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Introduction

The goa of this research is to integrate the influence of the materia texture into a
finite element code. The constitutive law describing the mechanical behaviour of the studied
sample is based on a microscopic approach. The law computation takes place on the
crystallographic level. A large number of crystals must be used to represent correctly the
global behaviour. The micro-macro transition links the global behaviour to the
crystallographic results. The Taylor's model described in Chapter | is used for the
computation of the microscopic behaviour of each crystal and for the micro-macro transition.
Unfortunately, this model does not lead to a general law with a mathematical formulation of
the yield locus. Only one point of the yield locus corresponding to a particular strain rate
direction can be computed. The “direct Taylor's model” assumes that one macroscopic stress
results from the average of the microscopic stresses related to each crystal belonging to a set
of representative crystals.

The computation of the mechanical behaviour involves a large number of crystals and
must be repeated for each integration point of the finite element model, for each iteration of
each time step. So, such a micro-macro approach consumes large computation time and seems
practically not useful.

However, using different simplified approaches, various constitutive laws based on
texture analysis have been implemented in the non linear finite element code LAGAMINE.
Our first step in the integration of the texture effects has been the use of a 6™ order series
yield locus defined by a least square fitting on a large number of points (typically 70300) in
the deviatoric stress space (see Ref. [13]). Those points were calculated by the Taylor’s model
based on an assumed constant texture of the material. This fitting is performed once, outside
the FEM code. It provides 210 coefficients to describe the whole yield locus. This method, i.e.
aglobal description of theyield locus, is actually used in the FEM code and will be referred to
asthelaw ANI3VH.

Unfortunately, taking into account the texture evolution effects with this yield locus
would imply the computation of the 210 coefficients of the 6™ order series for each
integration point, each time a texture updating is necessary. This would require an impressive
amount of computation and memory storage (210 coefficients for each integration point)
which is only partially useful as generally the stress state remains in alocal zone of the yield
locus. So, two new approaches, where the whole yield locus is unknown, have been
investigated.

In the first case, some points in the interesting part of the yield locus are computed
with the Taylor’'s model. This local zone of the yield locus is then represented by a set of
hyperplanes which are planes defined in the five-dimensional deviatoric stress space. These
planes being fitted on the Taylor’s points.

As it has been shown in [4], the yield locus discontinuities bred by this very ssimple
interpolation method give rise to convergence problems in the finite element code. That is the
reason why a second method has been devel oped.

For that second approach, no yield locus is defined and a direct stress-strain
interpolation between Taylor's points is achieved. In this case, the yield stress continuity
conditions are fulfilled but, as there is no yield locus formulation, a particular stress
integration scheme has to be used.

Both interpolation methods allow us an important computation time reduction with
respect to the “direct Taylor's model” application. The Taylor's model is only used to
compute some pointsin order to achieve the interpolation.
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These points must be computed in two cases:

* When the current part of the yield locus does not content anymore the new stress
state and that a new local zone of theyield locusis required.

*  When the plastic strains significantly deform the material and induce changes in
the crystalographic orientations, i.e. when the texture evolves. Indeed, the
corresponding mechanical behaviour of the material would no more be correctly
represented by the old points. A texture updating must take place.

The part yield locus approach presented in this work can be placed between the
microscopic approach (accurate but very slow) and the global yield locus approach (fast but
inaccurate and especially not adapted for texture updating).

The interpolation methods (hyperplane or stress-strain interpolation) and the precision
of their integration scheme in the finite element code are very important points and are
presented heresfter.

The work contentsis the following one:

The first chapter presents the main particular points of the Taylor's model and the
micro-macro transition: the method used to compute the yield limit in the deviatoric stress
space for aparticular prescribed strain rate. Thisisin fact one point of the yield locus.

The second chapter largely describes the stress-strain interpolation and the underlying
theoretical formulations.

The third chapter is devoted to the hyperplane method while the fourth chapter
compares the two interpolation methods together and also to the global yield locus approach.

The computation of the texture evolution is an important part of the presented
research. However, it will be further investigated in the Ph. D. thesis.

As aready mentioned, the validity of the presented model is the prediction of the
anisotropic plastic behaviour of metals on the basis of their crystallographic texture. It is then
dedicated to polycrystalline materials. Starting from the initial texture of the material, the
model computes the texture updating due to plastic strain and takes it into account to define
plastic behaviour during the whole finite element simulation. At this stage, the model is
available for face centred (f.c.c.) and body centred cubic (b.c.c.) metals but can be adapted to
hexagonal compact |attices.

Beneath this plastic model, a power-type isotropic hardening law and an isotropic
elastic behaviour are implemented.

Notation:
e Vector: V
e Second order tensor: T

» Scalar product between two vectors: A_T ‘B AB
* Scalar product between two second order tensors: As B - A [B g

* Einstein summation is always applied
« Tensor contraction: Ae B — Aj [B;




IMPLEMENTATION OF A YIELD LOCUS INTERPOLATION METHOD IN THE FINITE ELEMENT CODE LAGAMINE

Chapter I Sresstensor Derived From The Texture

In order to take the texture of the material into account during a finite element
simulation, we use the Full Constraint (FC) Taylor’s model which is summarised hereafter.

The velocity gradient L of a single crystal (which is assumed to be the same as the
macroscopic one in a FC Taylor’s model) can be decomposed in a dlip induced part and arate
of crystal lattice rotation ¢J:

(1) L=Kcs +at, S=1,24inb.c.c. crystals

1,12 inf.c.c. crystals

where Ks are matrices constructed from the normal to the dip plane and the dip
direction of each dip system S They represent the velocity gradient due to the plastic
deformation induced by a particular slip system. yg is the associated dip rate. Einstein
summation is applied on Srepresenting one dip system. This approach neglects elastic crystal
behaviour. In this chapter, strain rate means plastic strain rate.

The velocity gradient L may be split into a deviatoric strain rate and a rate of rigid
body rotation:

0 £=ymiL) = A s
®) w=skw(l)=Z s+
H e

with As= sym(Ks) and Zs= skw(Ky).

The resolved shear stress acting on a dip system can be derived by projecting the
microscopic stress on the corresponding As matrix:

(3) Is= és © g
Theyield locus of asingle crystal isthen defined by the Schmid’s law:

c c c C
(4) —T_g<Tg<T g [ —T_gSAg°0<T,g

where T¢ g are the so-called critical resolved shear stresses.

Equa signs hold for plastic deformation, while the inequalities delimit the elastic
domain.

Severa different combinations of dlip rates may achieve the prescribed strain rate
according to the first part of equation (2). Taylor's principle states that only the one which
minimises the internal power dissipation in the slip systemsis chosen:

(5) R =75 ¥s| = min
In order to solve equation (2) constraint to the condition (5), we use a linear
programming algorithm which computes the dlip rates y5 and gives the microscopic stress
tensor (see Ref. [16]).

The so-called Taylor's factor M is conventionally derived from the plastic power
dissipation per unit volume P for agiven strain rate mode U ; as:
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™

= goé  g°U;
(6) M &= P = C— . =
= 4 EE'EQ T E‘EEQ T

[I'tn

“

where the prescribed strain rate £ has been split up into a scalar magnitude égq and a
mode U with the definition:

(7) SEQ = Jgij Dt‘” and =g= :

and ° is the reference critical resolved shear stress. It assumes that all 1°s are identical
to 7-.

The plastic power dissipation per unit volume P has been defined according to the
maximum work principle as:

®) P=g-¢
Finally, it is important to remark that the previously described internal dissipation

power and plastic power dissipation result from a prima-dua approach of the
crystallographic slip resolution. These two formulations of the power are then equal.

c
‘II ™.

m
QO

The micro-macro transition can be easily achieved through an averaging of the
microscopic strain tensor and the microscopic stress tensor related to each crystallographic
orientation. This concept is very simple but the averaging must be done simultaneously on the
stress and the strain because of their interaction in the single crystal. A solution to this
problem is then very hard to find.

Several assumptions have then been proposed in order to be able to solve the micro-
macro transition. The main ones are:

* The Sachs model. It assumes a homogeneous stress distribution throughout the
whole polycrystal. The microscopic stress in each crystal being equal to the
macroscopic one. The averaging must only be achieved on the strains.

e The Taylor's model. On the other hand, it assumes a homogeneous distribution of
the plastic strain rate. The macroscopic stress of the polycrystal is then computed
by averaging the microscopic stress on each crystal. This model will be used in the
present work.

* The self-consistent model (see Ref. [1]). It considers each grain in turn as an
inclusion embedded in an ideal homogeneous plastic matrix. As this plastic matrix
behaviour is obtained by an averaging of the single crystal behaviour, an iterative
procedure must be used. This model should conceptually be more accurate than the
two previous ones but requires larger computation time.

In order to be able to compute the stress corresponding to a particular strain rate
direction with the Taylor’s model, some data about the studied steel must be obtained.

The first one is the initial texture of the materia, i.e. the orientation of the different
grains contained in the polycrystal. This texture can be measured by a X-ray diffraction
method. It is described by the so-called Orientation Distribution Function (ODF) which is a
mathematical formulation commonly used to represent the texture. A convenient way to
formulate the ODF is to use the Euler angles describing all the possible orientations of agrain
in the 3-D space. The ODF is then smply the volume fraction of the grains having the
orientation described by the three Euler angles.
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The ODF is a convenient way to express the texture of a material. However, before
applying the Taylor's model, a representative set of crystallographic orientations must be
deduced from the ODF. This representative set is computed according to the statistical
method proposed in Ref. [15]. The Taylor's model is then applied on each crystal of the
representative set and the micro-macro transition is achieved through averaging the
microscopic stress from each grain of the representative set.
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Figure 1: Influence of the number of crystal orientationson the accuracy (the
referenceresult istaken asthe one computed with 40000 orientations).

Figure 1 shows that the number of those orientations should not be smaller than 2000
in order to be accurate (mean error smaller than 1%). This number of crystallographic
orientations included in the representative set will generally be used with the Taylor's model;
especially in the applications presented in Chapter IV of the present work.

Secondly, the permitted dlip systems of the crystal lattice must be introduced as the
Taylor's model data. The parameters describing these permitted dlip systems are needed in
order to compute the Ks matrices of equation (1) for each dip system. For b.c.c. metals, we
usethe24 {110} <111>and {112} <11 1>dipsystems. For f.c.c. metals, the 12 {1 1 1}
<11 0> permitted dlip systems are imposed.

Beside these material data needed by the Taylor's model, the constitutive law makes
use of different aspects of the material properties: the elastic properties and the hardening
behaviour. As the eastic and the hardening behaviour are supposed to be isotropic, they can
be obtained from classical tensile tests.




IMPLEMENTATION OF A YIELD LOCUS INTERPOLATION METHOD IN THE FINITE ELEMENT CODE LAGAMINE

As this method uses a refined representation of the plastic behaviour, it requires some
particularities in its implementation into afinite element code.

A first remark is that it needs large computation time. Indeed, when a new
interpolation domain must be computed or when texture updating takes place, the Taylor's
model is called for each crystallographic orientation of the representative set and this can
occur at each integration point of the finite element mesh. As the number of the orientationsis
generally chosen equal to 2000 and the number of integration points can also be very high
depending on the structure to model, this constitutive law often leads to large computation
time.

