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Abstract. In this short paper we present a new operator called
polymorphism, defined on the digital space ZQ, which lies some-
where between the concept of binary opening and that of dis-
tance function. After the definition we give some properties that
makes polymorphism attractive for both region description and
filtering. For example, polymorphism can be proved translation
invariant and increasing. In addition, the computation speed is
about the same as for an opening, even if the image is a label
image. Finally we detail an algorithm adapted to the filtering
of a label image, such as could result from any segmentation,
which maximizes the total polymorphism.
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1. The concept of polymorphism

To describe object shapes or sets, mathematical mor-
phology uses basic templates called structuring ele-
ments which are translated throughout the plane in
order to determine the similarity with the set under
study. As a result of this comparison morphological op-
erators are very sensitive to noise, especially for large
structuring elements.

Although the binary opening tells how a structuring
element fits into the set under study, it provides no in-
formation about the location of border points. On the
contrary, the distance function expresses the distance
of a point to the border of the set it belongs to, but
it is not related to a particular structuring element.
This suggests the definition of an intermediate oper-
ator that lies between the opening operator and the
distance function.

1.1. DEFINITION

In this paper, the sets X, B under study are subsets of
Z*. The first concern when dealing with region repre-
sentation is to know if a point = belongs to the opening
of X by B, denoted X o B, or equivalently if 3B, (=B
translated by p) contained in X such that « € B,,. This
information is for example used to define morphological
skeletons. The main drawback of morphological open-
ing is that it only tells if a point belongs to X o B ;
no information is provided about the location of pixels
inside X o B. The concept of polymorphism enhances

the binary opening because it says how many trans-
lated structuring elements, included in X, contain x.
The principle is illustrated in figure 1. We have drawn
in gray two 3x3 squares included in X that contain x.
The darker area indicates their intersection ; polymor-
phism values are larger inside this dark area.
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Fig. 1. Introduction to the polymorphism of a point. In this
example, two distinct 3x3 squares included in X contain x.

Definition 1 Let X C Z? be a set and = an element
of X. The polymorphism of an element z of X by the
structuring element B, denoted Px g(z), is the total
number of distinct translated sets B, that contain z:

Px p(z) = A({p € Z*%z € B, C X})

=A({pe X © Blz € By}) (1)

where A is the set cardinality.

Definition 2 The polymorphism of a set is the sum of
the polymorphism of its elements. Px g(z) : Pp(X) =
2zex Px,B(2)

Let us note that the polymorphism of a set is equal
to the product of the area of the eroded set X & B and
the area of B (see [2] for a proof):

Theorem 3

Pp(X) = A(X & B)A(B) (2)

Figure 2 shows polymorphism values of set elements
when B is the 3x3 square represented on the right.
Pp(X) equals 54. As can be seen low polymorphism
values delimit the frontier and higher values appear at
the centre of the set.

Polymorphism values of regions of a label image
are represented in figure 3 as a gray-level image.
The images are respectively the contours of the origi-
nal image and polymorphism values computed with a
15x15 square. The contours are also superimposed on
fig. 3(b).

1.2. PROPERTIES

It can be proved that polymorphism is an increas-
ing and translation invariant operation. Moreover,
Pg,x (z) is bounded (all the proofs can be found in [2]):
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(a) Contours of a label image. (b) Polymorphism values for a
15x15 square.

Fig. 3. Polymorphism values of all the regions of a label image.
Darker grey tones correspond to higher values in (b).

Proposition 4

If XCY then Pg(X)<Pp(Y) (3)
Pg(X,) = Pp(X) forall peZ* (4)
Vz € Z°, Pxp(z) < A(B) (5)

Link with the morphological opening. As was sug-
gested in the introduction, polymorphism is closely re-
lated to the opening. The following property makes it
apparent.

Proposition 5 The polymorphism is an extension of
the morphological opening. Indeed,

1.3. THE COMPUTATION OF POLYMORPHISM

ifand only if z€ XoB (6)

There exists an efficient algorithm to perform polymor-
phism values [2]. The algorithm works in accordance
with a decomposition in terms of an erosion and a kind
of dilation; it is based on the following relationship:
Vr € X, Pxg(z) = A[(X © B) N (B),] where ~ de-
notes the transposition operation, and it implements a
histogram analysis as developed by HUANG et al. [1].
Experience shows that the computation time is simi-
lar to the computation time of an opening, even in the
case of a label image.

2. Filtering process

Suppose we need to fill X o B with the structuring el-
ement B. Points having polymorphism value 1 should
be considered first, as they belong to a single struc-
turing element. These points are also very sensitive to
local shape modification. However, if we add points to
X, Pp(X) only increases. In the same order, it could
happen that the minimal skeleton of (X Uy), where
y € Z?, is smaller than the minimal skeleton of X.

The proposed filtering scheme, valid for label images
that consist of several regions Xy, tries to augment the
total polymorphism value (i.e. ), Pp(Xy)) by trans-
ferring points between regions. The process relies on
B and is made of three steps:

(1)

Initialization: compute the polymorphism value
for each pixel;

Assign all points having values above a given
threshold to their original region;

Tterative stage :

(3.1) Try to change points with low polymorphism
values from a region to a neighboring region.
The definitive change is the one that gives the
highest increase of the total polymorphism;

(3.2) Update the polymorphism values locally
around the transferred point;

(3.3) Return to (3.1) until stability achieved.

Let (; be the filtering process implementation based
on a square i pixels wide. Figure 4 shows the filtered
contours obtained by means of (4(3(a.

(a) Original contours. (b) Contours filtered by (4(3(s.

Fig. 4. “Polymorphic” filter applied to the contours of a label
image.
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