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Abstract
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1 Intr oduction

Mathematicamorphobgy, denotedVIM hereafteris atheorydevisedfor the shapeanalysisof
objectsandfunctions(Seria, 1982). Usualmorphologcal operatorsaare madeof two parts: (i)
a referenceshape calleda structuringelementor function, thatis translatecand comparedo
the original function all over the plane,and(ii) a mechanisnthatdetailshow to carry out the
comparisonStructuringelementwill beabbreviatedasSE hereafter

MM hasbecomencreasinglypopularover the lastfew years.Part of this successs dueto the
remarkablencreasen efficiency of mary of the MM algorithrrs. Many MM operationsvhich
usedto requireexpensve dedicatechardwareto runin reasonablémescannow be performed
onstandardvorkstationor evenpersonatomputersin this paperwe presensuchanalgorithm
well-suitedfor basicmorphologcal operationsvith largearbitraryshapedtructuringelements.

Definitions and notations. We briefly recall the definitionsandnotationsusedin this paper
We usethe Minkowsky addition definitionsas usedin (Haralick et al., 1987). Let f bea
function definedon the EuclideanspaceZ? (f : Z*> — Z), B C Z? aflat structuringelement
andf,(z) = f(z—b) thetranslatedf f(x) by bin Z*. Theerosionf © B (resp.dilation f & B)

of afunction f by B mapsf into anotherfunctiondefinedas:

(£ © B)(@) = min{/ +(x)} @
(f @ B)(@) = max{ f(2)} @

wheremin andmax denoterespectrely the minimumandthe maximumoperations.

Thesepastyears,considerablesffort hasbeenput into the development of fastand efficient
algorithns for complex MM operationson simple desktopworkstatians. Algorithms for basic
operationdik e the erosionanddilation with a large SE arealsounderdiscussionn literature,
mainly becauseheseoperationselongto mostindugrial proceduredbasedon MM. The aim
is to reducethe numberof stepsthat would be requiredin a directimplemenation of defini-
tions1 and2. Thesimplestimplementation calledthetrivial method in this article,consistan

searchingor eachpoint p the minimum value(in the caseof an erosion)amongall the values
f(p+0b) whereb € B. Thismethods acceptabldéor smallSEs,butleadsto verylongexecutbn
timesfor big SEs. A simpleexampleillustratesthe inherentredundanyg of thetrivial method.
SupposeB = {a,b} andqg = p —a +b. Then(f & B)(p) = min{f(p + a), f(p + b)} and
(feB)(q) =min{f(p+b), f(¢+Db)}. f(p+ b) appearsn bothexpressios but should in an
idealsituation only bereferred to once.Larger SEsleadto evenmoreduplications Until very
recently no othersolution thanthetrivial method wasavailablefor operationswith SEsother
thansquare®r hexagons.

Commerciakoftwaresprovidethepossibilty to erodewith asquareof size[(2n+1) x (2n+1)]
thatis obtainedby repeating: erosionswith a[3 x 3] square This methodis referred to asthe
linear decomposition method. Originatedby Pecht(1985) and enhancedy van den Boom-
gaard(1992),the logarithmic decomposition improves the linear decomposibn by removing
someredundantomputatios. However, the principle cannot be extendedto arbitraryshaped
structuringelement.

In therestrictedcaseof binaryMM, Vincent(1991)proposednefficientsolutionthatconsiders
only the pixels of the edgeof the binary objects,andthenmovesalongthis contourpixel by
pixel, writing onthe outputimageonly thosepixelsof the SEwhich couldnotbereachedatthe
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precedenmove (thenon-overlappingpixels),or theentireSE at the beginning. This allowsthe
codingof anefficientdilation. The erosionwasobtainedby dilatingthe complemerdry image.
Still in thebinarycaseLianget al. (1993)proposednequialentsoluion to the problemusing
a hierarchicalpyramiddatastructure.

The problemis moredifficult whendealingwith gray-level functions. Meyer proposecd bet-
ter soluion thanthe trivial approachin (Meyer, 1990), basedon hierarchicalqueueswhich
also took adwantageof the overlapping parts of SEswhen consideringneighboringpoints.
Gratinet al. (1993)provedthatthe Meyer methodindeedcould be usedwith flat SEsof any

shape.They proposedo replaceMeyer’s hierarchicalqueueswith a simde sortingof all the
pixels of the image, which proved significantly faster It wasshown in the samepaperthat
the compleity of the Gratin/Meyer algorithmwas the sameas the compleity of the trivial

method(i.e. linearwith theareaof the structuringelement) put thatit wasup to 50 timesfaster
dependingn the structuringelementandthe contentof theimage.