It should also be noticed that this model needs a lot of disk space because it is
compulsory to store the 3 Euler angles of each crystallographic orientation. Furthermore, as
the texture evolution can be different from one point to another, it is required to store those
orientations for each integration point. In order to achieve the texture updating, the strain
history of each integration point must also be stored.

For the interpolation method, the points computed by the Taylor’'s model must also be
stored in an internal variable meanwhile two domain updating.
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Chapter Il The Stress-Strain Interpolation

A I ntroduction

The method presented here works in an equivalent way than direct Taylor's model
calls. Indeed, from a strain rate direction, the Taylor's model computes the corresponding
stress. Our model aso computes the stress from the strain rate direction. The goa of the
interpolation method is in fact to reduce computation time for strain rate directions close to
some already computed directions. We interpolate the results between some points that have
been previously computed with the Taylor’s model.

B  N-dimensional space geometry

1 Domain limit vectors

Around a reference direction called & (unit vector), the interpolation domain will be
defined. To do so, one must find some vectors uniformly placed around . These vectors
must fulfil the following prerequisites:

* InaN-dimensional space, N vectors § are needed
» They are unit vectors:

©) Sl -5 =1
» Thereisacommon angle between each other:
(10) S]eS=1-p° i#]
Equations (9) and (10) give:
(11) sTes =1+8%M5;-1) il

(9 isthe Kronecker symbol)
* Thereisacommon angle & between § and each S:

(12) S+ S =cosl9)

The angle & is a user parameter and defines directly the size of the interpolation
domain.

With these definitions, the reference vector & is the mean value of the domain limit
vectors S (the vector’ s lengths not taken into account):

N
(13) S=kyS
i=1

Combining equation (12) and the fact that & is a unit vector, one can deduce the
following relations:

10
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N

S

i=1

1

(1) EE)

0 =N eod®)

(15) and  B2=—"[En%(9)

2 Definition of avector basis into the domain

Asthe N § vectors are linearly independent, they can be used as a vector basis in the
N-dimensional stress space. However, they are not orthogonal to each other; so, it is useful to
define N new vectors SS such that they are perpendicular to the S:

(16) ss' - *Sj =9

Due to this definition, these vectors are not unitary; they can be obtained by linear
combination of § and &:

(17) S§ =alf +bH
Where a and b can be deduced from equation (16); the final form of S§ vectorsis:
(18) sq =L 5 18 0
— Igz cos(d) =0
Two useful relations can be deduced from the definition of SS vectors:
S
19
(19) Z S = cos(d)
Oii 1- ,3
T Hij
) ad S-S5 =

B% %N [@os’(9)

3 Useof the new basis

The vectors defined above will be used to decompose any vector V (non-unitary) in the
following form:

N
(21) V=35
i=1
The n coefficients can be obtained by projecting V on the SSvectors:
N
(22) SSj +V.=5 77 [BS] « § =1,
i :1 | ——

:5”.

These N r7-coordinates are independent to each other; their knowledge is equivalent to
the knowledge of the vector V, with its direction and its length. It can be easily found that:

N vTe
(23) Zm = S(;O

Asthisequation is not very inter&stl ng, new coordinates will aso be defined.

11



IMPLEMENTATION OF A YIELD LOCUS INTERPOLATION METHOD IN THE FINITE ELEMENT CODE LAGAMINE

4 |ntrinsic coordinates
These coordinates are defined:

(24) C'tl = C_?S(g) Eﬂo % = N,7i
V_ S

such that Zfi =1; which is an interesting property.

These &-coordinates are equivalent to the intrinsic coordinates used in the two or
three-dimensional finite element method. Here is presented the N-dimensional general case.

Unlike the n-coordinates, these intrinsic coordinates are dependent to each other. The
N™ coordinate can be deduced from the N-1 others. The V vector is then no more completely
represented by these é-coordinates; only its direction is known, its length must be defined
separately.

It can be noticed that the direction and the length are completely uncoupled with this
representation. This is an important property but, on the other hand, the V vector cannot be
completely recovered knowing the intrinsic coordinates.

5 Properties of those coordinates

Some important properties of the /7 and é-coordinates are presented:

e For an unit vector V corresponding to a domain limit vector S, the 7 and &
coordinates are all equal to O or 1.

e The limits of an interpolation domain are defined such that al the n and &
coordinates are positive. From this definition it can be deduced that the & are
smaller than 1.

e The N limits of the domain correspondto 7= §=0

» The N vertices are defined by 77, = & = 1 and the other coordinates equal to zero.
They are the domain limit vectors.

» The knowledge of the N 17 or &coordinates is equivalent to the knowledge of any
vector’s direction (corresponding to N-1 independent variables); in addition, the 7,
include the length of the vector.

6 Computation of the Svectors

The way we compute the S vectors is based on a particular case. One particular
reference direction & is chosen such that all its N components are the same. The domain
limit vectors are computed by adding consecutively each vector of the cartesian basis to the

reference §
31 PO
En 00
. 1 Q0 &0
(25) Si—a[50+,8[11 —aEI— D+,8ED

=8

According to equation (14), we have:

12
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HH

~ N « Nm+p D
(26) i_Nﬁcos(&)D.zS‘— N eos(9) ﬁﬁ

where a and B are such that the unitary conditions || S [|=1and || S || =1 are fulfilled.
One can easily check that Bisthe same than the one defined by equation (15) and:

_cosld) _ sin(3)

JN NN -1)

Once this particular case is completely defined (reference and domain limit
directions), all these vectors will be rotated in order to have S and S pointing the same
direction. By the way, the §° will be equal to the S. The rotation matrix is computed
according to equation (28):

o oo sl s)

Some remarks concerning R are listed:
« Thisdefinition fulfils the rotation condition: RR'=1
» Therotation can be applied on the reference vectors:

(27)

(29 RS =%
* Itisaso applied on the domain limit vectorsin order to compute them:
(30) R-S =5

« If S and § are opposite vectors, equation (28)*is not valid; the domain limit
vectors § can be computed as the opposite of the § .

It can be noticed that when the S vectors are computed, the SS vectors can be obtained
through equation (18).

7 Entering the adjacent domain

During a finite element simulation, the domain where the yield locus is defined must
frequently be updated. A new domain is computed when the old one is not anymore valid.

The classical way for such updating is based on the previous paragraph, where the
reference direction S, which is in the middle of the interpolated domain, will be chosen as
close as possible to the direction in which the yield locus must be explored.

However, it can be interesting to take advantage of the neighbouring of the domains.
The 3-dimensional representation of Figure 2 compares the two methods.

Next to a particular frontier, defined by N-1 domain limit vectors (2 for the 3-D case),
there exists only 2 domains. Those 2 domains are defined by their common frontier and only
one other domain limit vector. So, to go from one to the other adjacent domain, the required
information is only one limit vector; the frontier being known.

As the computation of a vector according to the Taylor's model is time consuming,
this method is very interesting. Only one instead of N vectors is computed.

If the old domain is left along the frontier & = 0 (see paragraph 5), the domain limit
vector § must be replaced by the new § which is computed according to equation (31).

(31) § =als +b5

13
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The constants a and b must be such that § fulfils the followi ng conditions:

/T ;o
(32) s7es;=1

(33) Sles;=1-p% i#]

S

S

Figure 2: Classical and improved domain updating methods

Finally, as a new domain is explored, a new &' vector must be computed either
according to its definition (equation (14)) or form the old domain values:

m with § replaced by § s oga

S-S
N zos(9)

I o |

When the limit vectors of the new domain are computed, it is interesting to look at the
new coordinates. The frontier opposite to the vertex § is defined by:

(35) ni=V'+S§ =0

Where V isaparticular vector on the frontier.
Replacing SS by its definition (equation (18)), we get:

T.c _yT. - B?
(36) vTeg=vT iﬂcos(—ﬁ)

The other n-coordinates which are not equal to zero are:

—vT. _vT. _ -B2H.1
(37) e =vT s =vT % iglms(—aq%?

In the adjacent domain, the n-coordinates can also be computed. First, the 7/’
coordinate corresponding to the new domain limit vector §’:

14
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i :\i' §
(38) o B, ]—,52 1
R E cos(é‘)%glg7
Using equation (34) to express &':

r oyl e ) - i_i _IBZ :
(39) m=v_ % N mos(ﬁ)E:kOS(é‘)Eg,;2

S can be eiminated with the use of equation (18):

N 2_«_ S-S 1-p°H1
M= %*ﬁw S N@os(a)zlos(zs)%;?

2
:VTO VTo ! — —i 1
AR RAR R B i

=1

On the frontier between the two adjacent domains, as 77; is equal to zero, 1" is equal to
zero too if:

(41) vieg=v'es

(40)

Due to the definition of the new domain limit vector §', equation (41) is fulfilled.
Indeed, V is a vector on the frontier and this frontier is a symmetry plane between § and S§’.
The projections of these two vectors on V are necessary equal.

The frontier is then defined by 77 = 1,=0.

The other coordinates of the new domain can also be computed:

M=V * S

(42) e 1-52M1
g O

Note that S¢ =S because it is kept from the old domain.
By the same way than previously, we get:

FoyT o s — S5 f-pp
(43) Mk =V_ % %WL|\|m:os(ﬁ)E:tOS(ﬁ)E]ﬁ7

Eliminating $ with equation (18) applied to SSi:

T, 2_g 378 4-p°H1
mo=vT E&+ﬁm £ N@os(g)déos(ﬂ)gj,?

“ T T ) 1-5°
=V ' o V' e ! — 4
_?7-%+_ 875 N [Gos?(9) B2
Finally equation (41) leads to:
(45) Mk =1k

This equation implies that along a frontier between two adjacent domains, the 7-
coordinates computed from one or the other domain are equal. It is a very important and

15
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convenient property that is also encountered in isoparametric finite element intrinsic
coordinates.

The main advantages of this method are that it requires only 1 (instead of 5) Taylor's
model call for an updating, it improves the continuity of the resulting yield locus and the
continuity of its normal. A drawback is that it can only be used when the adjacent domain
contains the current stress and then gives rise to positive new intrinsic co-ordinates. This
condition is satisfied when the stress evolves smoothly which is often the case during afinite
element simulation.

8 2-D and 3-D cases

The yield locus using this interpolation method is located in the 5-dimensional
deviatoric stress space. In order to have a more physical view, a 2-D and 3-D representations
of theyield locus are explained.

In 2-dimensional space, the yield locus would be a plane curve, i.e. a 1-dimensional
domain. The most simple representation is a segment of a straight line limited by 2 points.

In 3-D space, the yield locus would be a surface (a 2-D domain). The most ssimple
representation would be a triangular facet limited by the 3 lines (1-D domains) joining the 3
vertices of the facet.

In the same way, for N-dimensiona space, the yield locus is a (N-1) dimensional
domain. The most simple representation is an hyperplane (dimension: N-1) limited by N
frontiers (dimension: N-2) and defined by N points.

