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Abstract. The spin-dependent coupling between electrons and phonons in

ferromagnetic Fe and Co is calculated from first principles in a collinear-spin formalism.

The added spin polarization is fundamental for the correct representation of the

phonons, but also to obtain good transport properties, and permits the decomposition

(e.g. of the resistivity) into the contributions of majority and minority spin. In Fe

the minority spin coupling is only about 50% more important, but in Co the coupling

between phonons and minority spin electrons is an order of magnitude larger than

majority, and both are strongly anisotropic.
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1. Introduction

The coupling of electron spin and vibrations in solids has garnered renewed interest in

the past decade, after a lull since the 60s and 70s. Specific momentum comes from

the fields of spintronics[1], where phonon processes limit the lifetime of spins in matter,

caloritronics[2] where heat and spin currents are coupled, and superconductivity, where

cuprate[3] and pnictide[4] systems present complex interactions between spin, phonon,

and superconducting degrees of freedom. For the latter there is growing consensus

that magnetic fluctuations and antiferromagnetic order play a central role in explaining

the Cooper pairing and the high transition temperatures observed. More widely,

the temperature dependence of magnetic processes is central to important physical

phenomena such as the geodynamics of the Earth’s core[5]. The prediction of spin-

phonon processes in condensed matter systems is of wide interest, but the success

enjoyed by first-principles calculations of ground state properties has been slow to carry

over to the full temperature dependence of predicted properties. This is due to the

inherent complexity of the coupling, the large number of different mechanisms in play

(in particular anharmonic vibrational effects), and the range of pertinent length and

time scales.

In the following the electronic and vibrational properties of bulk Fe and Co

are calculated using spin-polarized density functional theory (DFT[6, 7]) and density

functional perturbation theory (DFPT[8, 9, 10]). Fe and Co are paradigmatic

ferromagnets, and technologically very important, in particular for the exotic

applications in superconductivity and spintronics mentioned above. The electron-

phonon coupling (EPC) is calculated using a (collinear) spin-dependent formulation.

Though never strictly correct as there will always be a small contribution from spin-orbit

coupling in real systems, the physical picture of separate spin channels is very appealing

and very accurate for strongly polarized ferromagnets and many anti-ferromagnets as

well (as long as spin canting is negligible). The present developments should be used

in this context and to provide a reference picture for more complex cases where weak

spin-mixing occurs, which can be treated perturbatively. The consequences on the

electrical and thermal transport properties are analyzed and provide very different

pictures for Fe (isotropic and strong coupling) and Co (very anisotropic coupling and

weaker resistivities). Results agree generally very well with experiment where available.

To our knowledge only two calculations of the spin-polarized EPC within DFT have

been published, by Boeri et al.[11], for BaFe2As2, and by Sha and Cohen[12] for hcp

and bcc Fe under pressure (though the latter did not explain their treatment of spin, we

presume it is complete). A very recent paper by Pozzo et al.[5] calculates conductivities

in Fe under pressure via the Green-Kubo formulas, but without direct access to the

EPC. Essert and Schneider[13] have calculated magnetization dynamics in Ni and Fe

with mainly ab initio ingredients, but using the atomic sphere approximation for the

EPC. Jarlborg[14] has calculated the EPC in Fe and Co under pressure in their non-

magnetic state but including magnetic fluctuations. A rather complete account of the
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thermodynamics of ferromagnetic Fe has been given by Körmann et al.[15].

In the following Hartree atomic units have been used, except where explicitly stated,

with energy in Hartree (Ha = 27.211 electron volts), distances in bohr radii (a0 = 0.529

Å), and with units of electron charge and mass, with Planck’s constant equal to 1

(e = h̄ = me = 1).

2. Spin-dependent generalizations

The standard approach for calculating electron-phonon coupling parameters from first

principles is based on seminal papers by PB Allen[16, 17], and the first systematic

implementation in DFT by Savrasov and Savrasov[18]. The deformation potential and

its matrix elements are calculated self-consistently along with the DFT solution for the

dynamical matrix. The matrix elements can then be summed over the Fermi surface, and

various quantities extracted, in particular phonon line widths, self-energy (Eliashberg)

spectral functions, and electrical and thermal transport coefficients. The Boltzmann

transport equations are solved in a simplified ansatz, and the lowest order variational

approximation (LOVA) is taken to give closed forms for the transport coefficients. In

the following we briefly present the spin-dependent generalization of these equations,

and restrict ourselves to the collinear case. If spin-orbit coupling is present the electron

bands are of mixed spin character and the EPC can flip spins, in a variety of mechanisms

(detailed for example in Ref [1]).

