
Estimating the driver function of a

cardiovascular system model

Stevenson, D.J. ∗ Hann, C.E. ∗ Chase, J.G. ∗ Revie, J. ∗

Shaw, G.M. ∗∗ Desaive, T. ∗∗∗ Lambermont, B. ∗∗∗

Ghuysen, A. ∗∗∗ Kolh, P. ∗∗∗ Heldmann, S. ∗∗∗∗

∗ Department of Mechanical Engineering, University of Canterbury,
Christchurch, New Zealand

∗∗ Department of Intensive Care, Christchurch Hospital, Christchurch,
New Zealand

∗∗∗ Hemodynamics Research Laboratory, University of Liege, Belgium
∗∗∗∗ Department of Mechanical Engineering, TU Darmstadt, Germany

Abstract: The time varying elastance of the left and right ventricles, also called the driver
functions, are the inputs to a previously developed cardiovascular model. However these
functions cannot normally be measured directly in an Intensive Care Unit (ICU), as they require
both ventricle volume and pressure waveforms. This paper develops a method to construct both
driver functions from measurements which are more commonly available in an ICU. Specifically
the aortic pressure and pulmonary artery pressure waveforms. The information used from the
pulmonary artery pressure can be found from the central venous pressure and ECG, however
these were not available for this study. This paper also details a method to locate specific
points of interest in the aortic and pulmonary artery pressures, such as the dicrotic notch. The
driver functions that were constructed with a median error of 1.32% and 2.54% for the left and
right respectively, with a 90 percentile of 3.67% and 9.43% respectively, and tracked all the
physiologically meaningful points on the driver function, such as the start and end of ejection
and the maximum ascending gradient.

1. INTRODUCTION

Left and right pressure-volume (PV) loops contain a large
amount of information on cardiac function including all
the states of filling, contraction, ejection and relaxation,
see Guyton and Hall (2000). The formula:

el(t) =
Plv(t)

Vlv(t) − Vd

(1)

where

Vd ≡ deadspace

Plv(t) ≡ left ventricle pressure

Vlv(t) ≡ left ventricle volume

(2)

is commonly called time varying elastance, see Oommen
et al. (2003), and provides a load-independent measure of
heart function that can represent cardiac muscle activa-
tion. The time varying elastance is typically normalised
to one, and the resulting shape can be used as the input
or driver function into lumped parameter models of the
cardiovascular system, see Chung et al. (1997). The shape
of the driver function thus approximates the change in car-
diac muscle activation over time, and implicitly contains
information on the ventricle pressure and volume profiles.
However, left and right ventricle pressures and volumes are
not typically measured, and in usual intensive care practice
are never known. Yet, the concept of PV loops is critical
to understanding, for example the effect of inotropes on
cardiac function.

This research aims to estimate the left and right ventri-
cle driver functions from available measurements in the
Intensive Care Unit (ICU). The driver function then pro-
vides the input into a previously developed 8 chamber
cardiovascular system (CVS) model, see Starfinger et al.
(2008). The overall goal is to use this CVS model to
transform standard ICU data into a more physiologically
clear picture. ICU data typically includes, central venous
pressure, ECG, arterial pressure, SPO2, cardiac output
and global end-diastolic volume (GEDV). Note that the
latter two measurements come from PiCCO, see PULSION
(2010). Thus there is a wide range of diverse data available
but complex interactions and the body’s natural reflex
responses can make accurate diagnosis very difficult. A
validated computer model can provide a patients specific
representation to assist diagnosis and optimise therapy.

The data investigated in the paper is from a porcine
model of pulmonary embolism, which contains significant
changes in hemodynamics and is thus a solid case study
to demonstrate the driver function estimation methods.
These methods will provide the foundation for extend-
ing to human data in upcoming clinical trials at the
Christchurch ICU.

2. METHODOLOGY

The general shape of the driver function has four main
sections: an exponential rise (A), a shoulder section (B)
and two exponential decays (C and D) as shown in
Figure 1. Note that the deadspace is always assumed



to be 0 since it has little effect on the overall shape as
demonstrated in Figure 2.

Fig. 1. An example of a typical driver function for the left
side of the heart

Fig. 2. Three driver functions with different deadspace

Each of the sections have a physiological interpretation,
as well the time intervals in between. The key features
include:

• the time between the two inflection points (ascending
and descending) is the period of ejection

• the peak of the driver function corresponds to the
re-polarization of the ventricle

• the shoulder section is a slower portion of ejection
that relates to the twisting of the ventricle.

