr ' (axkl gpéla(l‘)) ce VoV (33:%8022(5?)) T€

where Ay, () is given by
Aba Zk al(pba ))®€l-

In other words, we have

L8P e, Ve Ve, )(VE (0na)) () = Sl e, Ve Ve,
where
Gt = [Ber(Apa ()| 70541 e (<1) s Onb 1) (I 0. (0,1, g (@)- - (O 0 ()

It follows from the chain rule that the functions Vj(¢pe) © @a : Uy N U, — Aut(\/TE”“”)
satisfy the cocycle conditions (B.1). The corresponding vector bundle V5M is called the

bundle of graded symmetric tensors of degree r and weight § over M.

REMARK. For § = 0, the bundle of graded symmetric tensors of degree  over M is nothing
but the r-th graded symmetric tensor power of the tangent bundle of M. In particular,

V{M = TM. For a general §, we have an isomorphism
VsM =2 FsM @ V'TM

and thus also an isomorphism of C*° (M )-modules,
Iy : D(Fs M) @coo(ary V'T(TM) 5 T(VEM)

induced by the canonical isomorphism

D(FsM) ®ceo (M) VIT(TM) 2 T(FsM @y V'TM) .
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A functor

DEFINITION. The bundle functor Vj associates with an A-manifold M its vector bundle
of graded symmetric tensors of degree r and weight § while the image of a morphism ® :
W C P x M — N is the smooth collection of fiberwise left A-linear maps V5® : {(p, S) :
(p,m(S)) e W} C P x V5M — V5N defined locally as

(8t | Dal - 0, ) (Vo)
— Ber(Ag, ()]0 - St | D - (—1)Xi=aliatia) (Tizi )
(i @7 (py ) - -+ (Dyir DT (p, ) - Dyiy ‘@(W) VoV Oy |q>(w) . (4.2)

VoV O

Geometric Lie derivative

Let X : P x M — T M be a smooth family of even vector fields on M. If S reads locally as
Stnie D% Qpiy V-V Oygir € T(VEM), we have

(LxS)(p,x) = 5" (p,) - | Dzl @ O

VoV Oy

xT
with

Sioir(p ) = Xp,x)- (0p St (x)
+8- 5t () - (=1)" - (8,0 X (p, @)

. Z (_I)Z(El+€ij)(Ei1+...+€1‘,j71) . Sil,A.z'j,l,l,z'jH,.,ir(x) . (alei]‘)(p7 .’L‘)
Jj=1

In particular, if M = Eglm and p € BP, then if we see (LxS), through the isomorphism
T(V;E)™) = Fs @ VT(TE!™) = 8F

then we have
(LxS), =LY S,

where Lg(pS stands for the Lie derivative of weighted tensor fields in the direction of smooth
vector fields defined in Chapter 1 (formula (1.6)).
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4.1.3 The bundle of differential operators

Let M be an A-manifold of dimension n|m and let {(U, C M, @, : Uy — EJ'™)} be the
atlas of all charts for M. Let A,z € R and r € N. We set DS)M(E”V") =a7_, VS E"M™ and
we define DY (ppa) : pa(UaNUp) — DY ,(E) by analogy with the transformation law of the
coefficient functions of differential operators from A-densities to p-densities under a change

of chart from (U,, ¢4) to (Us, ¢p): in terms of a basis (e1, ..., €m+tn) of E, we thus set

<ZD11 s e, V-o-Ve )(D)\ngba ZD“ @ba ))-6,‘1\/-..\/61‘3,

where D are the coefficient functions in the chart (Uy, ) of the differential operator

D acting on local smooth functions on U, N Uy, given by
D(f) = [Ber(Apa)| ™" o D([Ber(Asa)|* - f)

with D standing for the differential operator D acting on local smooth functions on U, N U,

with (constant) coefficients functions D% in the chart (Ug, ¢q).

REMARK. Since only real constants are smooth, our definition holds only for real coefficients

Dt However, we can extend the definition to coefficients in A by left A-linearity.

By construction, the functions (D ,(¢ba)) © pa : Uy N Uy — Aut(D"(E)) satisfy the cocycle
conditions (B.1). The corresponding vector bundle D;’\,HM is called the bundle of linear

differential operators of order r from A-densities to p-densities.

A functor

DEFINITION. The bundle functor D" associates with an A-manifold M its bundle of linear
differential operators of order r from A-densities to p-densities while the image of a morphism
®: W C PxM — N is the smooth collection DY & : {(p,D) : (p,7(D)) € W} C
P x V"M — V"N defined locally by

L (Z PDiseestr -8951'1 2V V 8{1;i7‘ w) (( /r\,uq))l’) — D“""’“(‘I)p(m))'ayil <I>p(z)v" \/a1

s=0 s=0

where D" are the coefficient functions of the differential operator D on local smooth

functions, given by
D(f) = |Ber(As,)| " o D(IBer(As,)|* - f) ,

where D = Y27_ D" <95, 0 0 O,
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Geometric Lie derivative

Let X : P x M — TM be a smooth family of even vector fields on M. There is a corre-

spondence
Ir, : D(DY M) = D5 (D(FAM),L(FAM))

given locally by

where Oyiy V- -+ V Oy, is the local section of DY | M with local expression e;, V---Ve;_ in

the coordinates (x!,...,2""™). Through that correspondence, we have

LxD=LxoD—DoLyx

In particular, when M = E| ™ and p € BP, we recover through the correspondence

I(Dy, uEg ‘m) = D, , the (algebraic) Lie derivative of differential operators defined in Chap-

ter 1 (formula 1.8), i.e.,

(LxD), =Lx, 0D —DolLyx, .

Symbol map
Let A\, u € R. We define the symbol map

o |JT(D} M) = EPT(VsM)

reN reN

by setting, in local coordinates,

o(D)(p,x) = D" " (p, @) - Opiy

LNV V O,

x

if D(p,z) = D" (p,x) - Opir|, V-V Oyir|, + lower degree terms.

REMARK. The map o is well-defined because the transformation law of the higher order
terms of differential operators under a change of chart from (U,, ) to (Us, ¢p) coincide

with \/(TS ((Pba)«

REMARK. For M = E['™ the restriction to ['(Dy , M) of this symbol map coincide, through
the correspondences Zs and 7y ,,, with the principal symbol operator o, : D’A“’ s S g“ defined
in Chapter 1 (formula (1.9)).
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4.1.4 Natural Projectively Invariant Quantization
Quantizations

An extended quantization on M is an even regular bijection

Q: @keNf(\/lgM) - U f(Di,uM)
keN

such that:
(Lin.) The map @ is left A-linear and even:
QS+ 5)(p.psx) QS)(p,x) + QS (¥, ) ,

QA-S)(a;p,z) = a-(Q(S)(p 7)),
€(Q(S)p) = €(Sp) -

In particular, @ is R-linear.

(Quant.) The map @ is symbol-preserving:

o(@u(5)) =5

DEFINITION. A quantization on M is a map @®enI'(VEM) — UkGNF(D§7HM) that is the

restriction to smooth sections of an extended quantization.

NPIQ

An extended natural quantization on A—I\Z;nnm is a collection Q@ = {Q* : k € N} of natural

operators Q" : (C x V§) — Df\_“,

i.e., a collection of maps
Qb :T(CM) x T(ViM) — T(D§ , M),

such that for any V € ['(CM), the maps Q%,(V,-) (k € N) define a quantization on M.