The equations written down by Eliashberg and implemented by Allen[17] then

Savrasov[18] are naturally expressed in terms of the density of states per spin, and

the matrix elements of the deformation potential using individual electron orbitals,

as they come from a Cooper-pair context with anomalous Green’s functions. If spin-

orbit interaction is excluded, there is no (normal state) coupling between space (or

angular momentum) and spin which would allow the EPC distortion to mix different-

spin orbitals. The matrix elements and density of states stay spin-diagonal and give the

following expressions (some are mentioned in passing in Ref. [11]):

gqνn′k+qσ′ nkσ = δσσ′〈ψn′ k+q σ′|δV qν |ψn k σ〉 (1)

where ν is an phonon mode, q a phonon wave vector, n, n′ electron band indices, k,k′

electron wave vectors, δV is the self-consistent potential change due to an infinitesimal

phonon displacement, and σ, σ′ the spin component of the Pauli spinors. If the spin-

orbit coupling is included, each orbital is a true spinor, and there is an arbitrary gauge

coming from the choice of reference frame for L and S. The consistent quantity to

calculate is the full scalar product

gqνn′k+q nk =
∑
σσ′
〈ψn′ k+q σ′ |δV qν

σ′σ|ψn k σ〉 (2)

which no longer possesses gauge variability due to the spin, but neither does it give

access to separate spin flip probabilities: the transition is from one general spinorial

state n to another n′. To recover the change in spin between kn and k′n′ one needs



Ab initio calculation of spin-dependent electron-phonon coupling in iron and cobalt 4

the Pauli matrix elements
∑
σσ′〈ψnkσ|σ̄ασσ′|ψn′k′σ′〉. The rest of this article considers

the collinear spin case only: Fe and Co present fairly weak spin orbit coupling. Their

non-collinear spin waves have been studied extensively[19, 20] but present additional

complications beyond the scope of the present analysis.

From the matrix elements one proceeds to calculate the phonon linewidths, which

can now be separated into a width due to coupling with spin up electrons and another

due to coupling with spin down electrons (the inverse lifetimes are additive):

γσqν = 2πωqν

∑
knn′
|gqνn′k+qσ nkσ|2δ(εknσ)δ(εk+qn′σ) (3)

where the Fermi energy εF is set to 0 for convenience. εF is presumed common to

both spin channels, though this is not strictly necessary. The corresponding spectral

functions for the EPC self-energy are

α2F σ(ω) =
1

2πNσ(εF )

∑
qν

γσqν
ωqν

δ(ω − ωqν) (4)

The same straightforward spin generalizations are valid for the transport Eliashberg

functions:

α2
out(in)F

σ
αβ(ω) =

1

2πNσ(εF )

∑
ν

∑
kk′nn′

|gk′−kν
n′k′σ nkσ|2

× vα(nkσ)

< vα(σ) >

vβ(n(′)k(′)σ)

< vβ(σ) >

× δ(εknσ)δ(εk′n′σ)δ(ω − ωk′−kν) (5)

where α, β are cartesian directions, and the difference between the out and in transport

spectral functions is the choice of the k-point at which the second velocity is evaluated at

(k or k′). The Fermi speed vα(nkσ) is now also spin dependent, and the normalization

factors are given by:

< vα(σ) >2=
1

Nσ(εF )

∑
kn

|vα(nkσ)|2δ(εknσ) (6)

The transport spectral function is α2
trF

σ
αβ = α2

outF
σ
αβ−α2

inF
σ
αβ and gives the electrical

and thermal resistivities:

ρσαβ(T ) =
2πΩkBT

Nσ(εF )

∫ ∞
0

dω

ω

x2

sinh2 x
α2
trF

σ
αβ(ω) (7)

and

wσαβ(T ) =
6Ωcell

πkBNσ(εF )

∫ dω

ω

x2

sinh2 x
(8)

×
[
α2
trF

σ
αβ(ω) +

4x2

π2
α2
outF

σ
αβ(ω) +

2x2

π2
α2
inF

σ
αβ(ω)

]
with x = ω/2kBT (the notations follow Ref. [18], which is missing a factor of 2 in

equation 21 for the resistivity). Care must be taken in normalizing quantities per spin

- the phonon observables (λ, γ) should be summed over spin polarizations, whereas the

electronic quantities (ρ, w, N) are spin-specific.
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The resulting spin-decomposed resistivity gives an appealing physical picture of

the limitation of the current in each of the spin channels. However, as will be seen

below in comparison to experiment, the two channels are not purely parallel resistors

in reality. Spin flip mechanisms (in particular spin-orbit) force them to interfere, and

make the effective resistivity a weighted average of ρ↑ and ρ↓. This is further augmented

by the impurity, defect, magnon, and other mechanisms for electrical resistivity which

we do not calculate here. The LOVA approximation has a limited range of applicability,

explained clearly in Ref. [18], for approximately Θtr/5 < T < Θtr where we define the

average frequency

Θtr =

√∫
α2Ftr(ω)ω2dω/

∫
α2Ftr(ω)dω (9)