A point in the domain can be located by N intrinsic coordinates ¢ which are linked to
the N vertices. On afrontier, one intrinsic coordinate is equal to zero; so, this frontier which is
a N-2 dimensional domain is defined by N-1 points and can be described by N-1 intrinsic
coordinates (the non-zero ones).

9 Non-regular domains

According to equation (10), the angle between the domain limit vectors are all the
same. This implies that only regular domains are used. In 3-D case, the interpolated yield
locus is represented by equilateral triangles.

However, it would be possible to define an interpolated domain based on non-
uniformly located limit vectors. For 3-D case, the triangular facets would no more be
equilateral.

With a non-regular domain, the intrinsic coordinates are <till available but some
particularities should be noticed:

» The choice of the N domain limit vectors § is free; the angle between each other is
not fixed. However, as they are a basis in the N-dimensional space, they can not be
parallel to each other; they must be linearly independent.

* In order to compute the SS vectors, equation (18) is no more valid. The definition
based on equation (16) (§T.S_S = §;) must be used. Asthe Svectors form abasis, it
is always possible to compute the SS vectors. Equations (19) and (20) are no more
fulfilled.

« The n-coordinates are still computed from equation (22) (7 = V'.SS). On the
other hand, the V vector can be found knowing its coordinates according to
equation (21) (V= 213 ).

* Theintrinsic coordinates are computed in the same way:

16
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T
Ui V_ -5

N T N
DN/ ARI ]
j=1 j=1

Note that this equation is dightly different from equation (24) (the original
definition) in the sense that the sum on the SS vectors can no more be replaced by
itsvalue as afunction of S,.
The sum of theintrinsic coordinatesis again equal to one.

* The & vector isno more a particular direction; it can however be defined:

(46) §i =

N
@) S=cy S
i=1

The ¢ constant must be chosen such that & is a unit vector.
For that direction, al the intrinsic coordinates are the same and their common
valueis (IUN).

o Just like for regular domains, the N domain’s frontiers are defined by & = i, = O;
the N vertices are defined by & = 1 and the other coordinates equal to zero.

* The property defined by equation (45) stating that the r-coordinates computed
from two adjacent domains are equal on the common frontier isno more valid.

Aside those differences, the main properties of the & and r-coordinates are till
fulfilled. So, non-regular domains can be used just like regular ones.

C  Yiedlocusinterpolation

Contrarily to numerous phenomenological models, in the developments integrating the
texture, there does not exist a mathematical formulation describing the yield locus
continuoudly. It is only possible to numerically compute, for a particular direction called d,
the length of the vector whose extremity lies on the yield locus. The length of this vector will
becaleds.

As the computation of one point of the yield locus with the texture model is time
consuming, it is interesting to interpolate localy the yield locus between some computed
points. Different interpolation methods can be used; some are presented hereafter.

The problem to solve is to find a formulation in order to interpolate s , the length of a
vector as afunction of its direction d which can be described by the intrinsic coordinates.

In the finite element analysis, both stress space and strain rate space are closely linked
together. The choice of the interpolation space will be imposed by the texture model. Indeed,
the Taylor’'s model allows to compute, for a given strain rate direction, the stress direction and
its length so, one point of the yield locus. On the other hand, if one wants to impose the stress
direction, it is necessary to iterate in order to find the corresponding strain rate direction.

Due to this, both spaces will be used. For the strain rate space, the domain limit
vectors will be computed according to the method presented in paragraph B6; a regular
domain will be obtained. The Taylor's model will be used to compute the N domain limit
vectors in the stress space corresponding to the ones in the strain rate space. The vertices
obtained so are not uniformly located. Their irregular spacing is function of the anisotropy of
the material behaviour. The interpolation domain in stress space will be non-regular.
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Inside a domain, the intrinsic coordinates computed in stress space and in strain rate
space are not exactly the same, again due to the anisotropy of the materia behaviour.
However, the frontiers and the vertices respectively correspond in both spaces. The stress
space and its non-regular domains are chosen as reference for the computation of the intrinsic
coordinates. In a convenient way, these coordinates will be used in strain rate space too.

The dimension of the interpolating space, i.e. the value of N is the stress space
dimension. Astheyield locus is assumed to be independent of the mean stress, it isinteresting
to use the reduced deviatoric stress space whose dimension is 5 instead of 6.

1 Linear interpolation in cartesian coordinates (hyperplane method)

This interpolation method is the most simple and implies only the computation of the
length of the yield stress vector (s) along the N domain limit directions S. The stress vector is
defined as the mean value of the yield stresses along the domain limit directions weighted by
the intrinsic coordinates of the selected direction:

N N
(48) o=s W= &5 with y§=1
i=1 i=1

Using the pr*operties of the S§ vectors, it is possible to compute the value of the
interpolated length s as afunction of the direction d:

N
(49) S (BS] +d=Y §§[8S] + § =& [3;
il R AL i
(50) now & = [mT.g—l
.Z ! Zl 5
(51) SN 55 -
g ,Z

Furthermore, for the case of aregular domain, equation (24) leads to:
T

1 %4 2g

s cos(ﬂ) &S

An important remark should be mentioned here; when all the s for the N domain limit
vectors are equal, the interpolated length is not equal to the common value:

N sgleg .
(53) 1.g308 5 go S 4

i

(52)

s {3 S

|||\/|Z

i
For aregular domain, according to equation (19)

(54 $ =53 o g
- d
Andeg.ford= &
(55) s =s[os(d)<s

This interpolation appears as a plane facet as shown in the 2-dimensional
representation of Figure 3.

18



IMPLEMENTATION OF A YIELD LOCUS INTERPOLATION METHOD IN THE FINITE ELEMENT CODE LAGAMINE

Figure 3: 2-D representation of the hyper planeinterpolation

2 Linear interpolation in spherical coordinates (stress-strain interpol ation)

Instead of interpolating in cartesian coordinates, i.e. each component of the stress
vector independently, it is possible to interpolate the stress direction and the stress vector
length separately.

In a 3-dimensional space, the direction is represented by 2 scalars (which are often
chosen to be 2 angles) and the length of any vector is 1 scalar. In the N-dimensional space, the
direction is defined by N-1 parameters and the length is 1 parameter. The N intrinsic
coordinates & will be used to represent the direction; indeed, they represent N-1 independent
parameters (see paragraph B4).

The interpolation will be carried out this way: the N intrinsic coordinates will be
deduced from the direction of the stress vector (the direction to which the yield locus is
explored). The length s of the vector leading to the yield stress will be linearly interpolated
according to equation (56).

N
(56) s =Y &0
i=1

With this interpol:ation method, if the domain limit vector lengths 5 are al the same,
the interpolated value s will also be the same. So, a hypersphere (a sphere in the N-
dimensional space) will be exactly represented through this interpolation.

Both interpolation methods presented above are worth to be integrated in a finite
element code. The first one is more adapted to represent a yield locus with facets (like the
Tresca s one). The second one should be used for quadratic yield loci (like Von Mises' one).
So, the superiority of one method will depend on the material behaviour.

3 Inverse interpolation
Instead of using equation (56), it is possible to interpolate the inverse of the vector

length:

N

*

S i:ﬁ

This method is not very different from the direct interpolation; particularly, in the case
of domain limit vectors having the same length, both interpolations lead to the same resuilt.
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However, if the N vector lengths 5 are significantly different from each other, this
interpolation formulation is similar to the hyperplane method (compare equations (52) and

(57)).
Another variant of equation (56) would be to use the n-coordinates:
. N d'eg N
58 s = i [§ =—F i [ for regular domains
(58) i;’ﬂ [$ cos(ﬁ) Elzla (S ( €g )
4 ’'Bubble’ mode

The cartesian and spherical linear interpolations presented above can be improved by
the adjunction of one term:

N
(59) aE|_| N &
i=1

where a is a constant.

Due to the fact that on a frontier, at least one intrinsic coordinate is equal to zero, the
added term has only an influence inside the interpolated domain. This is the reason why it is
called ‘bubble’ mode.

The constant a must be such that a particular yield stress inside the domain fulfils the
interpolation. So, this ‘bubble’ mode implies the computation of a new yield stress vector
according to the Taylor’s model.

For convenience, if we choose the & direction (with al the & equal to 1/N), the
constant a can be easily found for the spherical interpolation:

N N N s N s
(60) soz'ZEiEﬁ+aE[|NE4ﬁ:'Zﬁ+a 0 azso_.ZW
=1 =1 =1 i=1
The formulation of the improved spherical interpolation is then:

. N NN
(61) s=zm+%o—zﬁgﬂw
i=1 i=1 i=1

For the cartesian linear interpolation, the ‘bubble’ mode is a vector:

N N
(62) g=s =75 &5 +a|NL
i=1 i=1
The & direction is also chosen for the determination of a:
63 =\ —[§ + N E— 0 a= -y —=
63) % ileEﬁEﬁ gEi|:|1 N a=% % gl N

The ‘bubble’ mode improves the accuracy inside the domain for the cartesian and
spherical interpolation but requires the computation of one additional particular yield stress.

5 Second order interpolation

Just like in finite element analysis, second order interpolation can be investigated. As
for the ‘bubble’ mode, new yield stress vectors will have to be computed. We will choose
points on the frontier between two vertices. In particular, the more interesting points have two
intrinsic coordinates equal to %2 and the (N-2) other equal to zero. These new directions are
caled §; and the lengths corresponding to the yield stresses are s;.
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As these new §; vectors are on a frontier just half-way between two vertices S, they
can be defined as:

S
o sl

The a-constant must be so that S; is a unit vector. One can easily find:
s +si)
(65) § S =1 O0§=F—=
— J4-20B?

The interpolation must combine a constant term, (N-1) linear terms (as the linear
interpolations) and N(N-1)/2 quadratic terms. With the use of the intrinsic coordinates, all
these terms are contained in the N(N+1)/2 quadratic terms of the N dependent &. Due to the
fact that their sum is equal to one, the linear and constant terms are taken into account.

Indeed, for the spherical interpolation, the formulation is:

. NN
(66) S = z ZCij Dfi ij with Cij :Cji
i=1j=1

If one wantsto add linear terms having the form:

6 Snz =3 BEES L) ST,

i=1j=1

they are included in the formulation of equation (66). For a constant term, the same
conclusion appears:

N
(68) Scons :e:eE%Z E@ij 0 z zeEﬂ [

i=1j=1

The N(N+1)/2 constants c;; are determined by identification with the N values aong
the vertices: 5 and the N(N-1)/2 values on the frontiers between two vertices:

(69) Gi =5
(70) Gii =Cij = 25 _5 .5 with i #
1) n J 2 2
Note that these two equations can be summarised in:

71 Gi =Cij =2 _8 5 for any i and |
(71) ij =Cji (5 5 o y J
if we define s to beequal to s.
The second order interpolation can also be applied to the hyperplane method:
N N
(72 o= sm ZZf,JEﬂEﬂESJ
i=1]=1
In this formulation, it is assumed that S; is defined to be § and f; = fji. The
identification of these constants is done in asimilar way than for the spherical interpolation.
The inverse interpolation can also be used:
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1 NN
(73) == > i & 4
S j=Aij=1

Higher order interpolation can also be investigated. Again, as the sum of the intrinsic
coordinates is equal to one, only the higher order terms should be considered (see Ref. [13]
and [17]). Such methods improve the accuracy of the interpolations. On the other hand, more
yield stresses have to be computed with the Taylor’s model. A compromise between accuracy
and computation time must be done.