Finally, an extended natural quantization Q; is called projectively invariant if one has
Qu(V,) =Qu(V',)

whenever V and V' are projectively equivalent.

DEFINITION. A natural projectively invariant quantization (NPIQ) on A-Man,,|,, is a collec-
tion of maps Q% : T(CM) x ' (VEM) — F(Df“\,HM) that can be extended to smooth families

in order to form an extended natural projectively invariant quantization on .A—1\7[;nn‘m .

63



Natural Projectively Invariant Quantization

generalizes Projectively Equivariant Quantization.

4.1.5 From NPIQ to PEQ

Let Z be the smooth family of all even fundamental vector fields associated with the action

of the projective group on the projective space, i.e.,

Z :paut(n + 1lm, A)g x E§T™ — TEJ™™, (h,x) — X!

n|m

LEMMA 24. Let Q be an extended quantization on M = By If Q is equivariant with
respect to the Lie derivative in the direction of Z, then its restriction () to smooth sections

is projectively equivariant in the sense of Chapter 1.

Proof. We need to show that
L5 (Q(S)) = QLYES) -

for all h € Bpaut(n + 1|m, A). However, by R-linearity, it is enough to show this equality
for a basis {e;} of the A-vector space paut(n + 1|m, A).

For even elements e;, the result is immediate because we have already noticed that the
geometric and algebraic Lie derivatives of differential operators and symbols (i.e., weighted
graded symmetric tensor fields) coincide when M = E ™ and the parameter is in the body.

Indeed, since e; € Bpaut(n + 1|m, A)q, we have

L3, (Q(5))(2)

Lz(Q(5))(es, x)

Q(LzS)(ei, x)
QLY S)(x) ,

where the last equality is obtained using the regularity property of Q.

Unfortunately, odd elements e; do not belong to paut(n + 1|m, A)o, the parameter space of
Z. Nevertheless, paut(n + 1|m, A)o contains the linear combinations of the odd elements e;
with odd coefficients and those coefficients are nothing but the odd coordinates in paut(n +
1jm, A)g. In order to show equivariance of ) with respect to e;, the idea is differentiate the

Z-equivariance of @ in the direction of the odd coordinate A’.
To this aim, we first notice that for differential operators (resp. symbols), we have

(LzD) (h,x) = > h' L34 D <resp. (LzS) (h,x) = h L%, S) :

K2

ifh=75%, h' - e;. This is easily seen from the local expression of the Lie derivatives and of
the vector fields X" (see Chapter 1).
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Then, using the hypothesis, we get

Zh" - ((L)ég (Q(S)>) (w)) = (Lz(Q(S))) (h,z)

= Q(LZS)(ha 3’3)
d

Q (ZA-L%&S) (b}, ... % 2)

=0

Son - (QUiES) @) .

where d = dim(paut(n + 1|m, .A)). Note that the third equality follows from the regularity
property of Q while the fourth equality can be obtained thanks to the left A-linearity of Q.

Finally, since both sides of the equation are smooth families of sections of the bundle of
differential operators, we can differentiate with respect to the coordinate h* and get the

equivariance of Q with respect to the the odd vector fields X . O

PropoOSITION 25. If O is an extended NPIQ on A-Man,,,,,,, then

Qo= Qpnim (Vo, )

Srenl(VEEG™)

18 equivariant with respect to the Lie derivative in the direction of Z.

Proof. For any (h,x) € paut(n + 1|m, A)o X Eglm and any S € @keNF(\/’gEglm), we have

Lz(Qo($)(ha) = ;- (2 (e (V0,9)) ) (¢ = 0,h,2))

= 0 (O (®5V0), (855)) (=0, h,2)
_ at.(QEg‘m (Vo, ( ;5))) (t=0,h, )

= QE;)LW(V(), Oy - ((I)*ZS))(t =0, h,.%')
= Qo(LzS)(h,x) .

The first equality is nothing but the definition of the Lie derivative. The second equality
follows from the naturality property of Q. The third equality follows from corollary 22 and
the projective invariance of Q. The fourth equality is a consequence of Peetre theorem for
local regular even A-linear operators actions on smooth families of sections of vector bundles
(see Section 2.4). Finally, the last equality follows from the regularity property of Q and
the definition of the Lie derivative. O

COROLLARY 26. If Q is a NPIQ on A-Many,,, then Q = Q nim(Vo,-) is a PEQ on E}'™.
0
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4.2 M. BORDEMANN’s construction of a NPIQ

can be adapted on A-manifolds.

4.2.1 Thomas bundle and Thomas manifold

Let M be an A-manifold of dimension n|m and let {(U, C M, ¢, : U, — Ey)} be the atlas
of all charts for M. We introduce T (¢pq) : Uy N Up — Aff(A) by setting

T (#va)(x)(a) = a+log [Ber(Apa(x))] , (4.3)

where Ap,(z) is given in terms of a basis {e;} of E™™ and its left dual basis {%e} by
W(h? - ) (Apa (@) = g B - (Dl () - 1.

REMARK. The function log : {a € Ap : Ba > 0} — Ay the unique smooth function (see [?,
I11.5.25]) such that for any a € Ay with Ba > 0, we have

B(loga) = log(Ba) .

It follows from the chain rule that the functions T (ppe) © 9o : Up N U, — Aff(A) satisfy the
cocycle conditions (B.1), thus defining the Thomas bundle TM of M. Note that above a
chart, any local section of TM can be written as ¢ = f + log(]Dz|), where log(|Dz|) stands

for the local section whose local expression in the chart is the constant function 0.

REMARK. The computations showing that the cocycle conditions are satisfied are the same
as for the bundles of densities (see Subsection 4.1.1). Moreover, up to the log operation, the
transition functions of the (super) Thomas bundle correspond to the transformation law of

sections of the Berezinian sheaf (see [?] for a formal definition).

DEFINITION. The bundle functor T associates with an A-manifold M its Thomas bundle
while the image of a morphism ® : W C P x M — N is the smooth collection 7® : {(p, z) :
(p,7(2)) e W} C PxTM — TN defined in fibered coordinates as

(T®)p (a+log(|Dz|)]2) = a+log |Ber(As, ()] + log(|Dz[) o, @) -

DEFINITION. The Thomas manifold M of M is the even subspace of TM made of those
points whose image through any local trivialization in the Aff(A)-atlas constructed above
lie in Ap. In other words, M is an A manifold with local coordinates (20,21, ... antm),
where the coordinates 21, ..., "™ transform as the coordinates of M while the extra even

coordinate x° transforms according to formula (4.3).
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Densities on M are equivariant functions on M.

By analogy with the classical situation, we set £ = 0,0 to represent the partial derivative
with respect to the extra even coordinate of M and we call it the Euler vector field of M.
The fact that £ is well-defined is easily seen from (4.3) and the transformation law of the

components of a vector field X under a change of coordinates.

Densities on M identify with some superfunctions on M. More precisely, we can associate

with a A-density expressed locally as ® = f - |Dz|* the superfunction ¢Z given by
oz 2t a2ty = flat o 2™ T™) s exp(X - 20). (4.4)

It follows directly from the transformation law of densities that g?) is well-defined. Moreover,

it is A-equivariant in the sense that

Leg =X+ 6.
Conversely, from a A-equivariant superfunction f on M, one defines a A-density ¢f on M
by setting

op(at, . x™) = f(a° 2, ..., 2") - exp(—A - 20) - | Dz | (4.5)

0

for an arbitrary z”. Because of the equivariance property of f, the derivative of ¢; with

respect to 20 is zero and the density is well-defined. This way, we establish a one-to-one

correspondence between \-densities on M and A-equivariant superfunctions on M.