The exact shape of the driver function requires measure-
ment of both the ventricle volume and pressure, which is
not available in an ICU. However the aortic pressure wave-
form, which is measured in the ICU, contains a significant
amount of information that can be used to reconstruct
the left driver function. To avoid the requirement of an
extra pulmonary artery catheter, the right driver function
is estimated based only on timing in the pulmonary artery
pressure which could be obtained from other less invasive
measurements of central venous pressure and ECG.

For describing the methods to follow a naming convention
is given.

el ≡ left driver function

er ≡ right driver function

Pao ≡ aortic pressure

Ppa ≡ pulmonary artery pressure

DMPG ≡ driver maximum postive gradient

MN ≡ minimum point

MPG ≡ maximum positive gradient

LS ≡ left shoulder

MX ≡ maximum point

RS ≡ right shouder

MNG ≡ maximum negative gradient

DN ≡ dicrotic notch

DC ≡ dicrotic crest

ta,b ≡ time of point b on waveform a

(3)

The error of the reconstruction is defined by the median
percentage and 90% confidence interval, of the distance
between the real and reconstructed waveforms. The dis-
tance is defined as the shortest distance between the real
and reconstructed waveform at any given point on the real
waveform, after both waveforms had been normalised to
the heart beat (producing a waveform confined in a 1x1
box). This distance is defined by:

d =
√

(tel,a − telaprx,b)2 + (ela − elaprx,b)2 (4)

where, b is found for every a such that d (at every a) is
minimised.

2.1 Left driver function

The points of interest (MPG, LS, MNG, DC) can be
correlated to specific features in the aortic pressure, note
that tel,MX ≡ c2 from Equation (17). These correlations
are defined:

tel,MNG = At,MNG · tPao,DN + Bt,MNG (5)

elMNG = AMNG · tPao,MNG + BMNG (6)

el
′

MNG = AMNG
′ · loge

(

Pao,MNG

period

)

+ BMNG
′ (7)

tel,MPG = At,MPG · tPao,DMPG + Bt,MPG (8)

elMPG = AMPG ·
P

′

ao,MPG

period
+ BMPG (9)

el
′

MPG = AMPG
′ ·

P
′

ao,MPG

period
+ BMPG

′ (10)

tel,LS = At,LS · tPao,MPG + Bt,LS (11)

elLS = ALS ·
Pao,LS

period · Pao,MX

+ BLS (12)

tel,DC ≡ tPao,DC (13)

elDC = ADC ·
P

′

ao,DC

period
+ BDC (14)

where, for example, tPao,DN is the time of the dicrotic
notch in the aortic pressure waveform, as was defined in
Equation (3).

A continuous estimation of the driver function is defined:



elaprx(t) =F1(t), 0 < t ≤ tel,LS

=F1(tb)+

(
F2(tel,MX) − F1(tel,LS)

tel,MX − tel,LS

) · (t − tel,MX),

tel,LS ≤ t ≤ tel,MX

=F2(t), tel,MX ≤ t ≤ td
=F3(t), td ≤ t ≤ period

td =
tel,MNG + tel,DC

2

(15)

where
Fi = ai · e

−bi(t−ci)
2

, i = 1, 2, 3 (16)

and ai, bi, and ci, are unknowns. For the ascending portion
(i = 1) these unknowns are determined from: the inflection

point elMPG, the maximum ascending gradient el
′

MPG,
and the shoulder height of the driver function, elLS . This
shoulder point is assumed to the peak of the function
elaprx(t) of Equation (16). The physiological justification
of this step is that the rise before the shoulder is the initial
main contraction of the ventricle. The period after this is
twisting of the ventricle which is a different dynamic and
therefore should be treated separately. Thus, the essential
idea is to fit an exponential wave to the sections A, B, C
and D, of Figure 1. The equations to fit these unknowns
are defined:

ai = e2

bi = −
log(e1,i/e2,i)

exp(log(log(e1,i/e2,i) · 2 · (e1,i/dEi)) · 2))

ci = −
log(e1,i/e2,i) · 2 · e1,i − dEi · t1

dEi

(17)

where

{e1,1, e2,1, dE1, t1,1} ≡ {elMPG, elLS , el
′

MPG, tel,MPG}

{e1,2, e2,2, dE2, t1,2} ≡ {elMNG, 1, el
′

MNG, tel,MNG}

{e1,3, e2,3, dE3, t1,3} ≡ {elDC , 1, el
′

MNG, tPao,DC}
(18)

2.2 Right driver function

The points of interest for the right driver function, (MPG,
LS, and MNG) are correlated using the aortic pressure
waveform and two time points from the pulmonary artery
waveform, note that ter,MX ≡ c2 in Equation (17).