Beyond Θtr anharmonic and higher order EPC effects can and often do appear, leading

to non-linear ρ(T ) curves, and shifts in phonon frequencies and thermal expansion. In

many cases with weak anharmonicity and thermal expansion, however, the range of

linearity and validity of the LOVA can be much wider than Θtr, as is seen in Ref. [18].

3. Calculation details

The Kohn-Sham DFT equations are solved using the implementation in the ABINIT[21]

package. Norm-conserving pseudopotentials are employed for the electron-ion

interaction, and generated using the OPIUM[22, 23] package. They incorporate scalar

relativistic corrections, non-linear core corrections[24], and the PBE[25] generalized

gradient approximation (GGA) exchange-correlation functional. A plane-wave kinetic

energy cutoff of 50 Ha is necessary to ensure convergence of phonon frequencies well

below 0.1%. No Hubbard correction (LDA+U[26]) is used; the magnetism and lattice

constants are well enough reproduced for our purposes here, and to improve on this

precision all-electron methods are usually necessary. The lattice is converged to stresses

less than 10−6 Ha/bohr3. A gaussian smearing function of width 1mHa is used to

accelerate the convergence with respect to the k-point grid.

For hcp Co a 9 valence electron pseudopotential is used, and gives lattice constants

of a=4.79 and c=7.75 bohr, versus 4.73 and 7.69 experimentally[28]. Zone-centered

grids of 163 k-points for electrons and 83 q-points for phonons are necessary to capture

the delicate Fermi Surface effects in the phonons and EPC. The magnetic moment per

atom is 1.67 µB (Bohr magneton), similar to other results (e.g. 1.61 in PBE, 1.72

experimentally, and 1.83 with GGA+U, all from Ref. [29]). The resulting density of

states (DOS) at the Fermi level are 4.957 (22.459) states/Ha/atom for spin up (resp.

down), slightly higher than 4.58 (20.72) found in Ref. [30].

The Iron nucleus is replaced by an 8 valence electron pseudopotential, and gives

a cubic BCC lattice parameter of 5.328 bohr (compared to an experimental value of

5.41 bohr[31]). Reciprocal space grids of 123 points are used both for the electronic

and phononic degrees of freedom (a 243 grid for electrons is used punctually to verify

convergence of phonons and the EPC quantities at Γ). The magnetic moment per
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Figure 1. Phonon band structure for spin polarized Co, compared to experimental

data from Ref [27]. Overall agreement is quite good, with the exception of the last

phonon branch at Γ.

atom is 2.335 µB, reasonably close to the experimental and GGA-PW values of around

2.2[31, 32]. The DOS at the Fermi level is 14.12 (8.49) states/Ha for spin up (resp.

down), which is in reasonable agreement with LSDA calculations 18.80 (7.75) from

Ref. [33], given the very abrupt nature of the d-band DOS (the integrated value of µ is

more robust). The experimental value of 54.74 states/Ha[34] for the total DOS is much

higher, and is claimed to come from phonon- and magnon- renormalized band masses

(the mass renormalization from the DOS values is λeff ∼ 1.4 comparing our calculated

DOS to experiment).

The underestimation of the volume in Fe is strange for the GGA functional, but

agrees with previous theoretical work, and is probably related to the approximate

treatment of the magnetism in “normal” DFT (i.e. without LDA+U).

A real space cutoff for interatomic force constants beyond 20 bohr distance is used

to remove Fourier transform aliasing errors near the Γ point. The error introduced on

frequencies at q-points away from Γ is at most 3% (6%) and on mean square average

less than 1% (2%) for Fe (resp. Co). A slight artificial bowing of the acoustic branches

is also introduced, but this does not affect integrated quantities.
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Figure 2. Phonon band structure for spin polarized Fe, compared to experimental

data from Refs [35]. Overall agreement is quite good, with a small hardening of the

calculated phonons due to the underestimation of the equilibrium volume.

4. Phonons, EPC and transport

As shown by many other authors (e.g. Ref. [36]), the correct inclusion of ferromagnetic

electronic states is essential for the calculation of the phonon band structures. In

particular the BCC phonon band structure for Fe presents strong instabilities through

the whole Brillouin Zone if calculated in a non-spin-polarized formalism. The phonon

band structures for Cobalt and Iron are shown in Fig. 1 and 2. In Fe the phonons are

slightly harder than experimental frequencies, due to the smaller equilibrium volume.