4.2.2 Projectively invariant lift of torsion-free connections

Let V be a torsion-free connection on M. We are going to define a lifted torsion-free

connection V on M in terms of horizontal lifts of supervector fields on M.

Horizontal lift of vector fields

DEFINITION. In the coordinates of M, the horizontal lift to M of a super vector field X =
X0y on M is defined by

XMV = (—1)% - XP T3, - 0p0 + X' 0, (4.6)

The fact that this super vector field X™V) is well-defined can be checked in local coordinates.
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REMARK. The fact that the local components in formula (4.6) do indeed transform according
to the transformation law of super vector fields on M is a consequence of the following facts.
On the one hand, knowing [?, II1.3.14] that Jac(Ber)(id) = str, we can show that(?)

Xt 0, log(|Ber(Apa(x))]) = X' -str(fe - (0yi Apa())L - (Ab_al(:r))f ®e;),
where 9,i Apa () is given in terms of a basis {e;} of E™™ by

S Fe - (<15 - (Dt - Dpuiph (pal) @ e -
k.l

On the other hand, writing X (resp. 1:‘; «) the local components of X (resp. the Christoffel
symbols of V) in another coordinate system, the transformation law of super vector fields
on M and of Christoffel symbols (formula (3.11)) gives

—(=1)% - X°. i =—(—1) - X".T}, —(=1)% D¢ - Ogi Py -8,51,8355@]5(1 cOpk Qi -

From these formulas, the computations consists in applying the chain rule extensively.

Graded traces of the curvature tensor

Remember that from the curvature tensor R of V, i.e.,
R(X,Y)Z =VxVyZ — (-1)*) .Yy Vx Z — Vix v Z,
the super-Ricci tensor Ric and the tensor strR are defined as graded traces, namely

Ric(Y, Z) = str(X — R(X,Y)Z2),
strR(X,Y) =str(Z —» R(X,Y)Z) .

Equivalently, in coordinates, Ric and strR are given by

Ric(Y, Z) = (—1)%:(E+e0)+e(2) . (R(8,:,Y) Z)da’
strR(X,Y) = (=1)% - «(R(X, Y) 0, )da® .

REMARK. Note that R(X,Y)Z is left C°(M)-linear in X and right C°°(M)-linear in Z.
Therefore Ric is obtained by means of a left graded trace while strR is obtained by means
of a right graded trace (see [?, I1.5]).

2Note that in [?], it is shown that 9,: (Ber(A)) = (BerA) - str((9,:A4) - A™1).
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Projectively invariant lift of torsion-free connections

We denote by r the following multiple of a supersymmetric part of the Ricci tensor of V:
for homogeneous X,Y € I'(T'M), we set

1

(X Y) = 2(n—m—1)

(Ric(X,Y) + (—=1)5X)=() . Rie(Y, X)) .

Now let V be a torsion-free connection on M. With notations of (4.4), we set

—_~— —_—

~ 1
Vxno YY) = (W v)MY) 5 SUR(X.Y) £+ (n—m+1) - 1(X,Y) £

-1 - -1
XMV Vg =

\V/ E=Ve X VM) - = - - .
Xr € n—m-+1 n—m+1

E.

PROPOSITION 27. The quantities Hfj introduced in (3.28) can be used to express the Christof-
fel symbols of the lifted connection V. These Christoffel symbols are given by

3 B B _5¢
k _ 171k _ —

Fij_Hijv F(c)a_F;O_n_mu+1v

o _n—m+l q P .14 eq(eqteite;)

L = ooy Oy — g 105 - (1) !

where i, j, k ranges from 1 to n + m while a,c ranges from 0 to n +m. ()

Proof. The result is obtained after long but straightforward local computations. 0
COROLLARY 28. The map V — V is projectively invariant.
DEFINITION. The lifted connection V on M is called the projectively invariant lift of V.

REMARK. We need to assume that the superdimension n — m is neither 1 nor —1 for the
above formulas to make sense. The case n — m = 1 is somehow the super prolongation of
the fact that M. BORDEMANN’s construction fails for a 1-dimensional smooth manifold. The
case n —m = —1 has no classical counterpart since negative dimensions do not appear in
the context of ordinary smooth manifolds. Note that when n — m = —1, the quantities Hfj
themselves cannot be defined.

REMARK. The lifted connection V is associated in a natural way with the connection V.
Moreover, V is such that LgV = 0, where LgV(X,Y) = [£,VxY] — @[g’X]Y — Vx[E,Y].
This invariance is due to the invariance of £, of the horizontal lifts and of the functions
strR(X,Y) and r(X,Y).

3These formulas first appeared in [?].
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4.2.3 Construction of the NPIQ

Our goal in this section is to lift in a natural and projectively invariant way a symbol S on
M to a tensor S on M. To this aim, we define in a first step a horizontal lift of S via the
horizontal lift of supervector fields (4.6). In a second step, we define a map which transforms
equivariant tensors on M into symbols on M. We prove that the restriction of this map to
the divergence-free tensors (with respect to @) is a bijection. The natural and projectively

invariant lift is then the inverse map of this “descent” application.

Horizontal lift of symbols

Since a symbol S of degree k on M is locally a sum of terms of the form ¢ ® 9;, vV ---V 9;,,

it suffices to define the horizontal lift on symbols of this form and to extend it additively.

DEFINITION. In coordinates, the horizontal lift of a symbol S = ¢ ® 0;, V- --V 0;, of weight
¢ is a symbol of weight 0 on M:

W) _ G e oY) h(V)
SMV) =g o, v vortY)

The horizontal lift of a symbol S is -equivariant, i.e. LeS*YV) = . S"V) In the sequel,
we denote by T'(VFM)? the space of d-equivariant tensor fields of degree k on M.

REMARK. The horizontal lift of a d-density on M (i.e., a tensor of degree 0) to a superfunc-

tion on M coincides with the correspondence given in (4.4).

Descent map

Using the fact that tensor fields of degree k on M can be locally decomposed in the basis

8h(v), ceey ahm, £, it is enough to define the descent map on a tensor of the form
1 n+m g

k
S=3" 37 pireiet0e0g gtV vy 9y gl (4.7)

Th—1
1=0 91,..,ik—1

For any S € T'(VFM)® expressed as in (4.7), we set
U(S)= D o OO VeV Oy,
By nyik
where @l (2L gt = itk (g0 g1 gt L exp(2) for an arbitrary 20 (cf.
(4.5)). It is easy to check that ¥(S) is a well-defined symbol of weight §.
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Moreover, the map W is surjective: if Ay is a symbol of degree k and weight § on M, then

any tensor field of the form
AV L AN e AT v ek (4.8)

where each Ax_; (j = 1,...,k) is a symbol of degree k — j and weight J, is such that
U(S) = Ag.

Covariant derivative of symbols

A symbol reads locally as a sum of terms of the form ¢ - 0;, V ---V 0;,, where ¢ is a
local density. We already have a covariant derivative of vector fields. By means of the Lie
derivative of equivariant functions on M in the direction of horizontal lift of vector fields,

we can define a covariant derivative of densities on M.

DEFINITION. The covariant derivative of a d-density ¢ € T'(FsM) in the direction of a
vector field X € T'(TM) is the d-density associated with the d-equivariant function L Xh<v>q~5

in the sense of Subsection 4.2.1.(%)

In coordinates, using formula (4.1), we obtain
Vxo = (Dx(f) = (=1)%-6- X' T, - f) - [Da|’

if ¢ = f-|Dz|°.