The first point tPpa,MN is the beginning of contraction
and can be found form the C wave in the CVP waveform,
see Izakovic (2008) and the second points tPpa,DN can be
found from the end of ejection or the beginning of the
T wave on the ECG, see Guyton and Hall (2000). ECG
or CVP waveform data was not available in the study,
so a complete validation is left for future work. However,
the results certainly prove the concept of estimating the
right ventricle driver function with only minimal right side
information.

The specific correlations are defined:

ter,MNG = At,MNG · Ppat,DN + Bt,MNG (19)

ter,MPG = At,MPG · Ppat,MN + Bt,MPG (20)

erLS = ALS · GEDV + BLS · elLS

+ CLS · tel,LS + DLS
(21)

erMPG = AMPG · GEDV

+ BMPG · elMPG + CMPG
(22)

erMNG = AMNG · GEDV

+ BMNG · elMNG + CMNG
(23)

er
′

MPG = AMPG
′ · GEDV

+ BMPG
′ · el

′

MPG + CMPG
′

(24)

er
′

MNG = AMNG
′ · GEDV

+ BMNG
′ · el

′

MNG + CMNG
′

(25)

The continuous estimation of the right driver function is
defined by modifying Equation (15) by replacing elaprx(t)
with eraprx(t), ignoring F3(t) and defining td ≡ period.
Fi(t) is still defined by Equation (17), however the un-
knowns ai, bi, and ci are defined by modifying Equation
(18) by replacing el with er for the first two lines, and
dispensing with the third.

The only difference between the left and right continuous
estimation is that only one exponential decay function is
used in the right. Two functions could have been included,
however there was very little improvement in the error
hence the simpler approach was taken.

2.3 Processing of the pressure waveforms

In order for the driver functions to be reconstructed, the
aortic pressure and pulmonary artery pressure waveforms
need to be processed to accurately and reliably extract
the required points that are shown in Figures 3-4. The
method is described only for Pao for simplicity, but the
same approach is used for Ppa.

Fig. 3. Aortic pressure over one heart beat, including
relevant points defined in Equations (3)

Fig. 4. Pulmonary artery pressure over one heart beat,
including relevant points defined in Equations (3)



The first step is to locate the time of the global maximum
of the waveform:

tMX ≡ time of maximum Pao (26)

To facilitate the extraction of the remaining points, a shear
transformation is defined:

(t,X(t)) → (t, φshear(X(t))

φshear (X(t)) = X(t) + mt + c, t0 < t < tend
(27)

The parameters t0 and tend are set depending on the
region of interest. The parameters m and c are chosen such
that φshear(X(t0)) = X(t0) and φshear(X(tend)) = X(t0)
which leads to the following equations:

X(t0) + mt0 + c = X(t0) (28a)

X(tend) + mtend + c = X(t0) (28b)

Solving Equations (28a) and (28b) yields:

m =
X(t0) − X(tend)

tend − t0

c =
t0X(tend) − tendX(t0)

tend − t0

(29)

To better visualize this transformation, imagine putting
a line from MN to MX and rotating about MN so that
this line is horizontal, but keep all the time points the
same. The effect of this transformation is to transform the
point LS into a peak of a curve which is easier to locate.
Figure 5 shows the result of this transformation. This
shear transformation approach is applied to each region
of interest.

Fig. 5. the section from Figure 3 between MN and
MX, before and after the shear transformation from
Equation (27).

2.2.1 MN and DMPG :

The first step is to compute the global minimum of the
aortic pressure:

tMNa ≡ time of minimum Pao (30)

However, tMNa in Equation (30) or alternatively MN in
Figure 3 is not always the global minimum of the aortic
pressure, as the dip before DMPG can sometimes go lower
than MN. To account for this effect, a shear transformation
is applied to the section and is defined:

Pao,secA ≡ {Pao(t) : tMNa < t < tMX} (31)

A second time point is defined:

tMNa ≡ time of minimum φshear (Pao,secA) (32)

where:

Pao,secA2 ≡ {Pao(t) : tMNa < t < tMX} (33)

which will be the correct minimum if the first trough
is smaller than the second, but will be a fake minimum
otherwise. In the latter case a point quite far up the
waveform is always chosen which make it straight forward
to rule out. The method is to define:

errorPao
≡

Pao(tMNb) − Pao(tMNa)

Pao(tMNa)
(34)

and
tMN = tMNb, errorPao

< 0.03

= tMNa otherwise
(35)

The constant 0.03 was found empirically, and Equation
(35) was found to give good results in all cases.