Thekey ideain theseapproaches that,in mostcasesit is redundanto completelyre-compute
a minimum for all possibletranslatims vectorsb € B whenthe erosionof two neighbomg
pointsof the imageis to be determined. Indeed,for two suchpoints, the setson which the
minimum mustbe computeddiffer only by a contourwhich is one pixel wide, regardlesghe
needfor a hierarchicalor sortingapproachto the problem,aswith Meyer’s method. Many
authorshave appliedthis idea of a “sliding window” in orderto computerank-orderfilters
(seeChaudhuri(1990), Gil et al. (1993)andHuanget al. (1979)). However, they have only
proposednethoddor rankfilters on rectangulawindows. In thefield of MM, the shape of the
SEis extremelyimportant.

In the next sectionwe extendthe sliding window principleto SEsof ary shapeandshaow that
this methodleadsto a moreefficient andfasteralgorithmthanthe Gratin-Meyer algorithm

2 Algorit hm desciiption

2.1 Basicprinciple

In the following, for the sale of simpicity, we will only presenthe caseof erosionwith flat
structuringelements.The caseof the dilation is obtainedby duality, andthe caseof non-flat
structuringelementss discusedin section3. It is alsoassumedhat B containsthe origin for
simpicity.

In orderto determing(f © B)(p), theminimum of f insidethe“window” B, hasto beknown.
This computatiormusttake placefor all the pixelsof f, andcanbe doneusinga regularscan-
ning from pixel to pixel. For exampleonarandomline of f, thescanningcanbedonefrom left
to right andcorresponds$o a smalltranslaton of B in the samedirection. Thisis the situaton
depictedin figure 1, where B, is a given posiion of the SE and B,, is the next translatedSE.
The neighboringvalue (f © B)(q) is theminimumof f inside B, afterthe translationg — p.
From (f © B)(p), thevaluesof f inside B, N B, arealreadyknown. To obtainthe minimum
inside B,, we thereforeonly needto considerthe valuesof f whichlocationsarefilled with ‘-’
and'+’ symbolsin figurel. If ¢ — p is smallcomparedo thesizeof B, thepartsto beremoved
from or to be addedto B, arealsosmall. In the digital case,whereq — p is one pixel long,
thesepartsare only one pixel thick andcorrespondo a subsetf the contourof B. Fromthe
computers point of view, thesepartscanbe efficiently accessedandthe costto computethe



minimuminside B, is only afractionof whatit would have beenif we hadnottakenadvantage
of ourknowledgeof f inside B,. A similarlocal adaptationis doneafter eachtranslation.

To be ableto computethe minimum of f inside B,,, it is sufficientto memorizeonly the gray-
level histogram of all the pointsof f insideB,,, thento countthe pointswhich appeamandthose
which disappeain the histogram during the translationtowards B,,. The minimumvaluecan
be obtainedfrom the new gray-lerel histogam, which is indeedthe histogam of the valuesof

f inside B,. It is alot moreefficient to work with the histogramthanto searchthe minimum

valueaftereachtranslation.

2.2 Algorithm complexity

As the time neededo computethe minimumvaluein a histagramdoesnot dependuponthe
numberof pointswhich form this histagram,but depend®nly on the numberof possibé grey-
levelsin theimage,we canderive thetheoreticacompleity of the proposedalgorithm.

2.2.1 Worst casescenario

The worst-casescenarichappensvhenthe SE beingusedis suchthatthereis no intersection
betweernthe SE at a givenpositionandits subsequerposition on thegrid afteronly onetrans-
lation. In this case thealgorithmwill examineall the pointsin the SEfor every move. In other
words,the compleity of the algorithmin this caseis the sameasfor thetrivial method which

is proportionalto theareaA of the SE.

Examplesof suchstructuringelementsarelines segmens not orientedin the translationdirec-
tion, or onepixel thick SE (thin rings).

2.2.2 Bestcasescenario

The best-casascenarichappensvhenthe numberof pixelswhich aremodifiedduringatrans-
lation stepis very small comparedwith the total numberof pixel of the SE. In this case,for

a granulometrymadeof suchSE (Matheron,1975),the compleity of the proposedmethodis

constanbr almostconstant.

This is in particularthe casefor line sggmentsorientatedin the propagatn direction: the
compleity of the proposedalgorithmandthe compuing time areindependentf thelengthof
theseggment.