DEFINITION. Given a 1-form a = «; - dz® and a symbol S = ¢ ® 9;, V -+ V §;,, we set

(I
u . . ()
Wa)(S) = Z(_l)a(a).(s(¢)+s(z1)+...+e(1j—1)) RO, V- (—1)% o,V Oy,
j=1

where (—1)%% - a;; replaces 0;;. Moreover, we extend this definition to covariant tensor of
degree [ by setting (ol V---Val)=i(at)o...0u(a!)(9).(%)

DEFINITION. The covariant derivative with respect to V of a symbol S =¢®09;, V---V 0;
in the direction of a supervector field X is defined by

Vx(S) = Vx¢®0;, V---VO

k .
+Z(_l)E(X)~(6(¢)+e(i1)+~~~+6(ij71)) PR, V- Vﬁg)& RRAVE I
j=1

4The function Lxh(v) % is d-equivariant because Lg commutes with all LX;L(V).
SWith respect to [?], there is an additional (=1)°% because here dz? stands for the left dual basis of 8,
while in [?] we denoted by dz* the right dual basis.
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Divergence of symbols

DEFINITION. The operator of divergence with respect to V is the map

n+m
Divy : @ T(VEM) —» EPT(ViM): S+ Y u(da?)(Va,, S).
keNg keN j=1

For M = Eg‘m, §=0, k=1, we have T'(VAM) = Vect(Eglq). Then, if V = Vg, we have

divy, (X) = Z (da?) (85 XP) - D)

= Z(fl)sj‘(sj+€(X)+si)(aszi) (=1)% . 8

J
= Z(fl)sj‘(E(X)JrEj)(aﬂXj) ,

J

if X = X*-0,. In other words, the divergence operator on symbols defined above is

generalization of the divergence operator on vector fields defined in Chapter 1 (formula 1.5).

Projectively invariant lift of symbols

If § is not critical, the restriction of ¥ to the divergence-free tensors with respect to V is a
bijection. Indeed, the condition of zero divergence allows to fix the symbols A,_; in (4.8)

because of the following proposition (whose proof is exactly the same as in [?]).

PropoOSITION 29. IfjeN,l e Nand if A € F(\/gM), then we have

Dive (A"V) v e = (Divg )"V v E +2(n —m + 1)(1(r) AT v g1
—l -y AN v T

where the coefficients 2,41 are those defined in (1.2.3).

More precisely, the condition of zero divergence gives the following equations (for 0 < I < k):

Ak—l = 72571 -DinAk,
Aty = Tty (Divede+2(n—m 4 1) - () Ag 1)

Finally, the projectively invariant lift of a symbol S on M, denoted by S, is obtained by
applying to S the inverse of this bijection. Note that projective invariance follows from the

fact that the zero divergence condition depends only on V.
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Construction of the NPIQ

DEeFINITION. If T is a graded symmetric covariant tensor of degree [ with values in A-

densities, VT is the supersymmetric covariant tensor

(VST)(XD cee 7Xl+1) = Z (71)EL+1+6(T)€(X6(1)) : (vXa(l) (T(XJ(2)7 s 7Xa(l+1)))

cESI+1
I+1
_ Z(_1)E(XU(1))(E(XU(2))+..4+E(Xa(j—1))) . T(Xa(2)> . 7VX0(1)XU(].)7 . aXa(lJrl)))a
j=2
where X1,..., X411 are super vector fields and where ¢, is the sign of the permutation ¢’
induced by o on the ordered subset of all odd elements among X7, ..., X;y1.

DEFINITION. If ¢ ® X3 V ---V X} is a graded symmetric contravariant tensor of degree k

and if ¥ - a3 V-V ay is a graded symmetric covariant tensor of degree k, then

(X1 V - VX @ar V- Vay) =
b9 (,1>6(¢)(E(X1)+~-+€(Xk)) (X)) oo u(Xp)(ar V- Vag) ,

where the interior product ¢ is defined in the same way as in Definition 4.2.3. One extends

this operation by bilinearity to arbitrary symmetric tensors of degree k.

The explicit formula

THEOREM 30. If n — m # +1 and § is not a critical value, then the collection of maps
Q% :T(CM) x T(VEM) — F(D’§7MM) given by

Qhr(V,9)(9) = ¥ (8, V59)) . (4.9)

defines a projectively invariant natural quantization for supermanifolds of dimension (n|m).

Proof. The proof goes as in [?]. Note that the right-hand of formula (4.9) is p-equivariant
because of the invariance of V, the d-equivariance of S and the A-equivariance of f . The fact
that the maps Q%, can be extended to smooth families in order to form an extended NPIQ
comes from the fact that the M. BORDEMANN’s construction can be performed the same way
for smooth families of connections, symbols and densities. In practice, one just have to add
parameters in the local formulas, taking care to fix the parameters only after having applied
the partial derivatives (note that all our local formulas are nothing but polynomials in the
partial derivatives of the local components of the objects and that no partial derivatives in

the direction of the parameter space will appear when passing to smooth families). O
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REMARK. When n —m # 41, M = R™™ and V = V, formula (4.9) recovers the unique
pgl(n 4+ 1|m)-equivariant quantization found in [?]. It is interesting to notice the problem

there was solved without any hypothesis on the superdimension.

4.2.4 Thecasen—m=1

The hypothesis n —m # 1 is the analogue in the super context of the fact that M. BORDE-

MANN’s method [?]| does not apply for 1-dimensional smooth manifolds.

The classical setting

Actually, the problem of natural and projectively invariant quantization on 1-dimensional
smooth manifolds turns out to be very peculiar. In this case, it is easily shown that the
difference between any two torsion-free linear connections can be expressed as « V id for
some 1-form a. Consequently, all torsion-free linear connections are projectively equivalent,
and the quest for a natural projectively invariant quantization amounts to the quest for a
natural bijection from symbols to differential operators. As it is well-known (it is for instance
a consequence of [?, Theorem 3]), such a natural bijection does not exist. Notice that for
symbols of order two, the theory of natural operators |[?] imposes for a natural projectively

invariant quantization to be of the form
Q(V,8)(f) = (S,V*f) + a- (DivyS,V[) +b- (DivgS, f) + ¢ ((Ric)S, f) (4.10)

where a,b,c € R. The condition of projective invariance yields a system of equations for

a, b, ¢ which admits no solution in dimension n =1 (cf. [?]).

The super setting

If we make the assumption that a natural projectively invariant quantization must write
under the form (4.10), with all objects being replaced by their super analogues, then the
system of equations provided by the condition of projective invariance has no solutions when
n —m = 1. Therefore, unless there are more natural operators for supermanifolds than the
superizations of the classical ones, a natural projectively invariant quantization does not

exist in this case.
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4.2.5 The casen—m = —1

In [?], P. MATHONET and F. RADOUX were able to build a pgl(n + 1|m)-equivariant quanti-
zation without restriction on the superdimension. However, the case n — m = —1 required

an ad-hoc construction because of the peculiarities of the Lie superalgebra pgl(n + 1|n + 1).

In our case, the problem lies in the very definition of the quantities H;k used in the con-
struction of the connection V on M associated with a projective class of connections on M.
The manifold M is thus unhelpful here.