In Co the agreement is better except for the last optical branch, which is both over and

underestimated in different regions of the Brillouin Zone.

Experiments and calculations on cobalt are much less common than iron.

Wakabayashi et al.[27] published neutron experiments in 1982, and Madok[37] calculated

thermodynamical properties without showing full phonon band structures. Our

calculation of the full band structure is in good agreement with the experimental data,

except for the highest branch at Γ (the optical mode along z). This is the mode with

strongest electron-phonon coupling, as seen in Fig. 3, where the error bars show the

calculated phonon line widths γσqν . Correcting the last mode at Γ will probably require
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Figure 3. Phonon band structure for HCP Co with band widths given by the

phonon broadening due to EPC. The lifetimes due to majority spin electrons have

been multiplied by 20 to make them visible.

going beyond the GGA for exchange and correlation. The majority and minority spin

electrons couple very differently as a function of q, and have a more than 1 order of

magnitude difference in amplitude.

For iron a large literature of calculations exists for phonons, and our Fe data agrees

well with published calculations and with the experiments by Brockhouse[35] at ambient

conditions. In Fig. 4 the bands are shown with their calculated linewidths showing the

respective coupling to majority and minority spin electrons. The latter is larger by a

factor of 2-5 depending on q.

The electron phonon coupling is usually summarized by the dimensionless coupling

constant λ =
∫
α2F/ωdω, and the corresponding inverse moments of the transport

spectral functions λtr =
∫
α2Ftr/ωdω. In the spin polarized case the two spectral

functions give two coupling constants λ↑ and λ↓. Our calculated values are shown

in table 1 for λ, and table 2 for λtr. The values of λ are of moderate strength for Fe and

quite strong for Co. In both cases the majority spin coupling is significantly weaker -

this corresponds to the type of bands at EF in each case: end of the d band for Fe and

the s band for Co, whereas the minority spin band is in the middle of the d band. The

correlation is not directly with the amplitude of the DOS for each spin, but a combined
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effect with the nature of the bands - localized d states feel a stronger effect from the

displacement of a phonon mode. In iron the experimental N(εF ) enhancement is only

partly accounted for by EPC: 0.243 out of an enhancement of 1.4.

λ↑ λ↓ λtot

Co 0.182 1.134 1.316

Fe 0.068 0.175 0.243

Table 1. Electron phonon coupling constants for spin polarized Fe and Co.

λ↑tr,xx λ↑tr,zz λ↓tr,xx λ↓tr,zz
1
3
Tr[λtottr ]

Co 0.002 0.001 0.008 0.024 0.015

Fe 0.102 - 0.199 - 0.300

Table 2. Electron phonon transport coupling constants for spin polarized Fe and Co.

The value of λtottr = λ↑tr + λ↓tr for Fe agrees very well with the result of Sha and

Cohen (0.31). For Co the drastic reduction of λtr with respect to λ is due to the Fermi

velocity factors in α2Ftr. In cobalt the coupling constants and spectral functions are

anisotropic, and the directional dependency in Eq. 5 yields two inequivalent directions

for Co (xx = yy 6= zz). The tensors should stay diagonal for both systems: the

calculated cross terms give an estimate of the numerical accuracy of the calculation,

and are about 100 times smaller than the diagonal terms (no explicit symmetrization of

the σ matrix is imposed, as a check).

The principal experimental quantity which bears witness to the electron-phonon

coupling is the resistivity, shown for Co and Fe in figures 5 and 6, as a function of

temperature. The cobalt data at high temperature should be compared critically: the

crystalline phase is different (fcc) above 660 K up to the melting point at 1768 K. The

anisotropy in resistivity predicted here might be visible for individual grains or isolated

nanocrystals. The spin polarization of ρ is very strong: ρ↑ is close to zero. Eliminating

impurities would allow a larger part of the current to flow in the spin up channel, but

spin orbit coupling will always prevent the creation of a completely polarized current.