2.2.3 Typical scenario

Typically, SE have a perimetermuchsmallerthantheirarea.Thisis in generaincreasinglytrue
with the sizeof the SE. For suchatypical SE, the setof pixels modifiedduringonetranslation
stepof the SE is includedin the perimeterof the SE, which is asymptottally proportionalto

thesquareoot of the Ferretdiameterof the SE.

For example,if we considera squareSE, the pixels modified during onetranslationstepare
thosealongthe edgeof the SE perpendiculato the translationdirection,asin figure 2. If Ais
the areaof the SE, thenthe complexity of themethodis in O(+v/A).



2.3 Implementation issues

In thedigital case we needto beableto dealwith onepixel longtranslatios of the considered
SE alonga subsetof the principal directionsof the underlyirg grid; exampkes of subsetsare
givenin figure 3.

We alsoneedto startthe procesdy calculatingonce(and,if possiblepnly once)thecomplete
histogramunderoneposition of the SE (for examplethetopmost leftmostpositian of the SE),
and then proceedwith size 1 translationsof the SE following the methodsdescribedn the
previoussection,in orderto covertheentireimage.

We know it is sufficient to dealwith the pointswhich areincludedin the partsto be added
or removed during size 1 translationf the SE. We cancall thesepointscritical points. The
critical pointsdependon the shapeof the SE andon the directionof translation. Thereare 3
translationdirectionsin the caseof the squaregrid (0, —7/2 andn) and4 in the caseof the
hexagonalgrid (0, —7 /3, m and—2x /3). Thesepointsareincludedin thecontourof the SEand
arethereforefew in numberfor mostSEs.

During scanningandin the caseof pureMM operatorgotherrank orderfilters excluded)we
shallkeepa variablewhich holdsthe position in the histogramwe areinterestedn: minimum
in the caseof an erosion,maximumin the caseof the dilation. This valueis readonceper
translation(thatis the “output” value)andis in practiceseldommodified. Althoughthis notion
is difficult to demonstratethe agumentgoesthus: this relevanthistogramvaluechangesonly
whena pixel with a lower (erosion)or higher (dilation) valueis introducedin the histagram,
in which casethe modificationis immediate or whenthe correspondindrequeng in the his-
togramcomesto 0, indicatingthat thereis no longer a pixel underthe SE which holds this
value,in which casea scanningof the histogamis necessary This approacheliminatesthe
necessityo actuallylook into the histogramaftereachtranslation Finally, evenin thecaseof a
very noisyimagewherethe extremalvaluewould changeoften, the scanningof the histogram
occursin constantime andthis operationdoesnot affect the complexity of thealgorithm

Beforestartingthe operationananalysisof the SEis necessaryo find thecritical pointsonthe
contourof the SE. In practicewe canhold thesepointsin arraysof 2D vectors,thesevectors
beingthepositionof thecritical pointsrelatveto theorigin of the SE.Onearraywill containthe
position of thepointsto beremoved anotheithe position of the pointsto beadded.Theseeasily
accessearraysarefilled only onceat the beginning of the algorithm,andare only consulted
afterwards. The analysisof the SE canbe doneby effectively makingtherelevanttranslatims
andfinding the points that changewith logical operations. This allows to processeasilythe
complex caseg{SEswith holes,non-connecte®Es,etc).

It is alsocritical to processcorrectlythe edgesof theimage. The bestpracticeis to addedges
of sufficient sizeto the original image. The size of the edgesare easyto determine:they are
eguvalentto thoseof the boundingbox of the SE, asin figure4.

2.4 Algorithm implementation

Hereis now thecompletepseudo-codef thealgorithmin the caseof anerosionby aflat SEon
asquaregrid.



\ Algorithm: Erosion by a structuring elementB

e Declaration of data
- imIn, theoriginal imagef.
- imOut, the output image.
- B, thebinary imagecontaining the SE.
- histo, the histogam

e Initializ ation

Finding of theborderpointsof B in eachdiredion usingtransldions
Filling of the histogramfor thefirst postion of B

e Main loop

For eachevenline of imin
For eachpointc of line ]
TranslateB onepixel to theright andadaptthe histogram;
imQOut[c,l] < min(histo) ;
EndFor
TranslateB onepixel to the bottom andadaptthe histogram;

For eachpointc of linel + 1
TranslateB onepixel to the left andadap the histogam;
imOut[c,l + 1] < min(histo) ;
EndFor
EndFor

To implementa dilation, it is suficient to replacethe min() operatorby a maz(). Figure5
representsghe resultof a numericalopening thatis an erosionfollowed by a dilation, by a
structuringelementesemblinga face,of thefamous‘Mona Lisa” painting. Thisallowsto find
thelocationof thefaceof MonaLisa onthepainting

2.5 Resultsand discussion

Let usnow considerthe computingtime on a sampleimage. We have considereda 512 x 512
squaregrid imageon which a seriesof erosionshave beenperformed.The structuringelement
was a standardsquareso that the methodscan be comparedwith the linear decompositin
method.