When n—m = —1, the Christoffel symbols of a connections have a special property. Indeed,
the local quantities ) (—1)°I'{, are projectively invariant because the factor n —m + 1
appears from the graded trace when passing from a connection V to a projectively equivalent
one V + (aVid). It follows that the horizontal lift of symbols (of any order) is projectively
invariant (remember that in general, we have to introduce a condition of zero divergence to
get projective invariance). Unfortunately, although we are able to lift symbols and densities
to M ina projectively invariant manner, the lack of lifted connection on M prevents us from

applying the standard ordering on M as in M. BORDEMANN’s method.

Also because of the projective invariance of the local quantities ) (—1)%I'}

5, the divergence

of symbols of order one is projectively invariant. Therefore, the formula
Qu(V,8)(f) = (S, Vf) +t- (DivyS, f) (4.11)

defines a 1-parameter family of natural projectively invariant quantizations for symbols of
order one. This result agrees with the phenomenon observed in [?]. Also, for symbols of

order two, the formula

turns out to be projectively invariant.

We conjecture that similar formulas can be obtained for higher order symbols and that a

natural projectively invariant quantization exists when n —m = —1.
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The graded dimension 0|1

As for the case, n —m = 1, there is a degenerate situation with n —m = —1: A-manifolds

of graded dimension 0|1. In this situation, a smooth function reads locally as

where a,b € R. In particular, transition functions between local charts are just multiplication

by (nonzero) real numbers.

About the problem of quantization, note that there are no differential operators (resp.

symbols) of order greater than one: locally, a differential operator reads as

D(f)(&) = Do(&) - f(§) + D1(8) - (9 f)(&)

where Dy and D; are local smooth functions. In this (very reduced) case, formula (4.11)

thus give a solution for all possible orders.

REMARK. Since Christoffel symbols of torsion-free connections have to be graded symmetric
in the lower indices, there is a unique (canonical, flat) torsion-free connection in dimension

0|1, given locally by
VxY = (X' 0, YY) - 0,

ifX:X1~65 andY:Yl-ag.
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APPENDIX A

A QUICK INTRODUCTION TO
A-MANIFOLDS

In the language introduced by G. TUYNMAN [?], the definition of supermanifolds follows the
lines of the usual definition of smooth manifolds: one starts with local models together with
a notion of smoothness for maps between them; then, one considers sets which are locally
homeomorphic to the local models and one transports the notion of smoothness by means

of these local homeomorphisms (called the local charts).

In this appendix, we first recall the main ingredient of the formalism: free graded modules
over a Zo-graded algebra A. Then we describe local models and smooth maps between them.

Finally, we give the definition of .A-manifolds and smooth maps between them.

REMARK. This appendix is essentially a quick overview of [?, Chapter II: Linear algebra of
free graded A-modules and Chapter III: Smooth functions and A-manifolds|. The presen-
tation here aims to make the thesis reasonnably self-contained, accessible to someone who
did not (yet) read Tuynman’s book. The reader interested in a more thorough study (with

all proofs) is invited to read the original source [?].
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An A-vector space F is a free graded A-module
I g

with an equivalence class of bases.

A.1 An A-vector space E is a free graded A-module

with an equivalence class of bases.

A.1.1 The algebra A

By A, we will always mean a Z,-graded commutative infinite-dimensional real algebra with

unit 14. Moreover,

(i) the canonical map R — A,r — r.14 defines an embedding of R as a real subalgebra
of the even part Ag;

(i) we have A =R.14 @® N, where the set N of nilpotent elements is defined by
N:{ac A|FkeN:a" =0}.

The subset A is an ideal in A. It can be decomposed as the direct sum N = (N NAy) @ A;.

DEFINITION. The canonical projection
B: A— A/N =R
is called the body map of A.

The body map B : A — R is R-linear and the embedding of R as a subalgebra of A is a
canonical section of B, i.e., B(r.14) = r for all » € R. By abuse of notation, one often writes

a=7+nwhen Bla)=randn=a—17-14 €N.

ExaMPLE 31. If X is an infinite-dimensional real vector space, the exterior algebra A = A X

has the properties required above. The Zs-grading is given by

A:/\X:(@/\%{)@( . /\kX> :

ke2N ke2N+1

Moreover, we have also the decomposition

A= (N'x)s (@A)

k>1

where

/\Osz and N:@/\kx.

k>1
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An A-vector space E is a free graded A-module

with an equivalence class of bases.

A.1.2 Free graded A-modules

Since A is not commutative (A is graded commutative), the notions of left and right modules
do not coincide. By an A-module E (without the adjectives left or right) we will always

mean a graded A-bimodule for which the left and right actions are related by the formula
a-xr= (_1)6(0')5(37) -r-a.

Remember that for a graded A-module E, the parity of an operator a- : £ — F is the parity
of a € A, i.e., we have e(a - z) = e(a) + ¢(z).

DEFINITION. A free graded A-module of graded dimension p|q (p,q € N) is an A-module

E=EFEyd L
for which there exists a basis {e1,...,€ep, €pt1,...,€ptrq} (over A) such that
61,...,6PEE0, €p+1,...,€p+q€E1.

We say that {e;} is an ordered homogeneous basis of the A-module E.

REMARK. If E' is a free graded .A-module of graded dimension p|g, then any ordered homo-

geneous basis of E has p even elements followed by ¢ odd elements.

If {e;} is a basis of E, any element z € E can be written in a unique way as x = >, 2" - e;.
If {e;} is an ordered homogeneous basis, then the subspace Fy of all even elements consists
of those points in E for which we have e(x%) = &(e;) for all 4. In particular, Ey should not

be confused with the A-linear subspace generated by e, ..., e,.(!)

Left and right A-linear maps

DEFINITION. A map ¢ : E — F between A-modules is left (resp. right) A-linear if for any
a € A and any x € F, we have

¢la-z) =a-¢(x) (resp. ¢(z-a)=¢(x)-a)

REMARK. If ¢ : F — F is an even left (resp. right) A-linear map between two free graded
A-modules, then A is also right (resp. left) A-linear. For instance, if ¢ is left A-linear and
even, we have ¢(z - a) = (—1)4(<(®) . g(a - z) = (1)< . g . p(z) = $(z) - a.

1The subspace Fg is not an A-submodule of E because A; - Eg C 1.
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The body functor

For a free graded A-module F, the set of nilpotent vectors is defined as
Neg={z€FE|Jac A{0}:a -z=0}.

It is easy to show that N'g consists of those elements in E that have nilpotent coefficients with
respect to an arbitrary basis of E (since AV is an ideal in A, the property will automatically
be true for all bases of E).

DEFINITION. The canonical projection B : E — BE = E /N is called the body map of E.
This body map is R-linear and for any a € A and any x € E, we have B(a-z) = B(a).B(x).

Moreover, the body map of the trivial module £ = A coincide with the body map of the

algebra A and this body map is thus a morphism of real superalgebras.

The image BE is a Zy-graded real vector space of graded dimension p|g. The Zo-grading is
given by

BE =BE, 9 BF; .
Moreover, if {e;} is an ordered homogeneous basis of E (over .A), then {B(e;)} is an ordered

homogeneous basis of BE (over R).

PROPOSITION 32 ([?]). Given a left (resp. right) A-linear map ¢ : E — F between two free
graded A-modules, there is a unique R-linear map B¢ : BE — BF making commutative the

following diagram:

¢

E——F

5| B

BE —— = BF
B¢

Moreover, if ¢ is homogeneous of parity a, then so is Bo. Finally, if x : F — G is another

A-linear map, then

B(xo¢) =BxoBo¢.