The size of the interpolation domain can also be linked to these two factors. Indeed,
with higher order interpolations, it is possible to use larger domains with the same accuracy.
Then, the compromise must be done between small domains with linear interpolation or large
domains with a higher order interpolation. Both choices are valid. However, as the goal of our
method is to integrate the texture updating, the interpolated domain will have to be updated
regularly. Then, small domains with a linear interpolation should be more interesting from the
point of view of the computation time.

6 Continuity between adjacent domains

The N frontiers of the domains are defined by one intrinsic coordinate equal to zero. If
the interpolations are formulated as polynomials of these coordinates, the values computed on
afrontier will be only a function of the (N-1) non-zero coordinates. For the adjacent domain
limited by the same frontier, the same conclusion will hold. Then, the continuity between the
two adjacent domains s fulfilled.

It should be noticed that the continuity between the domains can only be fulfilled
when the new domain is the neighbour of the old one (see paragraph B7 and Figure 2).

The continuity presented here is of the Cy type; it assures the continuity of the
interpolated function, i.e. the length of the interpolated stress s. Unfortunately, a C;
continuity is not fulfilled; the continuity of the yield locus normals can not be obtained
between two adjacent domains. This problem is also encountered in 3-D shell finite elements
where perfect slope compatibility can not be fulfilled.

D  Fitting of ayield locus formulation

The fitting of the part yield locus parameters consists in the identification on some
points of the real yield locus, which have been computed with the Taylor's model. Instead of
interpolating the yield locus into a chosen domain, it can be interesting to fit a classical
phenomenological yield locus formulation that locally describes this chosen domain.

The common form of phenomenological yield loci is:

(74) f =F(g)-05 =0

Based on classical formulation, the reliability of these yield models has already been
proved. This is a first advantage. A second one concerns al the developments aready
investigated. For instance, the computation of yield locus normals and stiffness matrices are
well known.

Note that equation (74) refers to a scaled yield locus. Only the shape of the yield locus
representing the anisotropy of the material is taken into account. The scaling factor is based
on the work hardening and will be introduced in paragraph F1.
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1 Planeformulation
The most simple formulation for the part yield locusiis:
(75) f=Cleg-02=0

and represents the equation of a plane in the stress space. The N components of the C
vector which are the part yield locus parameters can be determined by identification along the
domain limit vectors S:

(76) fi=gCTe§-02=0

Due to the property of the SSvectors (see equation (16)), it can easily be checked that
the following form of C-vector fulfils equation (76):
2 S5
77 C= —
(77) L =05 DZ S
=17
Replacing this value into the part yield locus formulation (equation (75)), one obtains:

N SS
f—sm % JHaszo

(78)
Ndess
o 1. Z—__J
S j=1
which is exactly the form of equation (51). Indeed, these two formulations represent a

part of a planein the N-dimensional stress space.

S

2 Spherical part yield locus
Theformulationis:

(79) f:aT-g—agzo
Which can be written:

«\2 *
(80) f:(s) Ei-g—agzo Os =04

This is the Von Mises criterion which requires only one yield stress computation. As
we expect a good representation of the anisotropy of the material behaviour, this too smple
model is not kept.

3 Hill yield locus
An anisotropic quadratic criterion is chosen:

(81) f=2w - Ag-0¢=0

In this formulation, A is a symmetric matrix containing N(N+1)/2 components
describing the material behaviour. Generally, the A matrix has a dominant diagonal. A
simplified orthotropic version is often used; in the 5-dimensional deviatoric stress space, only
6 (instead of 15) components are non-zero (see Ref. [12]).

In order to stay general and to have the higher accuracy, the complete version will be
used. For the identification of the parameters, the A matrix will be written:
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N N
(82) A=Y 3 Cu (5555
i=1j=1
The identification will require N(N+1)/2 known points to compute the N(N+1)/2

components of the parameter matrix. The N domain limit vectors § and the N(N-1)/2 §;
directions (defined in paragraph C5) will be used. For the first ones, we obtain:

1 oot X TH 2

fi= W 5y 5 Cy 5SS 3§ -0f=0
0=1j=1 O

(83) =C,

2002
2
S

O Gi=
For the §; vectors, the following formulation appears:
1 _o T N3 TH 2 _
(84) fij =5 EE'EZZCKI@@D Sj -5 =0
0=1j=1 o
Due to the definition of the S; vectors of equation (65),

.2. HNN H
@) W _ZCH +S-)r-SSk[$T-(§+S-)El—J§=O

=1j=1
=0, By +0, 10+, 3, +0, 3, H

@) O fij:ﬂgﬁ)[ﬁcu+C +Cj +Cjj)-02 =0

(87) - [ﬁll ZEB) C||+C )
2

The formulation of the part yield locus (equatl on (81)) can be transformed in the form
of an interpolation:

f ——E(S) " . Ezzckl @@Eg—agzo
(88) 1“1 -

S gt s

s 1=1j=1
Using the definition of the - coordinateﬁ this can be written:
(89) W 2 DZ ZCkI [y
S s =1 =1

For regular domains, according to equation (24), the interpolation can be expressed as
afunction of the intrinsic coordinates:
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v
1 Tesf N
90 = C
(90) (S*)z 252 @032(19)?21,-2:1 K [k L4

This formulation can be compared to the one presented in paragraph C; two
particularities should be noticed:
* Theinterpolation is quadratic and inverse,
* The n-coordinates are used rather than the intrinsic coordinates. This is similar to
the hyperplane interpolation. Note that the constant factor (1/205) could be
integrated in the constants Cy.

4 Tsai criterion
The Hill model can still be improved be the adjunction of alinear function:

(o1) f=Cleg+im A g-02=0
2 =

In comparison with the Hill model containing N(N+1)/2 parameters, this model
requires N additional yield stresses computed with the Taylor’'s model. So, in an interpolation
domain, beside the N § and the N(N-1)/2 §; directions, N new other directions must be used.

E Yield locus normal

In order to be able to integrate the interpolation method into a finite element code, the
tangent stiffness matrix must be computed. This implies the computation of the yield locus
normal. With a classical anaytical yield locus formulation, the computation of these normals
iswell known. For a part yield locus approach, the computation is presented here.

With the assumption of an associated plasticity, the yield locus normal, i.e. the
derivative of the yield locus function with respect to the stress vector, is the direction of the
plastic strain rate.

Different formulations of the yield locus can appear, three cases are treated:

* Theyieldlocusisafunction of s, the length of the stress vector and d, its direction:

OF _ 0s G3£+6Q.OF

(92) — = ——.—
0o 00 0s 0o ad

With the use of the definition o=s.d:

glec=s> 0O s=ya'.o

(93) _
DE:E Tog‘)%mw:g:d
dg 2 - - s =

and:

o7
(94) g—g:—DSD:EQ—BQH]?:E |—dm£)

The normal is then:
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D:a_F:ng+l[6|:—gm£)o oF
00 0s s od
_PF LT LR
os s od s ad
» If theyield locusisafunction of the r-coordinates:

(95)

N :
(96) a_F:EQE+z ”'[-Pj
dg 00 0s =1 00 0
With the definition of the 17-coordinates given by equation (22):
1 =£'§
(97) on T
4 _ad_ _1 T _1
O —=—=¢ ==l —-dd )e == -n; ld
do 0o — s )ﬁs[ﬁsa ,7'_)
o,
N
D:a_F:gg£+E |—gﬁ£). Z_QSE F
oo 0s s SO on;
(98)

* |nthe case of theintrinsic coordinates:

N .
(99) Z_F:§£+z gzl GOEE
g 00 0s = 0o 0d¢
With the use of equation (24) defining the &-coordinates:
$i :—Nm
2.7
=1
9 N o N
gy s - - Oy (S -y o)
o) no%i-% =% =
2.1 SR
j=1 j=1
N N N
sS -¢ Djzl(ssj) Ei amjzln,@ ss -¢ Djzl(SS_,)
- N - Os N B_ N( . )
0 4 g e
=1 =1 =1

Theyield locus normal can be computed:
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(101) n=

T i

DZ g
For aregular domain, equation (19) can be used:
N ) 50
2 (SS cos{d)

S Ecos(ﬁ =5 -6 )

Y
m\ﬂ

(102)

=1
n:gBaL -
0 SIS -d

The computation of the yield locus normals leads to an important problem. From a
strain rate direction, the Taylor's model computes the corresponding stress. Then, the
interpolation leads to a yield locus formulation. From the yield locus, using equation (95),
(98), (101) or (102), the yield locus normal is computed. The problem is that this direction
does not always coincide with the initial strain rate direction.

It could be possible to reduce this problem by increasing the number of parameters
contained in the interpolation (higher order interpolation,...). However, from a numerical
point of view, this solution can be worse than the initial problem. Discontinuities between
interpolated domains can appear. Indeed, this problem has already been encountered in plate
finite elements.

Practically, when one strain rate direction is known, two slightly different ways can be
followed. Both present an incompatibility. The first one is computed with the Taylor’s model
and does not fulfil the normality rule; the second one is computed with the yield locus normal
equations and does not fulfil the Taylor’s model.

With a global yield locus approach, the continuity of the surface and the continuity of
the normals are always fulfilled. With the part yield locus approach, a second problem
appears. As aready mentioned in paragraph C6, the continuity of the yield locus between
adjacent domains can be easily fulfilled due to a common interpolation on the frontier.
However, the perfect continuity of the yield locus normals can not be obtained.

In consequence, on the frontier between two domains, two yield locus normals can be
computed. The first one comes from equation (95), (98), (101) or (102) applied on the first
domain; the second one is computed by the same equation but applied on the second domain.
Note that these two contradictory normals are only present on the frontier between adjacent
domains contrarily to the first problem where two normals appear inside a domain.

If the two normals on afrontier are divergent, the stress will tend to be localised on the
frontier because al the strain rate directions included between the two normals will
correspond to a stress on the frontier. On the other hand, a locally non-convex yield locus
corresponds to two convergent normals. This case is more inconvenient and leads to
numerical instabilities and convergence problems (see the two-dimensional representation of
Figure 4).

Our choice is to use the normals computed with Taylor’s model for frontier points. So,
there is only one normal on the frontier because Taylor's model does not depend on the
mathematical choice used for the interpolation. Inside the domain, the normals are
interpolated on the base of the normals computed on the domain limit points.
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. N\

Divergent normals Convergent normals
0 stresslocalisation O numerical instabilities

Figure4: Yield locus normals at the frontier between adjacent doamins

F  Application of the interpolation to the stress integration

The interpolation method presented in the previous paragraphs can be applied on any
variable:

N
(103) 9= ¢ Iy
i=1

where the ¢ are punctual values computed on the interpolation domain limits and 7
are the interpolation functions. The ¢ value can either be scalar, vector, tensor... When the
domain of validity is updated, the continuity of the interpolated variable is fulfilled; even the
direction is continuous in the case of ¢ vector.