Looking at Figure 3, it would appear that DMPG would be
straightforwardly found by computing the maximum point
to the left of MN. However, as Figure 4 shows this case
does not always occur, in fact for the pulmonary artery
pressure waveform it virtually never occurs. Furthermore,
there can be oscillations prior to DMPG that make it more
difficult. The procedure to handle this case is to define:

Pao,secB1 ≡ {Pao(t) :
3

4
· tMN < t < tMN} (36a)

tA ≡ time of minimum φshear(Pao,secB1) (36b)

Pao,secB2 ≡ {Pao(t) : tA < t < tMN} (36c)

Pao,secB ≡ Pao,secB1, if ∃ local max ofφshear(Pao,secB1)
(37a)

≡ Pao,secB2 otherwise (37b)

The time tDMPG is then found by:

tDMPG ≡ time of maximum φshear(Pao,secB) (38)

2.2.2 LS and MPG :

The LS point reveals the point where the slower ejection
or twisting of the ventricle occurs. MPG is one of the
most important features since it is the commonly called
dPaodtmax value which is well known to be related to
ventricle contractility. To locate the LS point a new section
is defined:

Pao,secC ≡ {Pao(t) : tMN < t < tMX} (39)

The simplest approach to finding LS would be to locate
the maximum of φshear(Pao,secC) as is clear in Figure 5.
However, after the shear transformation a second higher
peak can occur as is apparent from looking at Figure 4.
The solution is to find both local maxima then have a
second criteria to distinguish the correct point. The first
maximum is:

tLSa ≡ time of maximumφshear(Pao,secC) (40)

To account for the case of tLSa begin the wrong point,
which means it will be far up the waveform past LS, a
section is define:

Pao,secC2 ≡ {Pao(t) : tMN < t < tLSa} (41)

for this case the correct time of LS should be:

tLSb ≡ time of maximumφshear(Pao,secC2) (42)



However in a number of cases tLSa is correct which would
mean tLSb is a false point that lies somewhere between MN
and LS in Figure 3. To account for both of these cases the
solution is:

tLS = tLSa, (tLSa − tLSb) < 0.02

= tLSb, otherwise
(43)

Where tLSa and tLSb are given by Equations (40) and (42).

The first condition if Equation (43) is due to the curve
from MN to LS being close to sigmoidal so that when tLSa

is the correct point, tLSb is always very close and within
0.02. In the case where tLSa is incorrect, and thus tLSb is
the correct point, tLSa− tLSb is much greater than 0.02, in
fact is always between 0.05 and 0.1. Hence Equation (43)
is robust.

Once tLS is found the time point corresponding to MPG
in Figure 3 is defined:

tMPG ≡ time of maximum {
d

dt
(Pao(t)) : tMN < t < tLS}

(44)

2.2.3 DN, RS, DC and summary :

The dicrotic notch (DN) corresponds to the end of ejection.
The time point tDN is defined:

tDN ≡ time of minimum φshear(Pao,secD) (45)

where:

Pao,secD ≡ {Pao(t) : tMX2 < t < tend} (46)

tMX2 ≡ time of maximum {Pao(t) : tDNa < t < tend}
(47)

tDNa ≡ tMN +
period

5
(48)

The time point tDNa in Equation (48) thus limits the
values that the tDN can take.

Note that the simplest way of defining tDN would be to use
tMX from Equation (26) in place of tMX2 in Equation (46).
However in a number of cases near the end of the trial when
the pig is near death the maximum peak of Pao occurs
between LS and MX in Figure 3. Physiologically this
phenomenon is likely due to the twisting of the ventricle
becoming abnormal and dysfunctional. In practice, it is
probably too late to save a patient if this occurs, but for
completeness this scenario is accounted for.

The value of tRS is defined:

tRS ≡ time of maximum φshear(Pao,secE) (49)

where:

Pao,secE ≡ {Pao(t) : tMX < t < tDN} (50)

Finally, and only for Pao the last section is defined:

Pao,secF ≡ {Pao(t) : tDN < t < tDN + 0.03} (51)

and the crest after the dicrotic notch is found by

tDC ≡ time of maximum Pao,secF (52)

A summary of this process follows which also applies to
Ppa is given as follows:

Step 1. find tMX using Equation (26)
Step 2. find tMN with Equations (30) to (35)
Step 3. find tDMPG with Equations (36) to (38)

Step 4. find tLS with Equations (39) to (43)
Step 5. find tMPG between MN and LS, Equation (44)
Step 6. find tDN with Equations (45) to (48)
Step 7. find tRS with Equations (49) to (50)
Step 8. for Pao only, find tDC using Equations (51) to (52)

3. RESULTS

3.1 Correlations

Most of the correlations show very high R values, as
can been seen in Figure 6, especially those relating the
time points of the driver functions. Table 1 shows the
complete list or correlations for the left and right driver
functions. These correlations are based on the data from
all five pigs, so are only representative of those used in
the reconstructions, see Section 3.2 The column labeled
‘errors%’ is the root mean square of the percentage error
of the correlation (e.g. percentage difference between the
correlations, dashed line in the Figure 6, and the real data).