In view of Proposition 32, we thus have a (parity-preserving) functor B from the category
of free graded A-modules and left (resp. right) A-linear maps to the category of real super

vector spaces with R-linear maps.
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A.1.3 A-vector spaces

If {e;} is a basis of the free graded .A-module E, then BE can be identified to the set of

points that have real coefficients by means of the R-linear bijection
Spang({e;}) = BE, Zri e Zri -B(e;) . (A1)

However, the set of points that have real coefficients is not stable under all changes of basis.
DEFINITION.

e Two bases {e;} and {f;} of a free graded A-module of graded dimension p|q are said
to be equivalent if they are related to each other by a matrix with real coefficients ,

i.e., if there exist numbers aé- € R such that f/ = > a} - e; for all j.

e An A-vector space is a free graded A-module together with an equivalence class of

bases containing an ordered homogeneous basis.(?)

The real vector subspace Spang({e;}) is independent of the choice of the basis {e;} in the
equivalence class, and so is the isomorphism (A.1). The inverse map of this isomorphism

thus provides a canonical embedding of BE in E and, by abuse of notation, one often writes
x=B(x)+n,

where n =Y, (z' — B(z")) - ¢; € Ng.

Smooth A-linear maps

DEFINITION. An A-linear map (left or right) ¢ : E — F is smooth if it sends the points

with real coefficients in (a basis of) E on points with real coefficients in (a basis of) F i.e.,
¢»(BE) C BF,

where BE (resp. BF) is seen as a subspace of E (resp. F') through the canonical embedding.

A left (resp. a right) A-linear map F — F is completely determined by its values on a basis
of E. Therefore, we have a one-to-one correspondance between smooth left (resp. right)

A-linear maps F — F and R-linear maps BE — BF.

2 In the sequel, by a basis of E, we will always mean an ordered homogeneous basis in the equivalence
class of bases attached with E.
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An equivalence of categories

PROPOSITION 33 ([?]). The body functor B defines an equivalence of categories between the
category of A-vector spaces with smooth left (resp. right) A-linear maps and the category of

Zso-graded real vector spaces with R-linear maps.

Proof. We already know that B is fully faithful. Moreover, B is essentially surjective: it is
easy to see that for any real super vector space V, the set GV = A ®g V has a canonical

structure of an A-vector space whose body is isomorphic to V. O

As a consequence of Proposition 33, one can say that there is no real difference between
A-vector spaces with their smooth linear maps and real super vector spaces with their linear
maps. However, it is important to remember that in order to get a one-to-one correspondence
at the level of morphisms, one must choose between left and right A-linear maps: for every
odd linear map between R-vector spaces, there exist two smooth odd maps between A-vector

spaces: a right and a left A-linear one.
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On the even part of an A-vector space, one can define

smooth functions and their derivatives.

A.2 On the even part of an A-vector space, one can define

smooth functions and their derivatives.

A.2.1 The De Witt topology

DEFINITION. The De Witt topology on an A-vector space E is the coarsest topology for
which the body map B : F — BFE is continuous: a subset U C F is open in F if and only if
U = B~ }(V) for some open subset V in (the finite dimensional real vector space) BE. All
subsets of E, and in particular Ej, are then equipped with the relative topology.

It follows from the definition that open subsets U C Ej are saturated with nilpotent elements
in the sense that U + (Ng N Ey) = U. Moreover, through the canonical embedding of BE
as a subspace of E, the body BU of an open subset U C Ej consists of those points in U

with real coordinates (in all bases of E).

REMARK. The De Witt topology on F is not Hausdorff. Indeed, two distinct points z,y € £
such that B(z) = B(y) cannot be separated by disjoint open subsets.

A.2.2 Smooth functions and their derivatives

For A-valued functions, defining smoothness in terms of limits is problematic because the
topology on A is not Hausdorfl (limits need not be unique). G. TUYNMAN [?] uses an
alternative definition which, in the classical context, is equivalent to the standard one.

Then, he gives the following description, which we take as definition.

DEFINITION. Let U be an open subset of Ey. A map f: U C Ey — A is smooth if and only
if given a basis of E, there exist ordinary smooth functions f;, . ;. € C*°(BU C RP,R) such
that f reads (in the left coordinates) as

—~

q
flat o ar ) =" Y e fy (@), (A2)

r=01<i1<---<i,<q

where

m(xl,...,xp) = Z M-(aafh,,,i )(Bz', ..., BaP) .

r

aeNP
This definition of smoothness can be extended to functions valued in an A-vector space F

as follows: a map f: U C Ey — F is smooth if and only if given a basis {e}} of F', we have
f(@,8) =3, fi(2,§) - €}, where all functions f; : U C Ey — A are smooth.
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The space of smooth functions

The space C*(U, A) of smooth functions on an open subset U C Ey is made of continuous

functions. Moreover, it has the following important properties (cf. [?, III;1.24]):

e Being a smooth function is a local property, stable under composition.

e The set C*(U, A) is a graded commutative R-algebra with unit under pointwise ad-

dition and multiplication of functions. The Zs-grading is given by
C¥(U, A)a = {f € C¥(U.A) s im(f) € Aa} (@ =0,1).

o Given a basis of E, the collection of real functions f;, . ;. appearing in (A.2) is uniquely

T

determined by the function f and we have an identification (as real superalgebras)
C=(U, A) ~ C*(R”,R) ® AR’.

Moreover, if F is an A-vector space, then the space C*° (U, F') of F-valued smooth functions
on U C Ej is a free graded C*(U, . A)-module with the same graded dimension as F, the
Zs-grading of C*(U, F') being given by

C®(U,F)a = {f € C¥(U,F) : im(f) € Fa} (a=0,1).

Fixing of variables

Being a smooth function is stable under fixing of variables to real values, but given a smooth
f:PxU—A

and an element p € P, the induced function

fP:f(p7)U_>A

is, in general, not smooth. Indeed, the decomposition (A.2) for f does not, in general, induce
a similar decomposition for f(p,-) because the coordinates of p still appear while p is no

longer considered as a variable.

EXAMPLE 34. The map id : 49 — A, z — z is smooth (we have id(z) = Bz +n, = 1?171@(95))
but a constant map ¢, : Ag — A, © — a = Ba + n, is smooth if and only if a = Ba € R.
More generally, a constant map U — F' is smooth if and only if the constant value is a point

with real coordinates, i.e., an element of BF' C F.
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Partial derivatives
From the decomposition (A.2) of smooth functions, we can transport the partial derivatives
from ordinary smooth functions to A-valued smooth functions.

DEFINITION. If a function f € C*(U,.A) reads as (A.2), its partial derivatives are the

smooth functions

q
O f(xh, 2P, & €)= > e Oy (T aP)

r=01<i1 <-<i,<q
and

q T ) 4 4
5§zf(:c1, P et ) = Z Z Z(—l)j_l.gil. gij—l.(;l”i.gljﬂ i

r=01<i1 < <i,<q j=1

i@t 2P . (A3)

The maps 0.« (resp. Jg1) are even (resp. odd) R-linear derivations of the algebra C>(U, A).

Moreover, these derivations commute in the graded sense, i.e., we have
[azk,axl] = [3zk,8§z] = [8@,3@} =0 B

where the brackets stand for the graded commutator of derivations.

REMARK. The definition d,» and 0z can be extended to F-valued smooth functions by
setting (61k f)J = Ok (fj) and (ang)j = 851(]”').