The interpolation formulation will be particularised to the finite element application.
The part yield locus represented here does not take work hardening into account. The stress
vector g and the strain rate direction u (unit vector) are the two interesting variables. The
formulation for gand u are then:

Mz

(104) o= o
i=1
and
N
(105) u=yu o

=1

where g and u; are the values computed on the domain limit points. The Taylor's
model computes the stress g; corresponding to the strain rate direction u; for the N vertices of
the interpolation domain. The coordinates for the stress o and the strain rate direction u” are
computed with:

*

(106) =00 ~a_

*

(107) i =yl eu’
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for any stress g or any strain rate direction u. The gg and the uu, vectors are
equivalent to the SS vectors defined previously and must fulfil following equations (see also
equation(16)):

(108) aaiT * 0| =9

(109 u » uj =9

In the finite element analysis, the 5-dimensional deviatoric stress space and the 5-D
strain rate direction space correspond to each other. To one point on the yield locus
correspond one stress vector and one strain rate direction. The link between the two spaces is
for usthe Taylor's model.

Due to this close link between the two spaces, it is assumed that the coordinates
computed with equation (106) or (107) are equal if the stress g physically correspond to the
strain rate direction u'. This property is exactly fulfilled on the domain limit directions: the
stress ¢; corresponds to the strain rate direction u; and the coordinates are 7,=1 and 77;=0 (i)
in both spaces. Inside the domain, the property is assumed to be extended because it is the
best approximation and the most convenient.

If we put together equations (104) and (107), we get:

N
(110) g=Y oy +u
i=1
or
(111) g=C-u

This equation introducing C matrix is a very convenient way to present the
interpolation formulation. Just like the Taylor's model, equation (111) allows us to compute
the yield stress corresponding to any strain rate direction. Furthermore, this formulation is
rather faster than the Taylor's model as only a matrix multiplication is involved.

The definition of the C matrix is based on the g and the uy; vectors which are
computed on the interpolation domain vertices with the Taylor’s model. It should be borne in
mind that this C matrix is only valid inside the interpolation domain for which it has been
computed. If anew domain is explored, a new matrix must be computed.

1 Work hardening
An isotropic work hardening is chosen (see Ref. [11]). The yield locus part described

by equation (111) grows uniformly with its shape remaining constant. The work hardening
law can be expressed by a scalar formulation:

where o and £'*° are scalars describing respectively the evolution of the yield stress
length and the plastic strain length. The strength coefficient K, the offset £ and the hardening
exponent n are material parameters fitted on experimental data. For convenience, tensile tests
are generally used. In that case, o and £"*'° are the stress and the plastic strain along the
tensile direction.

According to Taylor's model presented previoudly, the critical resolved shear stress
1°.s can be used to take an isotropic work hardening into account.

In redlity, 1°,s evolves in a different way for each particular slip system and for each
grain as a function of the crystallographic slip )¢ accumulated on that particular slip and of the

29



IMPLEMENTATION OF A YIELD LOCUS INTERPOLATION METHOD IN THE FINITE ELEMENT CODE LAGAMINE

dislocation density. The strain rate also has an influence. However, to be able to anayticaly
describe this behaviour, some assumptions have been done:
» The critical resolved shear stress remains equal to a common value for al the dip
systems for aparticular grain.
» The effect of the work hardening is assumed to be the same for al the dip systems.
« Furthermore, 1°.s are the same for al the crystallographic grains at a particular
material point. In the finite element analysis, a particular point will be one finite
element or more precisely, one integration point of afinite element.

In other words, a common work hardening described by the evolution of 7° occurs for
al the dlip systems of al the grains included in the representative set of crystal orientations
associated to an integration point. However, a different value of ° is computed for each
Integration point. A spatially non-uniform work hardening occurs.

Taylor's model proposes the evolution of the critical resolved shear stress to be
expressed as afunction of the accumulated polycrystal induced dlip I':

(113) r(9) =}f(9)dt
0

where g represents a particular grain orientation. The total induced dip starts from
zero at the initial annealed state and grows as plastic deformations occur.

The first assumption presented above allows us to express the total dip rate as a
function of the Taylor’sfactor M and the strain rate magnitude (dseq/ &):

(114) F(g)=2eq M(g)
The third assumption states that the work hardening is the same for al the grains. The
crystallographic orientation g can then be eliminated by averaging:
t

(115) F= J‘?dt
0
The average form of equation (114) must then be used:

where the average of Taylor’s factor is only a function of the strain rate direction (the
length being taken into account in the strain rate magnitude).

The integration on a time step can be done, assuming that the Taylor’s factor remains
constant during thistime interval:

Due to this equation, the plastic equivalent strain describing the evolution of the
material behaviour in equation (112) can be replaced by the total induced dip. On the other
hand, according to equation (6), the definition of the Taylor’'s model can be expressed as (see
also Ref.[10]):

T [ ]
(118) M=
4

So, the equivalent stress o of equation (112) can be replaced by the critical resolved
shear stress. The stress-strain curve (o-£"2%'°) can be converted into a critical resolved shear

=
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stress-induced dip curve (7°-/). The formulation is then (the indices have been removed for
convenience):

0 n
(119) r=K +I
K, 7° and n are the new material parameters to be fitted to tensile test data.

The interpolation formulation of equation (111) can integrate the work hardening. The
new formulation is:

(120) g=1[C-u

The Taylor's factor can be expressed as a function of the interpolation variables.
Starting from its definition (equation (118)):

(122) M:% T.cT T

2 Tangent stiffness matrix

As the interpolated model which is used for the computation of the stress has a
formulation rather different from the classical approach, the computation of the tangent
stiffness matrix is also different. The developments presented hereafter are for the deviatoric
part of the stresses and the strains. The hydrostatic part is computed separately and is assumed
to have a perfect elastic behaviour.

During a finite element simulation, for a plastic loading, equation (120) representing
theyield locus and equation (122) are fulfilled:

00 _ e ™ 0ePH
(122) ot =S Hot ot [

Equation (122) represents the stress growth and is based on the Hooke's law which
links the stress and the elastic strain with the use of the elastic matrix C°. The time derivatives
must be objective; Jaumann formulation is used.

The derivative of equation (120) yields:

00 _ JPT u
(123) = %@n%@

Using equations (122) and (123):
tot
(124) z-PﬁL—gﬂagEQE:g-Eﬂm_+rGaLHH

ot ot 0

Where the plastic strain rate has been decomposed into its direction and its length,
assuming a constant plastic strain rate direction during a time step. Furthermore, the fact that
uisaunit vector implies that the following property is fulfilled:

125 u o—=0
(125) ule s
Equation (124) can then be written:
tot o€
(126)  uTeclece 95— _(T.cloce.yfER - 97
- - ot — = ot ot

now, derivating equation (119):
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%=n[ﬁ<[ﬁr°+r)n_1[ﬂ— nor ,or

ot _lr0+r’ ot

(227)
_ NI 99EQ
(ro + r) ot
Then, the equivalent plastic strain rate can be obtained:
tot
T ~-1_ e, O
afEQ u_ C=.C= ot
(128) =
ot T,~-1, € ntt

0o u .ct.c® 0 9e
(129) —?: eo a— 7 T ;
uT-C_l-Ce-g+ 0 M
E - ‘I’ +I‘) E

The tangent stiffness matrix is then simply:

c®eum' .clec®
(130) c=ct- = “~-"— =

uecteceeur M
— = lr°+r)

The formulation can be simplified if two new vectors are defined:

(131) a=CC.u
(132) b=C"+u
Then
.
(133) tan = e_ Q 2_° Ce

3 Stressintegration

The stress at the end of afinite element time step can not be obtained directly. Severa
methods with different accuracy levels are presented.

a. Explicit formulation

The stress at the end of the time step g is directly computed from the stress at the
beginning of the time step gx with the use of the tangent stiffness matrix:

(134) op =(L+axt)s gp+C e A

Where the first term represents the contribution of the Jaumann derivative.
This is a rather simple formulation but the accuracy is not so good unless very small

time steps are used. In order to reduce the error, the integration can also be computed on sub-
intervals.
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b. Explicit formulation with radial correction

An improvement of the previous method can easily be achieved. The problem with the
explicit formulation is that the stress deviates gradually from the exact solution and then from
the yield locus. The explicit method can then be used to compute the stress direction:

(139) Oapprox = Q +@t)' oA +ﬂ' A

and a correction will be applied on the stress length in order to stay on the yield locus:
(136) 0 =KW approx

The factor k must be so that the stress at the end of the time step is on the yield locus.
The interpolated yield locus formulation of equation (120) will be applied on the state
corresponding to the end of the step:

(137) ogp=7glCeug U “_B:C=_1‘Uapproxt"r£
— I
The final stresslies on theyield locusif the fina strain rate direction ug is effectively a
unit vector:

(138) uf+ug=1 O k=—— B
\/Uapprox'C *C "+ Oapprox

The influence of the work hardening is assumed to be small; the critical resolved shear
stress at the end of the time step 75 will then be computed explicitly:

Uor U
O 4 O
_ ot
139 Tg=Tp+E——1/0 £
( ) B A [ngQD EﬁA EQ]A
H ot Ea

where [Aé&:g] A can be computed with a formulation similar to equation (128) applied
on the beginning of the time step:

u;\. C—l.C=e. Agtot

140 JAV: =

(140) [ EQ]A B 0ng O
UA'C_'C_'UA"'H—')O MO
- T grU+r B

C. Implicit formulation

This method does not give a direct formulation for the stress at the end of the time
step; an iterative process has to be used. However, more accurate results are expected.
The integration of the stress has a formulation close to the one of equation (134):

(141) g = (1 + ) g +C [pet® - agPiastc)

However, the tangent stiffness matrix is no more used because it can only be
computed on the basis of the beginning of the time step. As thisis not interesting, the elastic
matrix is chosen. '

The plastic strain increment A¢"®¢ can be decomposed into its length and its
direction. Furthermore, its direction is assumed to be between the initial and the final strain
rate direction:

(142) AP = pgp Tk Tf{1-9) T +8 g )
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The J-parameter must be chosen in the interval [0;1] and fixes the implicit/explicit
ratio. If 9=0, the method is explicit; if 9=1, the method is fully implicit. An intermediate
valueis generally chosen.

The k-coefficient must be so that the direction computed between ua and Ug is an unit
vector:

K2r{1-9)ma+9mg) « (1-9)mp +9 Wg)=1
(143) G e 1 -
J1+2@ -9 tuf - ug - 1)
The stress can be written:
(144)  gg=(1+axt)e o +Coe A ~Aspq KT8« (1-9)wp + 9 W)

In this formulation, two unknowns are present: ug and Ag=q. Two additional equations
are then required in order to be able to compute the stress at the end of the time step. The first
one is the yield locus formulation applied on gs-ug (equation (120)). The second one is the
fact that ug is an unit vector. The vector type equation system obtained is not explicit and
must be solved with an iterative method. Note that the hardening variable 75 will be computed
explicitly according to equations (139) and (140).

G Implementation into the finite element code

This paragraph briefly points out some particularities that have been encountered

during the implementation of the constitutive law based on the interpolation method.