Fig. 6. examples of correlations for the left and rigth
ventricle (respectively)

Table 1. Results of the correlations

Driver point correlated with R Error%

tel,MNG tPao,DN 1.00 1.41
elMNG tPao,MNG

-0.35 21.37

el
MNG

′ loge(
P

′

ao,MNG

period
) -0.53 18.95

tel,MPG tPao,DMPG) 0.99 7.13

elMPG P
′

ao,MPG
/period 0.81 17.25

el
MPG

′ P
′

ao,MPG
0.96 14.35

tel,LS tPao,MPG 1.00 2.41

elLS
Pao,LS

period·Pao,MX
0.92 5.29

elDC P
′

ao,DC
/period -0.32 38.64

ter,MNG tPpa,DN 0.97 6.45
ter,MPG tPpa,MN 0.98 10.02

erLS GEDV , elLS , tel,LS 0.74 12.15
erMPG GEDV , elMPG 0.78 24.48
erMNG GEDV , elMNG 0.73 20.58

er
′

MPG
GEDV , el

′

MPG
0.34 17.12

er
′

MNG
GEDV , el

′

MNG
0.42 34.05

3.2 Reconstructions

The reported correlations in Table 1 were reconstructed
across all five pigs. To further test the robustness of
the approach, when estimating the driver function for a
given pig, only the four other pigs were used to develop
the correlations. In otherwords, no information from the



given pig was used. This process is commonly called cross-
validation and is a more realistic test of the method.
Figures 7 and 8 show examples from the left and right
respectively, that are close to the median percentage error
on each side of the heart.

Table 2. Errors in the reconstructed waveforms

median 90 percentile

left 1.32% 3.67%

right 2.50% 9.43%

Fig. 7. Left driver function, with an error value of 1.32%

Fig. 8. Right driver function, with an error value of 2.54%

Figure 9 shows four reconstructed driver functions (alone-
side the measured driver functions) for the same pig at four
different times during the onset of pulmonary embolism.
Notice the dramatic decrease in period at t = 255 min,
which is captured very well.

4. DISCUSSION AND CONCLUSION

A method for identifying patient specific left and right
driver functions (time varying elastance of the left and
right ventricles), was developed. This method tracks the
important time points on the driver functions, such as the
start and end of ejection. This was validated on a set of
porcine data, which included multiple measurements of
five pigs that were induced with pulmonary embolism. A
four fold cross-validation was done to predict the driver
function.

Fig. 9. Four reconstructions of the left driver function,
from the same pig at different time intervals (mea-
sured in minutes)

This paper also developed a method for extracting specific
points from the aortic and pulmonary artery pressure
using a novel method of a shear transformation on specific
sections of these waveforms. This allowed for complete au-
tomation in the process of calculating the correlations and
constructing the approximated driver functions. Although
this study used the pulmonary artery pressure, this is not
specifically needed, as the points found in the pulmonary
artery pressure waveform could be located in the central
venous pressure and ECG, but the further validation is
needed. This means that it is possible to construct the
driver functions without any knowledge of the right side
of the heart. This is a major advantage for future work
in an ICU setting, as pulmonary artery pressure is less
commonly measured than aortic pressure.

This paper provides the tools which will lead into future
work on humans in an ICU setting, however more valida-
tion on human data will be required.

REFERENCES

Chung, D., Niranjan, S., Clark, J., Bidani, A., and John-
ston, W. (1997). A dynamic model of ventricular inter-
action and pericardial influence. Am. J. Phyisol., 14.

Guyton, A. and Hall, J. (2000). Textbook of Medical
Physiology. W. B. Saunders Company, Philadelphia,
Tenth edition.

Izakovic, M. (2008). Central venous pressure - evaluation,
interpretation, monitoring, clinical implications. Bratisl
Lek Listy, 109(4), 185–187.

Oommen, B., Karamanoglu, M., and Kovács, S. (2003).
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