The chain rule

When we do not need to distinguish between even and odd coordinates on FEj, we often
write (y!,...,yPT9) instead of (x!,... 2P &', ... €9). Accordingly, the partial derivatives

are thus written as 9, withi=1,...,p+q.

This being said, we can now state an important property of the partial derivatives: the chain
rule. This rule says that if U’ is an open subset, if f € C>°(U, F) is such that f(U) c U’
and if g € C*(U’, G), then for any = € U, we have

By (g0 f)(x) = (O f)(@) - (0.49)(f(2))

where the 27 are (left) coordinate functions (with respect to a fixed basis) on F.
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A.3 An A-manifold M is a set covered by local charts

valued in the even part E, of an A-vector space.

From a local model Fy, one defines A-manifolds in terms of charts and smooth transition

functions as in the classical case.

DEFINITION. Let M be a topological space.

e A chart of M is a pair (U, ), where U C M and ¢ : U — O is a homeomorphism

between U and an open subset O C Ej in the even part of an A-vector space E.

e An atlas of M is a collection of charts {(U,, @) : Uy = O, C Ey} such that |J, U, =
M and @, 0 o1 € C®(po (Us N Uy), 06 (Us NUy))o whenever U, N U, # (.

If M is a topological space endowed with an atlas {(U,,p.) : Uy — O, C Ep}, we say
that M is modeled on the A-vector space E and by a chart of M, we will always mean an

Ey-valued chart compatible with all charts in the atlas of M.

If M is modeled on E, the body of M is made of those points in M with real coordinates in

a chart of M, i.e.,

BM ={x € M : p,(x) € BO, for some chart (U,, @, : Uy — O,) of M} .
Moreover, we define the body map of M, B: M — BM, by setting

Bl =p;toBog,,

where B in the right-hand side is the body map of F.

REMARK. The body map of M is well-defined and BM is actually made of those points that
have real coordinates in all charts of M. This is due to the fact that transition functions
between charts are smooth maps between A-vector spaces and thus they commute with the

body maps of those A-vector spaces.

DEFINITION. An A-manifold is a topological space M endowed with an atlas such that
BM is an ordinary smooth manifold (in particular, BM C M must be a second countable
Hausdorff topological space with the relative topology). By definition, the graded dimension

of an A-manifold M is the graded dimension of its model A-vector space.
If M is an A-manifold of dimension p|q, the smooth manifold BM is of dimension p. The

odd dimension disappears because the charts of M lie in the even part of the model A-vector

space and thus the odd coordinates become zero when taking the body map.
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valued in the even part Ep of an A-vector space.

Smooth maps

DEFINITION. A map f : M — N between two A-manifolds is smooth (we write f €
C>®(M,N)) if for any chart (U, ) of M and any chart (V,4) of N, the local expression
of f in these charts, i.e., o f o =1 is smooth on (U N f~1(V)).

If f € C*°(M, N), then f is continuous and the map Bf : BM — BN defined by Bf = f|g,,
is smooth (between ordinary smooth manifolds). This map Bf is called the body of f.

REMARK. When N = F is an A-vector space(?), the space C*°(M, F) is a free graded
module over the real superalgebra C>°(M, A).

3 Any A-vector space E can be seen as the even part of a larger .A-vector space E# (see [?, I11.A.26]). In
particular, any A-vector space is an A-manifold.
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APPENDIX B

A QUICK INTRODUCTION TO FIBER
BUNDLES OVER A-MANIFOLDS

In this appendix, we first recall what is a fiber bundle (this requires the notion of smooth
action of an A-Lie group on an A-manifold) and how it can be encoded by a collection of
maps associated with an atlas of M. Then we look at an important class of fiber bundles,

namely vector bundles. Finally, we introduce the notion of affine bundle.

REMARK. This appendix is a quick and incomplete overview of [?, Chapter IV: Bundles|.(!)
The presentation here aims to make the thesis reasonnably self-contained, accessible to
someone who did not (yet) read Tuynman’s book. The reader interested in a more thorough

study (with all proofs) is invited to read the original source [?].

L Although it does not appear in [?], we present here the definition of affine bundles because it is closely
related to the definition of vector bundles.
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A fiber bundle is an A-manifold fibered

by means of a locally trivial smooth surjection.

B.1 A fiber bundle is an A-manifold fibered

by means of a locally trivial smooth surjection.

B.1.1 Smooth actions of A-Lie groups

DEFINITION.

e An A-Lie group is an A-manifold G which is also a group, with the property that the

group operations are smooth.

e A smooth left action of an A-Lie group G on an A-manifold M is a smooth map
P:GxM-—->M

that is an action of the group G on the set M.

e A smooth left action ® : G x M — M is pseudo-effective if for any A-manifold N and
any smooth map ¥ : N — G, we have

(Vne N:®yi,y =idy) = (VneN:y(n)=eq) .

where eg is the identity element of G.

For a fixed element g € GG, the map
O, =P(g,:): M - M

is a homeomorphism. However, ®, is, in general, not smooth. This is because being smooth
is, in general, not stable under fixing variables to nonreal values. This being said, if g € BG

(i.e. g is a point with real coordinates), then ®, is smooth.

EXAMPLE 35. Let F' be an A-vector space. The group G = Aut(F) of even A-linear
invertible maps F — F is an A-Lie group. This A-Lie group acts smoothly on F' (seen as
an A-manifold) by means of the evaluation of automorphisms, i.e., the action is

O AWM(F)x F—>F |,z Op(z) =T(x) .

This action is pseudo-effective: ¢y (,) = idr precisely means that P(n) =idp = eq.
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by means of a locally trivial smooth surjection.

B.1.2 Fiber bundles over .4-manifolds

DEFINITION. Let B, M and F' be A-manifolds. Let G be an A-Lie group with a smooth

and pseudo-effective left action on F'. Finally, let 7 : B — M be a smooth surjection.

e A local trivializing F-chart of 7 is a triple (U, ¢, %), where (U, ¢) is a chart of M and
Y. N U) = UxF

is a diffeomorphism such that 7y o ¢ = w, where 7y denotes the canonical projection

on U. In other words, there is a commutative diagram

o A G-atlas of trivializing F-charts of 7 is a collection of G-compatible local trivializing
F-charts {(Ug, @a, %a)} of m. This means that {(U,, p.)} is an atlas of M and that

Yooty (@, f) = (2, Pra(2)(f))
for some transition functions iy, € C(U, N U,) whenever U, N U, # (. .
e A fiber bundle over M with typical fiber F' and structure group G is a smooth surjection

m:B—>M

together with a G-atlas of trivializing F'-charts.

e A fiber bundle map between 7 : B — M and «’ : B — M’ is a smooth surjection map

® : B — B’ above a smooth map ¢ : M — M’ i.e., there is a commutative diagram

P

B B’
M4¢>M’

Each fiber m, = 7~({z}) is homeomorphic to F. Indeed, any point of M lies in a local
trivializing F-chart and if (U, p, 1) is a local trivializing F-chart of m, then for any = € U,

the map ¢~ !(z,-) : F; — 7, is a homeomorphism.

REMARK. If x € BM, this homeomorphism is a diffeomorphism.
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by means of a locally trivial smooth surjection.

The cocyle conditions

If {(U,, 0a,14)} is a G-atlas of trivializing F-charts of w : B — M, the pseudo-effectiveness
of the action of GG ensures that the maps ¥y, : U, N U, — G satisfy the cocycle conditions:

{ aa(z) = g for all z € U, , B.1)

YVep(2) ¢ Vpa(T) = Veq(x) forallz e U, NU,NU, ,

where - stands for the group operation in G.