The constitutive law has been divided into five sub-routines:

* The first one is called PERT. This sub-routine computes the 5 domain limit
directions in the strain rate space according to the principle of paragraph B6. The
size of the domain which is linked to the angle between the domain limit vectors
(parameter B of equation (10)) is the most important parameter required by the
sub-routine and must be chosen by the user.

* The second sub-routine is ACPAY 3 and is in charge of the Taylor’'s model calls
along the directions computed by PERT. The scaled yield stresses corresponding
to particular strain rate directions are determined.

* Thethird oneis called INTERT and achieves the stress interpolation on the basis
of the 5 points computed by ACPAY 3. If the actual domain is no more valid dueto
a stress direction evolution, the interpolation tends to become an extrapolation and
a new domain must be determined. First, an adjacent domain is investigated
according to the method presented in the paragraph B7. If there is no valid
adjacent domain, a completely new domain will be computed with 5 new domain
limit vectors computed with ACPAY 3 along the directions proposed by PERT.

» Thefourth sub-routine is SEARCHU and computes the stress at the end of the time
step in the elastic-plastic case.

* The last one is called MINTY3 (for Microscopic INTerpolated Yield locus 3
dimensions). This sub-routine is the main part of the constitutive law and uses the
4 other ones to compute the stress at the end of the time step in the genera case,
the tangent stiffness matrix and the updated state variables. The “3-dimensions”
characterise the geometric space associated to solid elements. This law is not
linked with axisymmetric state or plane strain state.
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The three sub-routines INTERT, SEARCHU and MINTY 3 are briefly detailed as they
are directly linked to the stress-strain interpolation method.

1 INTERT

The input variables are the stress vectors that must be compared to the interpolated
yield locus. The output will be the ratio of the input stress to the yield stress along the same
direction. It is then possible to know whether the input stress in inside, outside or on the yield
locus. The corresponding strain rate direction is also computed.

20 working vectors are necessary to achieve the interpolation; they are:

* 5 g vectors which are the stresses computed by the Taylor's model along the 5

domain limit directions,

* 5 g0 vectors used to compute the r7-coordinates and determined with equation

(16),
» 5y vectors which are the strain rate directions corresponding to the 5 g;,
* 5uy vectors used to compute the 17-coordinates for the strain rates.

Generaly, and in particular when it is called by MINTY3, this sub-routine will
compute the strain rate direction from the input stress vector. However, the interpolation
formulation is not limited to this operation. The inverse operation can be performed: a stress
can be obtained from a particular strain rate direction. The sub-routine has been implemented
in both cases; the input and the output of the sub-routine can be exchanged.
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Flow chart of INTERT

Definition of some constants:

* N=5 (dimension of space)

* sindY, cosd (Y fixesthe interpolation domain size)
e B%=sin®9.N/(N-1)

:

Computation of the IN-coordinates for the input stress by equation (106):
n;=gagjs g™

Computation of a new interpolation domain with the
Taylor' smodel. The domain limit directions are
computed with PERT.

O the 20 vectors u;, uu;, 0;, 00; are updated.

Computation of the new N’ coordinatesin the
case when the adjacent domain is explored.

Computation of one new vertex with the
Taylor’'s model.
O the 20 vectors u;, uu;, 0;, 00; are updated.

<
v

Computation of the output strain rate direction with equation (105):
goutput =k.> Qj ) r]j

k must be such that TL™™'[1= 1

k fixestheratio (input stress/ yield stress) in the direction of O

input
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On the flow chart of INTERT, two criteria are used for the updating of the
Interpol ation domain:

e 2n <0

s mnn<0

Now, if the output strain rate direction is projected on the up direction which is the
mean value of the domain limit directions, equations (12) and (21) applied to the strain rates
give:

Ut e yg = EZ'N 0y E’& =310 "o
Oi O oy
(145) =cos

. ) youtput Uo
%’7] "~ cosd

output

Thefirst criterion can be written u * Up <0 (because # will aways be chosen quite
smaller than 90°). This means that the output strain rate direction u®™" forms an angle larger
than 90° with the direction uo, i.e. the direction pointing the middle of the interpolation
domain. Obvioudly, the actual part of the yield locus is not valid for the interpolation and
must be completely updated.

It should be noticed that at the beginning of the simulation, the working vectors u;, uu;,
g, g are not yet computed. During the first call to the sub-routine INTERT, for any input
stress vector, the computed 77-coordinates will then all be zero. The first updating criterion
will then be fulfilled and afirst interpolation domain will be computed.

The second criterion is fulfilled when at least one r7-coordinate is negative. This means
that the input stress direction is outside the actual interpolation domain. This criterion being
less strict than the first one, the updating of only one point instead of five will be investigated.
It will be checked whether an adjacent domain includes the input stress direction.

In order to check the validity of the adjacent domain, the new coordinates 7’
corresponding to the new domain must be computed. These 17’-coordinates are computed
without any Taylor's model call. They are based on the old coordinates and on the properties
of the interpolation model. The formulation presented in paragraph B7 is used knowing that
regular interpolation domains are used in the strain rate space. According to paragraph B7, the
n and 17’ -coordinates are equal on the frontier between two adjacent domains. However, the
explored point in not necessarily on that frontier; it is indeed expected to be inside the new
domain. The property of equal coordinates is then not anymore fulfilled and the new
coordinates must be computed.

Once the new coordinates are known, the validity of the adjacent domain can be
checked. If the new domain is valid, one new Taylor point is computed; otherwise, the
classical updating techniqueis used and five new points are computed.

Finally, the 20 working vectors must be updated; the u; and the g are computed with
the sub-routine PERT and the Taylor’'s model. The uu; vectors are computed with equation
(18) because regular domains are used in the strain rate space. For the gg vectors, the
definition of equation (16) applied for the stresses must be used:

(146) aoy gj= ;i
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This equation means that the 5x5 matrix formed by the 5 gg; vectors is the transpose
of the inverse of the 5x5 matrix formed by the 5 g; vectors.

Thelast step of INTERT’ s flow chart is the computation of the output values. It should
be noticed that the k factor used to norm the strain rate direction fixes the ratio of the input
stress to the yield stress. Indeed, to an unit strain rate direction corresponds a yield stress lying
on the yield locus. If the input stress is outside the yield locus, the length of the computed
strain rate direction will be larger than one. And inversely if the input stressisinside the yield
locus.

2 SEARCHU
This sub-routine will compute the stress and the strain rate direction at the end of the
time step.

The input variables are the stress vector and the strain rate at the beginning of the time
step (state A). The stress increment in a pure elastic hypothesis A0 including the Jaumann
derivativesis aso given to the sub-routine.
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Flow chart of SEARCHU

First approximation :
Uplastic = Up = Ua

Computation of the plastic
strain increment : AgP®¢

| <0
AgP'ie »| Elastic case:
0Oy = 0a + AG™™°
. l
Elastic-plastic case: Return

eastic _ge

Op = 0a + AC AP i

New approximation :
Uplastic— K.(Ua (1-0) + Unew D)

Call INTERT in order to compute
the strain rate corresponding to gy, :

Unew

andd =05

Maximum
number of
iterations
reached

no

Unew = Up
(to the prescribed
accuracy)

Yyes

Return

Stop
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The stress integration method presented in this flow chart is based on the implicit
method presented in paragraph F3c. An iterative process must be used because the values at
the end of the time step are required while their computation isin progress.

The plastic strain increment is computed with equation (128) where the actua strain
rate direction, without any other better value, is chosen to be the approximation Upiasic.

The stress at the end of the step is computed according to equation (141) where the
strain rate has been decomposed into its length and its direction; this direction being
computed with the method proposed by equations (142) and (143).

The first convergence criterion compares the old value of u to the new one computed
by INTERT according to the actua approximation for stress at the end of the time step. The
required accuracy is a parameter which is generally fixed to 10°. This value means that the
scalar product of ug and Uney Must be close to 1, with an accuracy of 10°. This will
correspond to an angle between these two directions of:

cos(a) = upay * Ug >1-107°
0 a <arccos(0.99999) = 0.26°

The second convergence criterion fixes the maximum number of iterations for the
computation of the final plastic strain rate. This limit number is fixed by the user. If the limit
value is reached, the sub-routine is left and the actual time step is reduced.

(247)

3 MINTY3

The sub-routine MINTY 3 is the congtitutive law routine. The input and output
parameters are fixed by the finite element code. The input parameters are as classically: the
stress and the state variables at the beginning of the time step, the prescribed velocity
gradient, the time step and the material parameters. The output of the law are the stress and
the state variables at the end of the time step and the tangent stiffness matrix.
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Flow chart of MINTY 3

Definition of some constants

h

Loop on the perturbations

(only if the tangent stiffness

» Hydrostatic and deviatoric parts of o, are separated matrix is not computed
» Perturbations are applied on the velocity gradient (only if analytically)
the tangent stiffness matrix is not computed analytically)

)

Loop on the
sub-intervals

» Computation of the Jaumann derivatives
interval: Ag¥®'°

assumption.

» Computation of the elastic stress increment for the sub-

« Computation of 0g = 0a + AG®™°in an elastic

AePC of
the previous

Call INTERT
[0 comparison of gg (from the elastic
hypothesis) to the yield locus.

step

Outside the yield
locus
- €lastic-plastic

Call SEARCHU
[0 computation of o (elastic-plastic
hypothesis)

Inside theyield
locus
- €elastic

l<

interval to the tangent stiffness matrix.

Analytica computation of the contribution of the current sub-

A 4

Computation of og (hydrostatic part included).
Updating of state variables.

v

the perturbation method.

Computation of one raw of the tangent stiffness matrix with

\ 4

Exit the constitutive law.
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A first remark concerning the flow chart of MINTY3 is that the separation of the
hydrostatic and the deviatoric part is a well known method. The hydrostatic part is computed
elastically due to the assumption of a constant material volume for the plastic deformations.
The deviatoric part is extracted from the 3x3 general form of the stress tensor and transformed
into a 5-dimensiona vector. The constitutive law and the two sub-routines INTERT and
SEARCHU only use the vector form for stresses and strains. The conversion is achieved

through equation (148):
O .
o2 0= 2P -o%)
D J_ . .
0P @ =2 P +o3)
(148) @af’” 3 :ﬁ 635

0]
|:U.5D (4) — \/E |__{ﬁ'3D
- 713
0°°(5) =215
0 712
H

The work hardening effect described by equation (119) is taken into account during
the comparison of the final stress vector gg to the yield locus interpolated with INTERT. It is
simply a scalar factor applied on the stress lengths.

Finally, the last remark is about the tangent stiffness matrix. For the perturbation case,
aclassical method is used: a small perturbation is applied successively on each component of
the velocity gradient. Each raw of the tangent stiffness matrix will then correspond to one
perturbation. The constitutive law is then computed ten times (one without perturbation and
nine for the nine perturbations corresponding to the nine components of the velocity gradient)
for each integration point and at every time step.

In order to reduce computation time with the elimination of the loop on the
perturbations, the analytical tangent matrix can be used. For the eastic-plastic case, the
formulation is presented in equation (133) where the u-vector will be the one computed by
SEARCHU: Upiasic. For the elastic case, SEARCHU is not called; so, Upasic IS not available.
But, in that case, the tangent stiffness matrix is simply the elastic matrix C°.