The experimental spin diffusion lengths in Co are quite large for a ferromagnetic metal,

between 40 nm (at 4.2 and 300 K) and 60 nm (at 77 K)[38]. This is probably linked

to weak spin-orbit coupling and the strong difference in EPC between the two spins

which we calculate here: the majority spins diffuse very little, and the minority spin

electrons diffuse more strongly, but without flipping their spin as spin-orbit coupling is

weak. The curves that can be seen at the bottom of figure 5 are majority spin diagonal

terms (σxx, σyy, σzz) and minority spin off-diagonal terms (σxy etc...). The former are

small for the physical reasons explained, while the latter should be 0 by symmetry, and

show the numerical error - as mentioned above they are at most 2% of the diagonal

terms (2·10−9Ωm at 1000 K), even in the very low resistivity Co case. This is also true
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Figure 4. Phonon band structure for BCC Fe with band widths given by the phonon

broadening due to EPC, for majority and minority spins. All linewidths have been

multiplied by a factor of 5 for visibility.

for the majority spin channel, where the off-diagonal terms are even smaller in absolute

value (2·10−10Ωm at 1000 K).

The picture of transport in Fe is very different from Co: both spin channels have

larger resistivities. The minority spin channel is again more resistive (larger EPC). The

experimental data lie between the two curves for ρ↑ and ρ↓. The experiment corresponds

to a mixed situation where the spin channels interfere instead of conducting in parallel.

The experimental diffusion length in Fe is only 8.5 nm at 4.2 K[38], which correlates

with the higher resistivity.

The thermal conductivity contribution from EPC can also be calculated from the

transport spectral functions. This describes the limitation of heat transport by electrons

(due to scattering off phonons) and of heat transport by phonons (due to scattering off

electrons). No anharmonic effects are included: their main consequences are 1) to

limit the phonon lifetime and conductivity, and to 2) change the phonon distribution

function, leading to a modified electron heat transport as well (this is a higher order

effect). Figures 7 and 8 show the thermal conductivity as a function of temperature

for Co and Fe (resp.), along with available experimental data. As for the electrical

resistivity the agreement for Fe is quite good, though at high temperature there is clearly
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Figure 5. Electrical resistivity for spin polarized hcp Co, compared to experimental

data from Refs [39, 40, 41, 42]. The low value of the EPC resistivity (which comes only

from minority carriers) underestimates the experimental value after 200 K, mainly due

to anharmonic effects. There is finally a phase transition to fcc Co at 660 K. The curves

near 0 resistivity are majority spin diagonal terms and minority spin off diagonal terms

in the conductivity matrix (see text).

a changing slope in the experimental data due to anharmonic effects. For Co w(T ) comes

entirely from the phonon interactions with spin-down electrons. The overestimation of

experiment is due to our neglect of impurity contributions, without which one would

expect an average of the different directions for a polycrystalline sample. As noted

above Co has a phase transition to fcc at 660 K, which will produce a further difference

in w(T ) compared to our calculation.

5. Perspectives and conclusions

The possibility to separate the single spin contributions to experimental observables is

quite challenging in practice. Certain materials with lower conduction electron densities,

or with more complete polarization of states near EF may be more amenable to direct

comparison with calculations of the type presented here. We hope that this type

of numerical analysis will stimulate more precise experiments. Measurements under
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Figure 6. Electrical resistivity for spin polarized Fe, compared to experimental data

from Refs [39, 43, 44, 41]. The experimental values fall between the extremal majority

and minority spin values. The presence of spin flip centers (impurities or spin-orbit

scattering) effectively averages the two resistances for the spin up and down channels.

applied field (taking care to separate Hall contributions to the current), in particular

in a dynamical regime, could corroborate the very strong differences observed here in

particular for Co. Phonon characterization with spin-polarized neutrons could also give

explicit insight into spin-specific electron phonon coupling in ferromagnetic materials.

Two important and related avenues for development are 1) the use of non-collinear

spin formalisms and spin-orbit coupling, and 2) the inclusion of the interaction between

phonons and magnons[49, 50]. Work is ongoing in both directions.

The spin-dependent electron-phonon coupling has been calculated ab initio in BCC

iron and HCP cobalt, and compared to a range of available experimental data. The

calculated phonon band structures are very accurate. Experimental electrical and

thermal conductivities agree very well in Fe and are somewhat overestimated in Co,

where the strong minority spin-phonon coupling is reduced by electron velocity effects.

The inclusion of the correct magnetic state is crucial, both for the phonons and for

the coupling, and opens the way for the first-principles determination of many new

quantities in spintronics, high temperature magnetism, and complex magnetic systems.

Help with the OPIUM package from E. Walter and discussions with B. Xu are
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Figure 7. Thermal conductivity for spin polarized Co, compared to experimental

data from Refs [39, 45, 46, 40]. The small EPC contribution translates to a strong

overestimation of the thermal conductance: the main limitations to this calculation

of w come from the neglect of impurities and phonon-phonon scattering, the latter

becoming important at higher T. In Co the majority spin EPC is very weak (an

order of magnitude smaller than minority) and the corresponding contribution to the

conductivity is not shown.
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