Thefollowing methodsverecompared

1. Thetrivial method, consising in a comparisorof all the pixelsof theinputimageunder
the SEfor all the positionsof the SE.

2. TheGratin-Meyer method which consistsn a hierarchicalapproach.

3. The proposednethodpresentecbore and mentiored as Talbot-Van Droogenbroeck on
thegraph.

4. And areferenceechnique:the linear decomposition method thaterodesanimageby a
[N x N] (N mustbeodd)squareby repeating N — 1)/2 erosionsdy a[3 x 3] square.



Figure 6 presentghe resultsin a log-log scalegraph. Computng timeswere obtainedon a
NeXT 6804025 MHz workstation(equivalentto a SunSparc$ationl) with thegcc compiler
andthegpr of profiler.

We canseewith this resultthatthetrivial method yields extremelylong computingtimes. For
anerosionwith a[61 x 61] squarethe computingtimeis closeto 45 minutes.

Thelinear decomposition method yieldsthe bestresult,albeitcloselyfollowed by the proposed
method. The key point hereis that the decompositth methodcan be usedonly with a lim-
ited numberof SEs,like squaresn this case whereaghe proposednethodcanbe usedwith
arbitrarySE.

By constructionthe decompogion methodhasa compleity in v/A, A beingthe numberof
pixelsin the SE. Indeed,the numberof loopswith the unit squareSE neededo computean
erosionwith a squareSE containingA pixel is proportianal to the lengthof the edgeof sucha
squarewhich is equalto v/A. Thefactthatour methodfollows so closelythe decompositin
methodin termsof computingtime shows thatthe complexity estimaten /A for our method
wascorrect.

The Gratin-Meyer method givesmuchbettercomputingtimesthanthe trivial method,but this

methodis inferior to the proposednethod.The Gratin-Meyer method is alwaysslowerthanthe

proposednethod,andbecaus®f thelower compleity of the proposednethod thedifference
in computingtime increasesjuickly with the sizeof the SE.

It must be noted that the comparisonbetweenthe Gratin-Meyer method and the proposed
methodextendsto shapesnore complex thansimple squares.For example,nearly identical
resultsareobtainedwvhenusinga seriesof scaledSEssimilar to theoneusedin Fig. 5.

3 Extensions

It is possibé to extendthe presentealgorithmin atleastfour differentways:

3.1 Non-flat structuring elements

Supposéhatfunctiong(z) : Z*> — Z only takesnon-zerovalueson D. Thegray-scaleerosion
anddilation of f by anon-flatstructuringelementy arerespectrely definedby

(f©9)(z) = min{f(z +d) - g(d)} 3)
(f ® 9)(2) = max{f(z — d) + g(d)} (4)

A non-flatSE (so-called3D SE for 2D images)is like a structurirg function non necessarily
constanbn its definitioninterval. It shouldnot be mistaken with 3D SEsfor 3D images.On
digital images,computinga basicMM operationwith sucha SE is equivalentto computirg a
weightedextremum.

The methodpresentedn this paperappliesequallywell to non-flatSEs. The sameprinciple
applies: pointsin the SE thatdo not changeduring a one-pixel translationdo not needto be
re-examinedduringthis very translatim. However, in the generalcase the setof pointswhich
do changeduring one-pixel translatios is not a subsef the contourof the SE: dependingon
thegeometryof the SE, somepointswithin the SE might needto be consideredswell.
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In amorespecificmanneyif duringthetranslationof the SEfrom a positionto anadjacenbne,

theweightof a givenpixel ontheimage f remainsthe same thenit is not necessaryo update
the gray-level histogam underthe SE for thatposition. If, onthe otherhand,the weightdoes
vary, thenwe mustconsidetthis position muchin the sameway contourpixelswereconsidered
in theflat case.

3.1.1 Algorithm complexity

Flat structuringelementsare actuallya subsebf non-flatstructuringelements.The samedis-
cussionpresentedn section2.2 alsoappliesto non-flatstructuringelements.