It should be noticed that this analytical tangent matrix is computed sub-interval per
sub-interval. The contribution of each sub-interval is computed separately. The final tangent
stiffness matrix is the mean value of all these contributions. This method allows the tangent
stiffness matrix to be very close to the stress integration scheme. The resulting convergence of
the finite element code is then improved.
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Chapter |11 The Hyperplane M odel

The first investigated method to interpolate the yield locus between the points
computed by the Taylor’'s model was the fitting of an hyperplane on the domain limit yield
stresses.

The formulation of the hyperplane interpolation was aready theoretically developed in
Chapter 11C1 and Chapter 11D1. In practice, the used hyperplane model is a little bit different
In the sense that five hyperplanes are always computed simultaneously. In fact, in addition to
the five domain limit vectors, the central point is also computed with the Taylor’s model. Six
yield stresses are then available; the five hyperplanes are fitted on the central point and on
four of the five domain limit vectors.

This method requires one more point computed with the Taylor's model but it is
expected to be more accurate. Indeed, five small hyperplanes will better fit a convex surface
than one large hyperplane.

Since the normal to a hyperplane is a constant direction, the normality rule would
imply that the plastic strain rate direction is fixed for a particular hyperplane. This assumption
Is not satisfactory and neglects the available information of the normal at the domain limit
directions and the central direction. It also induces sudden plastic strain rate discontinuities
when the stress direction perforates a new hyperplane or when an updating occurs. So, we
chose to improve the model by using a non constant normal which is computed by
interpolation between the normal of the five domain limit directions defining the current
hyperplane. So, the normality rule is not anymore fulfilled in this model. As aready
mentioned in Chapter IIE, the interpolation of the normals between the domain limit values
instead of computing the normal to the interpolated surface is already used for the stress-strain
interpolation in order to improve the continuity between adjacent domains. Here, the
advantages of this method are more important because a constant hormal on a hyperplane
would imply severa convergence problem in the finite element code. Only one strain rate
direction would then correspond to one hyperplane. As the strain rate evolves continuously
during a finite element simulation, the current point on the interpolated yield locus would,
except particular case, dways be on the frontier between two or more hyperplanes. A
localisation of the stress at the frontiers would be noticed. Beside the convergence problems,
thiswould lead to alarge number of hyperplane updating and then Taylor’s model calls.

In spite of the normal interpolation, some convergence problems have been noticed
with the use of the hyperplane method. As it will be presented in the next chapter, these
convergence problems are mainly due to alack of continuity of the interpolated yield locus.

Beside these problems, an excessively high number of Taylor's model calls due to
hyperplane updating has been noticed. In order to reduce the number of hyperplane updating,
the stress integration scheme was improved. Initially, the stress integration scheme was based
on the elastic predictor and radial return method proposed by Kaiping (see Ref. [12]). This
method contained two embedded loops. So, in order to reduce computation time, a simplified
method with only one loop was devel oped.

Finally, the elastic predictor was supposed to be at the origin of the numerous Taylor’s
model calls. This predictor isindeed a very bad assumption of the stress at the end of the step.
So, during the stress integration scheme, a hyperplane containing the stress with the elastic
predictor must be computed; after the radial return, this hyperplane is no more valid and
another one must be computed. That is the reason why a new stress integration scheme was
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developed. In this method, a plastic predictor with a proportional return is investigated. The
plastic predictor is indeed expected to be very close to the stress at the end of the time step.
The same hyperplane will then contain both vectors and no updating will be necessary. These
three radial return methods have already been compared in [5].

The sub-routine devoted to the hyperplane methods are:

In the manner of MINTY3 for the stress-strain interpolation, MIPAY 3 is the
constitutive law based on the hyperplane interpolation.

RR1PAY is the sub-routine devoted to the first radial return method (with two
embedded loops).

The second radial return method with only one loop is implemented in the sub-
routine RR2PAY .

The third method with a plastic predictor isin RR3PAY .

One of these three sub-routine is called by MIPAY 3 according to the user radial return
choice.

The interpolation is implemented in the sub-routine INTPAY. Just like INTERT
for MINTY 3, this routine is called by MIPAY 3 or one of the radial return sub-
routine when one point of the yield locus must be found.

The sub-routines ACPAY 3 and PERT already used by MINTY 3,are also called by
MIPAY 3. The interpolation domain will then have the same geometry for both
interpolation method; the geometry being imposed by PERT. It must be noted that
the use of the adjacent domain has not been implemented for the hyperplane
method.

All the sub-routine dedicated to the Taylor's model computation are also identical
for both methods.
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Chapter IV Validation

A I ntroduction

This chapter describes a large number of tests used to check the constitutive law
MINTY 3. These tests validate this law with respect to theoretical solutions for the smple
cases and to other laws for the complex cases where no theoretical solution exists.

The validation will compare not only the computed stresses, displacements and forces
with MINTY 3 but also the computation time and the observed convergence.

Thefirst test isasimple tensile test in one direction; atensile test of a holed steel sheet
described by over than 500 elements is aso investigated. The interpolated yield loci are also
compared through 7zsections. Finally, tests with any imposed displacements are presented.
These tests allow us to point out convergence problems for the constitutive law MINTY 3. The
results for MIPAY 3 are also presented.

B  Tensletest along Y-axis

This is the most simple finite element simulation: tensile test along the Y-axis on one
cubic finite element. The simulation is achieved until the element length along Y is doubled.
The strain corresponding to the final stateis then: & = In(L/Lo) = In(2) = 0.69.

These smulations have been applied on MINTY3 and MIPAY3 in the same
conditions. These common conditions are:

e Sameinitial geometry

e Sameimposed displacements

e Same hardening law for the steel

e Same mechanical parametersfor the steel

» Thetexture of the stedl is represented by the same set of representative crystals and

the same Taylor’s model is used in both cases

» Fivesub-intervals are used

« Theinitia time stepis 10

+  Two maximum time step are used for both laws; 2.10° and 107

* Five different sizes of the interpolated yield locus are checked. They are

represented by the angle between the domain limit vectors and the vector pointing
the centre of the domain: 4. The values are: 1°,5°,10°,20° and 30°.

* For MIPAY 3, three stress integration schemes are used: the first one is a classical

elastic predictor with radial return computed with two embedded loops; the second
one isasimplified one with only one loop for the radia return; the third one uses a
plastic predictor.

These tests applied to the MIPAY 3 law are presented in [5]. This paper compares the
three radial return methods and emphasis the influence of the size of the interpolation domain.
The conclusions of this paper are that the size of the hyperplane has an important influence on
the computed stress as shown in Table 1. Secondly, the plastic predictor gave very good
resultsin terms of computation time, convergence and stability for the tensile tests.
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Size of the hyperplanes 1° 5° 10° 20° 30°

Stress at the end of the test 559.05 558.3 557.98 534.54 522.54

(N/mm?)

Table 1: Tensletestswith MIPAY 3
For MINTY 3, the results are putted together in Table 2.
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An. 1°| 210°| 1:50.03 5 0 520| 1544 297 7 52 553
An. 5| 210° 42.32 5 0 520| 1542 297 2 1 553
An. 10°| 2.10° 40.04 5 0 520| 1541| 296 1 1 554
An. 20°| 210° 38.33 5 0 520| 1542 297 1 0 557
An. 30°| 210° 37.42 4 0 516| 1539 2098 1 0 558
An. 1° 102| 2:47.35 5 2 134 483 3.6 29 41 553
An. 5° 102 22.13 5 0 128 462 36 2 1 554
An. 10° 10? 17.99 5 0 128 457 357 1 1 555
An. 20° 10? 17.30 5 0 128 450 352 1 0 558
An. 30° 10? 16.37 5 0 128 426 3.33 1 0 558
Pert. 1°| 2.10%] 16:05.83 5 0 520 1545| 297 52 714 553
Pert. 5| 210°| 11155 4 0 516| 1534| 297 2 1 553
Pert. 10°| 2.103%| 1:06.06 4 0 516| 1532 297 1 1 554
Pert. 20°| 210% 1:2954 7 0 520| 1544| 297 1 24 557
Pert. 30°| 210°%| 1:06.95 4 0 516| 1539 298 1 0 558
Pert. 1° 10?| 12:07.02 5 2 136 390| 287 95 367 553
Pert. 5° 102 25.25 4 0 128 370 2.89 2 1 554
Pert. 10° 102 21.35 4 0 128 368 2.88 1 1 555
Pert. 20° 102 43.43 7 0 128 368 2.88 1 24 558
Pert. 30° 102 19.82 4 0 128 375! 293 1 0 558

Table 2: Tensiletestswith MINTY3

A first remark is that this table shows the good quality of the analytical tangent matrix.
Indeed, for both analytical and perturbation based matrix, the convergence is very good:
acceptable maximum number of iterations (7 in the worst case); low number of time step
reduction due to a poor convergence. However, the computation time is largely reduced with
the analytical matrix because the loop on the perturbations is eliminated. For the case with the
larger computation time, i.e. with the small size of the domain, the reduction is from 16
minutes to 1 minute and 50 seconds and from 12 minutes to 2 minutes and 47 seconds. For
the faster cases, the diminution is smaller but the analytical method is always faster.

Due to this, henceforth, the tangent stiffness matrix will always be computed with the
analytical method and the resulting convergence will never cause any problem.

The number of updating of the interpolation domain is also presented in the Table 2.
This number becomes very high when the size of the domain is small (1°). For the other
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values of J, there is only a few updating; thisis rather normal in a simple tensile test because
the stress direction is expected to be rather constant.

The number of domain updating has a large influence on the computation time. For
example, for the case of the tangent stiffness matrix computed with the perturbation method,
with a maximum time step of 10, when the size of the domain goes from 30° to 1°, the
computation time rises from 19.82 to 12:07.02, i.e. it is 36 times higher. Thisis mainly due to
alarger number of Taylor’'s model calls.

The size of the interpolation domain has aso an influence on the results of the
simulation. The last column of Table 2 shows the stress along the Y-axis at the end of the
simulation. It can be noticed that the stress grows slightly when the size of the interpolation
domain grows. Asit was expected, the accuracy islower for the large interpolation domains.

For MIPAY 3, large domains induce an underestimation of the computed stress (see
Table 1). This behaviour is opposite to the one of MINTY 3. This can be related to the
different interpolation method for the two laws. The next validation explains this
phenomenon.

The stress at the end of the tensile test can aso be compared to the theoretical value.
Using equation (112) describing the work hardening of the material, the stress at the end of
the simulation is alittle bit higher than 550 N/mm? for atensile test along the Y-axis.

C  rrsectionsof theyield locus

Astheyield locusis defined in a’5-D space, it can not be represented unless a section
of it istaken. The classical section in the principal stress plane is not adapted to the deviatoric
stress space. As the hydrostatic stresses are not taken into account in our case, we chose to use
the 7eplane section of the yield locus. This plane is indeed perpendicular to the hydrostatic
direction. These considerations lead to a stress tensor having the form of equation (149). The
direction of this stress can be defined by the angle a, its length (S, or ) must be such that it
lies on the yield locus; while S; must fulfil the deviatoric condition.