Conversely, it is shown in [?, Construction 1.24] that, given the atlas {(U,, ¢,)} of all charts
of M together with a collection of smooth maps ¥, : Uy, N U, — G satisfying the cocycle
condition (B.1), one can build an .4-manifold B together with a projection 7 : B — M and
an G-atlas {(Ug, @a,®q)} of trivializing F-charts for which the maps ¥y, are the transition

functions between charts.

REMARK. In practice, one can thus define a fiber bundle by giving, for an atlas {(Us, ¢a)}

of M, a collection of maps Uy, satisfying the cocycle conditions (B.1).
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B.2 A vector bundle is a bundle whose structure group

consists of automorphisms of an A-vector space.

B.2.1 A-vector space as A-manifolds

DEFINITION. Let F' be an A-vector space of graded dimension p|q.

e By definition, ITF' is an A-vector space such that IIF coincide with F' as a left A-

module, but with the parity reversed, i.e., we have
(HF)():Fl and (HF)l :FO .

The map idp : F — IIF, 2 +— z is an odd left A-linear bijection by means of which
IIF inherits an equivalence class of basis: if {f;} is a basis of F, then {f; = id(f;)} is
a basis of I1F.

e The A-vector space F'# is the direct sum of A-vector spaces

F# = F®IIF .

Any A-vector space F' is an A-manifold. Indeed, F' can be identified to the even part of the
A-vector space F#. More precisely, for any basis {e;} of E, the map

F— (F#)o ) le “fir Z(iﬁi)s(fi) “fit+ Z(xi)f(fi)+1 - fi

is a (global) chart of F'.

B.2.2 Vector bundles over .A-manifolds

DEFINITION. A wvector bundle over an A-manifold M is a fiber bundle
T B, > M

whose typical fiber F is an A-vector space and whose structure group is Aut(Fy).

For any = € M, the fiber 7, inherits (by means of the local trivializations) from the typical
fiber F; a canonical structure of free graded .A-module (see [?, Chapter IV, Discussion 3.2]).

In particular, each fiber m, has a canonical origin 0,.
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consists of automorphisms of an A-vector space.

Homogeneous parts of a vector bundle

DEeFINITION. If 77 : B, — M is a vector bundle, its even part EY (resp. its odd part Efrl))
is the subspace of E,; made of those points that lie in the even (resp. the odd) part of their

fiber, i.e., for &« = 0,1, we have
Efro‘) ={ecE,:ec (Wﬂ(e))a} )

If we restrict the projection 7 to these subspaces, we obtain two fiber bundles (%) : E7(T0) —
M and 7 : E7(Tl) — M with typical fibers (Fy)o and (Fy)1, respectively. Those new
fiber bundles are not vector bundles because (Fy)g and (Fy); are not A-modules ((Fy)o
and (Fy); are only Ag-modules). However, their fibered product over M is a vector bundle

reconstructing the vector bundle 7 : E; — M, i.e., we have E,(ro) X M E7(r1) ~F,.

If the base M is an A-manifold of graded dimension n|m and if and the F; is an A-vector
space of graded dimension p|q, then the total space F; is an A-manifold of graded dimension
is not (n+p)|(m+q) but rather (n+p+¢q)|(m+ g+ p). This is because the dimension of F,
as an A-manifold is the graded dimension of the A-vector space F# such that F, = (F#)o,
namely (p + q)|(¢ + p).(?) For the same reason, the A-manifold BY is of graded dimension
(n + plm + q) while EY s of graded dimension (n+glm +p).

REMARK. At the level of sections, we have F(E,(ra)) =I(E;)a-

Morphisms between vector bundles

DEFINITION ([?, Chapter IV, Definition 3.5]). Let 7 : Ex — M and n’ : E;» — N be vector
bundles with typical fibers F and F. respectively. A fiber bundle map ® : E, — FE.
inducing a map ¢ : M — N is called a (left linear) vector bundle morphism if the restriction

®, = ®|, to any fiber is left A-linear, i.e.,
@w S HOmL(ﬂ'w, ﬂ;(w))

The map @ is said to be of parity « if all linear maps ®, are of parity a. Similar definitions
hold for right linear vector bundle morphisms. A wector bundle isomorphism is an even
vector bundle morphism which is at the same time an isomorphism of fiber bundles. The
vector bundle 7 : E; — M is said to be (globally) trivializable if it is isomorphic as vector

bundle to the trivial vector bundle pry : M x Fr — M.

2Remember [?, T11.1.26] that Ff = Fr @ (IIFy), where II stands for the parity reversal operation.
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B.3 An affine bundle is a bundle whose structure group

consists of affine isomorphisms of an A-vector space.

B.3.1 Affine bundles over A-manifolds

DEFINITION. An affine bundle over M is a fiber bundle 7 : Z, — M whose typical fiber
F, is an A-vector space and whose structure group is Aff(F}), the group of A-affine maps
F,. — F, whose linear part is an even invertible A-linear map and whose translation part is

even.

EXAMPLE 36. Since Aut(Fy;) C Aff(Fy), vector bundles are affine bundles.

Any affine bundle 7 : Z, — M has an underlying vector bundle. Indeed, if {(U,, pa,%a)} is
an Aff(F,)-atlas of trivializing Fy-charts or 7, the collection {3} of all A-linear parts of

the transition functions 1, determine a vector bundle 7 : Ez — M.

Moreover, each fiber 7, inherits (by means of the local trivializations) from F (seen as an
A-affine space modeled on itself) a canonical structure of affine space modeled on the free
graded A-module 7y, i.e., if ¥ : 77 1(U) — U x Fy is a fiberwise affine trivialization of r,

we have
z+e=U"Yz,mp 0 U(2)+mp oU(e))

for all z € m, and e € 7. However, the fibers 7, do not come with a canonical origin

because affine transition functions do not preserve the origin of Fi..

The even part of an affine bundle

DEFINITION. If 7w : Z, — M is an affine bundle, its even part Zfro) is the subspace of Z,
made of those points whose image through any local trivialization in the Aff(F,)-atlas of 7

lie in the even part of the typical fiber F, i.e., we have
ZW) ={zeZ.:z¢€ (Wﬁ(z))o} )

If we restrict the projection 7 to this subspace, we obtain a fiber bundle 7(©) : Z,(ro) — M.
This fiber bundle inherits translations by elements in the even part of the underlying vector
bundle of 7.

REMARK. A similar definition for an odd part Z,(rl)) would, in general, not make sense here
because transition functions are valued in Aff(F,;) and this space does not preserve the odd

part of the typical fiber.
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Morphisms between affine bundles

DEFINITION. Let 7 : Z, — M and 7’ : Z,» — N be affine bundles with typical fibers F
and F! respectively. A fiber bundle map @ : Z, — Z, inducing a map ¢ : M — N is called
a left affine bundle morphism if the restriction ®, = <I>\7rx to any fiber is an A-affine map

whose linear part is left A-linear
@, € aff (s, Ty () -

The map ® is said to be even if all affine maps ®, have even A-linear part and even
translation part. An affine bundle isomorphism is an even affine bundle morphism which is
at the same time an isomorphism of fiber bundles. The affine bundle 7 : F;, — M is said
to be (globally) trivializable if it is isomorphic as affine bundle to the trivial affine bundle
pry : M x Fr — M.
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