In the commoncaseof real non-flatSEs,a large proportionof the SE needso be updatedor
eachtranslation.This proportia is usuallyindependenof the sizeof the SE. This meanghat
the compleity of the methodin thatcasewill be the sameasof thetrivial method.However,
sincenot all points needto be updated,contraryto the trivial method,a subsantial gain in
computirg time canbe expectedasshownn in table 1. In this table,computirg time areshowvn
for both the proposedmnethodandthe trivial methodin the caseof the erosionof the image
of MonalLisa (figure 5) by the very commonsphericafrolling ball” structuringelement(ie: a
circularSEwith weightsarrangedsto describeahemisgnerein grey-level). In thiscasewhich
is quite typical, a computirg time gain of nearly50% canbe obtainedby usingthe proposed
method.

3.1.2 Implementation

The implementationof the algorithmfor 3D SE is almostthe sameasfor flat SE. The only
partwhich changess the necessityto apply the correspondingveightsto the pointsthatenter
andleave the histogam calculation.In practice this managemertakesa negligible amountof
computirg time.

It is possibleto actuallyimplementthe caseof the flat SE asa subsebf the generakcase.As a
result,the total computng time is directly proportionalto the numberof pointswhich needto
beupdatedvith eachtranslationof the SE, regardlesof whetherthe SEis flat or not,asshovn
in figure7.

3.2 3Dimages

Thesamemethoddescribedbove appliesto 3D images.Oneneeddo consideralargernumber
of scanningdirections(in the caseof the cubic lattice, for example,we needto consider5
scanninglirections).

Thesetof critical positionsin the SEwill have thedimenson of a unit thick surface.

3.3 Rank order filters

It is alsopossilte to realizerankfilters on non-rectangulawindows with this method.Instead
of looking for aminimum or amaximumin awindow, we justneedto look for themedianvalue
(for exampk) of the gray-level histagramof the pointsof theimage f underthe SE B. Since



this histogramis readily availablefor all the positonsof B, this extenson comesat no extra
cost.

3.4 Optimization of the dir ection of translation

Thedirectionin which thetranslationof the SE is mademakesno differenceto thefinal result.
However, thedirectionsin which the SE aretranslateccanmake a differencein termsof com-
puting speed dependingon the SE’s shape.lt is betterto choosea translatim directionsuch
that the width of the SE in the perpendiculadirectionis minimal, if sucha direction exists.
This makesa dramaticdifferencefor line SE for example.

The actualtranslatian canbe achieved eitherby a prior rotation of the image(which is exact
only in a limited numberof directions),or by usingactualtranslation of the SE, alongeither
Bresenhanor periodiclines,asdefinedby (Soille et al. 1996).

4 Conclugons

A new methodallowing the computaibn of basicmorphologcal operationswith arbitrary flat
structuringelementson 2D gray-level imageshasbeenpresented.

It wasshavn thatthismethods lesscomple, moreefficientandfasterthanall existing methods
for the computaton of suchoperations.

Extension®f thismethodto non-flatstructuringelements3D imagesandrank-ordefilters are
alsopossible.

Besidedraditional applicationof morphol@ical operatordik e patternmatchingwith arbitrary
shaper filtering with isotropic structuringelementsthis methodhasalsobeenusedto com-
puteisotropicgray-level granulometriesn reasonableomputing times.
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List of Figure and Table Captions

Tablel: Comparingcomputngtime (in secondsjor theproposednethodvs. thetrivial method
in the caseof anerosionby arolling ball SE.

Fig. 1: Effectsof a smalltranslationof the structuringelementduringanimagescan.Thegray
areaof theright handfigure representtocationsof valuesboth consideredor (f & B)(p) and
(f © B)(q).

Fig. 2: A differentlocal histogamis associatedio eachlocationof the window. The onepixel
to theright translationof the squarewill affectthe minimumgivenin theright handhistogram.
Fig. 3: Proposedranslatiors on adigital grid.

Fig. 4: Additional edgeto beaddedo the originalimageduringthe operation.

Fig. 5: Patternrecognitionusinganopeningwith aface-like structuringelement.

Fig. 6: Computingtime. Erosionby square®na[512 x 512] squaregrid image(log-log scale).
Fig. 7: Computng timesfor erosionsby variousSE on a givenimage. Both flat and non-flat
SE arehandledin the sameway. The computingtime is proportionalto the numter of points
which needto be updatedat eachtranslation.
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Radiusof the SE (pixel) | Proposednethod(s) | Trivial Method(s)
5 11 13
10 28 50
15 70 128
20 140 230
30 330 557
Tablel:
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(a) Scanning a square grid (b) Scanning an hexagonal grid
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