0 O
(149) g=00 S 0pg with i:tan(a)

do o sf

In order to explore the yield locus in al the possible directions of the 7zplane, we
select the angle a ranging from —90° to +90°.

With the hyperplane method, the curves obtained for different sizes of the
interpolation domains are presented in Figure 5. The case for domain of 20° is presented
separately in Figure 6 with the yield locus normals.

It is clear in that representation of the yield locus that the hyperplanes appear as
straight lines due to the projection. Furthermore, as the hyperplane size increases the stress
length decreases. Thisis due to the fact that accuracy is better for small hyperplanes which are
closer to the real surface and because the convex curvature of the physical yield locus
introduces an underestimation of the stress length. The smallest planes are the most accurate,
but they imply frequent Taylor's model calls which requires a lot of computations. The
relative mean value of the stress length and the number of calls to the Taylor's model
necessary to compute the 7zsections are summarised in Table 3.
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Size of the hyperplanes 1° 5° 10° 20° 30°
Relative mean stress length 1 0.994 0.977 0.902 0.788
Number of Taylor’smodel calls 507 109 54 24 12

Table 3: Effects of the hyperplanes size on the computed stress

For the stress-strain interpolation of MINTY 3, the 7zsections are not a set of straight
lines but quite more continuous curves (see Figure 7 and Figure 8), even for large
interpolation domain sizes. The continuity of the yield locus leads to a better finite element

convergence.

A large interpolation domain is expected to produce a lower number of updating
during finite element simulations and to reduce computation time. On the figures, it seems
that the accuracy becomes poor for domains of 20° and 30° with the interpolation of MIPAY 3
and 40° for MINTY3. With the stress-strain interpolation, for the same accuracy, larger

domains can be used; computation time reductions can then be expected with MINTY 3.

Figure5: 7esections of theyield locusfor the hyper plane method (different sizes
of the domain are presented)
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Figure 6: 7esections of theyield locusfor the hyper plane method (the size of the
domain is 20°)

For the case 40° with MINTY3, the interpolated yield locus is not perfectly
superimposed to the reference case (assumed to be the 1° case) but it is continuous. The
normals seem also to be continuous. This was not fulfilled with the hyperplane method. Note
that the discontinuity observed on Figure 8 is in fact the beginning and the end of the 77
section computation.

On Figure 9, the rrsections of the interpolated yield locus with both laws are
compared for the smallest size (1°). The two yield locus are superimposed, the normals have
also the same directions. This is due to the fact that for smal domains, the interpolation
method is not important. Only the way to compute the domain limit points, i.e. the Taylor’'s
model has an influence on the resulting yield locus. That is the reason why the 1° case can be
used as areference for the interpolation method.
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Figure 8: 7esections of theyield locus computed with MINTY 3 for domains of 40°
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Figure 9: 7esections of theyield locus: comparison of MIPAY3 and MINTY 3 for

1° with a global yield locus based on the texture (law ANI3VH)
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D Simulation on one finite e ement

These tests will use the same geometry than for the first validation, i.e. one cubic finite
element. However, the imposed strains will be quite different. The imposed displacements
imply tensile, compression and shear stresses in the finite element. Eight different cases are
investigated. For each of these eight imposed vel ocity gradients, 17 simulations are achieved:

Analytical stiffness matrix

Elastic 4: Tan. mat. with perturbations
Size of the predictor
Law domain: 1° :: An.
MIPAY3 plastic Pert.
. An.
Elastic <:
5° <: Pert.
plastic i: An.
Pert.
Elastic
An.
100 < w
. Pert.
plastic
w: An.
Pert.
Elastic (tan. mat. an.
Reference solution for MIPAY3 e )
(maximum time step: 2.10%
plastic (tan. mat. an.)

domain size: 1°)

10
Law
MINTY3
50
10°

For these 8x17=136 simulations, the observed convergence was rather good except for
some cases with the analytical tangent matrix of the law MIPAY 3.
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As it has aready been noticed earlier, when the size of the interpolation domain is
small, the number of updating rises; this leads to a larger number of Taylor’'s model calls and
increase the computation time.

For the law MINTY 3, lots of updating make use of the adjacent domain. This can also
be seen on Table 2 for the tensile test. The developments presented in Chapter 1IB7 are then
useful as only one instead of five Taylor's model calls are needed for an updating using the
adjacent domain. A significant reduction of the computation time can then be obtained.

Finally, the computed stresses for the 17 different cases for each velocity gradient are
compared together. The comparisons can be summarised in the following points:

» The most important and the most frequent errors can be noticed with the use of the
plastic predictor of MIPAY 3. For tensile tests, as shown in [5], this method has
given good results in term of accuracy and computation time. On the contrary, for
more complex velocity gradients, the plastic predictor is not so good.

* The influence of the size of the interpolation domain is not as high as expected.
This is due to the maximum size of the domain: 10° which is a quite reasonable
value. Larger values would imply alarger influence.

E Tensiletest of a holed sheet

The validation presented here is atensile test on arectangular steel sheet with aholein
its centre. The holed sheet is represented by 766 finite elements; the chosen elements are 8-
nodes bricks with a mixed formulation.

Five simulations are presented: the law MINTY 3 with domains of 5°, 20° and 40° is
used; The hyperplane model with 5° domainsis also investigated. As a comparison mean, the
law ANI3VH with aglobal yield locus approach based on the same texture is used.

The computation time are summarised in Table 4.

Constitutive MINTY3(5°) | MINTY3 MINTY3 ANI3VH MIPAY 3 (5°)
law (20°) (40°)

Computation | 8:54:32.55 3:11:31.29 2:01:55.29 1:08:30.91 Over than 40
time hours!
(hour:min:sec.

1/100 sec)

Table 4. Computation timefor the holed sheet tensile test

Remarks:

» The same computer has been used for the simulations with MINTY3 and
ANI3VH; the ssimulation with MIPAY 3 has been achieved on several computers
(the exact computation time is then not significant).

e For the law ANI3VH, the ssimulation has been stopped for a lower imposed
displacement (6.18 instead of 8 mm of tensile stretching) due to convergence
problems.

Here again, the size of the interpolation domain has an important influence on the
computation time. Indeed, a ratio higher than 4 is observed between the cases 5° and 40° for
MINTY 3. The size of 1° has not been investigated due to prohibitive expected CPU time.
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In spite of the fact that the ssimulation was not completely finished, the law ANI3VH
seems dlightly faster than MINTY 3. This is related to the fact that the Taylor’s model is not
called during the finite element simulation for a global yield locus approach.

Beside computation time, the most significant result is the tensile force applied on the
steel sheet as a function of the imposed displacement of the edge of the sheet. This graph for
the five simulationsis presented in Figure 10.

From this graph, it appears that the results obtained with the law MINTY 3 with the
size of the interpolation domain equal to 5° are superimposed to the results from ANI3VH.
The interpolation method with a reasonable domain size is then validated with respect to a
global yield locus approach.

For larger domains (20° and 40°), some small differences can be noticed on the value
of the maximum of the tensile force. Before and after that maximum, the results are more or
less the same whatever the size of the domain is. The value of the maximum is indeed a very
critical variable.

For thelaw MIPAY 3, the results are alittle bit different at the maximum and also after
the maximum.

1600

Law ANI3VH, 6th order serie

Law MIPAY3, hyperplanes

Law MINTYS3, interpolation over 5°
Law MINTY3, interpolation over 20°
Law MINTY3, interpolation over 40° |

1200

1000

800

Force (N)

600

400

200

O T T T T T T T 1
0.00 1.00 2.00 3.00 4.00 5.00 6.00 7.00 8.00
Displacement (mm)

Figure 10: Tensileforce applied on the holed steel sheet.
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Conclusions

To represent locally the yield locus, regular domains in the strain rate space and non-
regular ones in the deviatoric stress space have been defined; their size is linked to the user
parameter 3.

Two interesting coordinate systems have been defined. These coordinates fulfil the
following properties:

* They can easily identify the frontiers of the current domain,

» They are equivalent to the knowledge of the direction of the stress vector from

which they are computed,

» Their use permits to separate the direction and the amplitude of the studied vector;

amplitude and direction can then be separately interpolated.

The yield locus is defined inside a domain by an interpolation method or ayield locus
function. As presented in Chapter 11C and Chapter 11D, these two approaches are equivalent.
However, interpolation methods are based on alocal definition while ayield locus function is
more adapted for large yield locus domains, and also for the whole yield locus. Higher order
interpolations with a larger number of parameters have also been looked at. However, small
linear interpolation domains were expected to be more satisfactory.

Indeed, the four validation tests described in Chapter IV have compared the law
MINTY 3 to the other laws. MIPAY 3 using hyperplanes for the interpolation and ANI3VH
using aglobal yield locus approach.

The results are quite good and the computation time are reasonable for a constitutive
law based on the Taylor's model. A good convergence has always been noticed, even with the
analytical tangent matrix. This is certainly a consequence of the sub-interval per sub-interval
computation of the matrix and also to the continuity of the resulting yield locus thanks to the
stress-strain interpolation method.

The first interpolation method that was implemented uses a planar formulation.
Unfortunately, it has appeared that hyperplanes can not accurately represent a convex yield
locus unless they are numerous and therefore of small size. This has been pointed out on a
simple tensile simulation (see Ref. [5]). In order to improve the hyperplane model, three radial
return methods have successively been investigated. For the tensile test of [5], the third
method with a plastic predictor was well adapted; however, for amore complex simulation, as
it was shown in Chapter IVD, the plastic predictor yields inaccurate results.

The considerations brought out in this work show that a particular attention must be
paid to the implementation of alocal yield locus description in afinite element code. Our first
model using hyperplanes was indeed not efficient. The continuity of the yield locus and of the
normals are two critical points for the convergence of a finite element ssimulation. Although
the stress-strain interpolation method requires more computation time than a global yield
locus approach, it produces interesting results. This is a consequence of an improved
theoretical formulation.

It should be noticed that two user parameters have a very important influence on the
accuracy and the computation time of the interpolation method. The first one is the number of
crystallographic orientations included in the representative set. According to [6], a
representative set containing 2000 crystals yields to good results. The second important
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parameter is the size of the interpolation domain; this parameter was investigated in Chapter
IV. For both parameters, a compromise between accuracy and computation time must be
done.

Finally, the goal of the local yield locus approach is the implementation of the texture
updating. Larger computation time compared to a global yield locus approach is the price to
pay to be able to integrate simultaneous and interacting texture evolution and finite element
simulation.

Beside the validation presented in this work, some more complex finite element

simulations will be investigated for the Ph. D. thesis. These new validations are:

» Deep-drawing of a cylindrical cup. Finite element results using the MINTY 3 law
will be compared to experimental results.

» Deep-drawing of a hemispherical cup. This validation is a NUMISHEET’ 99 and
ESAFORM’ 01 benchmark. Several experimental and numerical results will then
be available for the validation.

» Computation of Forming Limit Diagrams (FLD) will also be investigated.

The Ph. D. thesis will aso include some improvements of the model: the development
of an optimisation method for the texture updating is still in progress.
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