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Abstract Many transmission components contain moving parts, which can come
into in contact. For example, the TORSEN differentials are mainly composed of gear
pairs and thrust washers. The friction involved by contacts between these two parts is
essential in the working principle of such differentials. In this chapter, two different
contact models are presented and exploited for the modelling of differentials. The
former uses an augmented Lagrangian technique or a penalty method and is defined
between two flexible bodies or between a rigid body and a flexible structure. The
second contact formulation is a continuous impact modelling based on a restitution
coefficient.

1 Introduction

Nowadays in automotive industries the requirements to reduce fuel consumption
and environmental pollution are greatly increasing. Reducing the weight of the ve-
hicle, lowering of mechanical losses and developing new hybrid electric propulsion
systems are needed in order to reach this goal. Nevertheless these new vehicle de-
signs should not alter the security and the comfort of the passengers. For instance,
electronic control systems such as ABS or ESP involve additional automotive com-
ponents and therefore tend to increase the global weight, but they highly improve
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the vehicle handling and allow to avoid accidents in a lot of situations. The mass re-
duction of structural parts can also lead to a higher flexibility, which can introduce
vibrations and have an impact on the driving pleasure. Moreover, the comfort in the
passenger cell can be affected by the reduction of acoustic isolation due to thinner
structural pannels.

In order to find a compromise between these antagonist criteria, the current trend
addresses the development of reliable simulation tools to enhance automotive design
processes.

Multibody simulation techniques are frequently used to model complex automo-
tive systems. For instance, dynamic simulations of crankshaft or connecting rods
have been carried out in [18] to analyse the mechanical losses; the study of defor-
mations and stresses are available in [7, 17] for global multicylinder engines. The
suspensions are also widely modelled using multibody tools [3]. The models are
often composed of a mixed set of rigid and flexible bodies and enable to analyse
the vehicle dynamic behaviour in case of maneuvers or braking (see for example [8]
and [10]).

Models of transmission components is less mature because several complex
physical phenomena are involved such as stick-slip, backlash between gear teeth,
contact with friction, impact or hysteresis. The modelling of these nonlinear and
discontinuous effects is not trivial and can lead to numerical problems during the
simulations. The development of specific formulations is needed in order to manage
these particular effects. The driveline devices such as clutch, gear box or differential
highly interact together. They influence the driveline behaviour and also the whole
vehicle performance. For example, the differential features can have a direct influ-
ence on the sizing of anti-roll bar and suspensions. Therefore, individual models of
transmission components are often not sufficient and there is a need to have global
drivetrain or even full vehicle models. In this way, the driveline modelling would
allow the improvement of the performance not only of the transmission devices, but
also of the other subsystems of the vehicle.

In automotive as in other fields of mechanics, many transmission components
include contacts between different parts. These contacts inhibit the relative motion
in one or several directions but they let free the motion in the other directions. The
contact can be: bilateral or unilateral, rigid or flexible, frictional or frictionless. Sev-
eral complex physical phenomena can be involved by contacts. For instance, if the
relative velocity when the contact occurs is high for unilateral contact, the impact
encountered can generate vibration waves in the body structure. Permanent plastic
deformations can be induced [20]. The friction can also lead to stick-slip phenomena
due to the difference between static and dynamic friction coefficients.

These accurate and efficient contact models are essential in order to get reliable
drivetrain models. Gear boxes or differentials include numerous contacts which play
a key role in the working principle of these mechanisms. It can not be expected to
set up a realistic dynamic model of this kind of transmission components without a
good and reliable mathematical formulation of contacts.

In the literature, three main categories of contact modelling can be distinguished
according to the behaviour considered to model the bodies subjected to contact:
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rigid-rigid contact [20], flexible-rigid contact [14] or flexible-flexible contact [23].
In the field of multibody systems dynamics, two different approaches are often used
to formulate the contact condition: continuous contact modelling and instantaneous
contact modelling. The continuous method does not need specific algorithmic tools
to manage the impact phenomena. The contact forces are added in the equations of
motion of the mechanism and a standard time integration scheme can be used to
solve the complete system. The positions and velocities of all bodies vary contin-
uously and it is not necessary to stop the time integration at the moment of con-
tact establishment (see [15] for more details). With instantaneous contact models,
the motion is divided into two periods, before and after the impact. While the dis-
placements are continuous, a jump of the relative velocity is observed at the contact
instant. Instantaneous contact formulations are often related to nonsmooth dynamic
methods [1, 13]. The discontinuities in the velocity field require the use of special
integration methods [12, 16, 5]. For instance, event-driven approaches require the
interruption of the time integration at each impact whereas time-stepping methods
discretize in time the complete multibody system dynamics including the unilateral
constraints and the impact forces.

The objective of this chapter is to investigate two different unilateral contact for-
mulations for modelling contacts in dynamic simulation of automotive drivetrains.
For large models including numerous contacts, it can be very useful to use various
contact conditions according to the detail level needed for each contact. For instance
in case of a complete drivetrain model, accurate and fine contact formulations can be
used inside the components modelled in detail whereas rougher contact conditions
are sufficient for the transmission devices globally represented. This combination of
contact formulations enables to obtain low CPU time consuming models for global
applications. In order to be used with a classical integration scheme, two continuous
contact formulations have been considered in this work. The first one is an accurate
contact model defined between two flexible bodies or between a rigid body and a
flexible body. This contact formulation uses an augmented Lagrangian approach or
a penalty method. Each flexible body is represented by a finite element mesh, that
notably enables to analyse the stresses on the contact surfaces. The second contact
formulation is a simpler model defined between two rigid bodies. This method is
based on the continuous impact theory and uses a restitution coefficient. The fric-
tion has been taken into account in both contact elements.

The application under study to validate the two contact elements is the TORSEN
differential. This kind of limited slip differential is mainly composed of gear pairs
and thrust washers. The axial force produced by the helical mesh leads to contact
between the lateral circular faces of toothed wheels and the various thrust washers.
The friction generated between these two bodies is at the source of the locking
effects, specific to the operation of TORSEN differentials. A unilateral frictional
contact model is then essential to model accurately and reliably these differentials.

In the sequel of this chapter, the nonlinear finite element approach for flexi-
ble multibody systems available in SAMCEF/MECANO [9] is briefly presented
in Sect. 2. The two contact formulations are respectively presented in Sect. 3 for the
rigid/flexible coupled interation method and Sect. 4 for the continuous impact mod-
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elling. The working principle of TORSEN differential will be described in Sect. 5
and numerical results provided by the simulation of this transmission device are
shown in Sect. 6 for both contact models.

2 Finite Element Method in Multibody System Dynamics

In this work, the chosen approach is based on the nonlinear finite element method
for flexible multibody systems developed by Géradin and Cardona [9]. This method
allows the modelling of complex mechanical systems composed of rigid and flex-
ible bodies, kinematics joints and force elements. The degrees of freedom are the
absolute nodal coordinates with respect to a unique inertial frame. Hence, there is
no distinction between rigid and elastic coordinates which allows accounting in a
natural way for many nonlinear flexible effects and large deformations. The carte-
sian rotation vector combined with an updated Lagrangian approach is used for the
parametrization of rotations. This choice enables an exact representation of large
rotations.

The dynamics of a system including holonomic bilateral constraints is described
by Eqs. (1) and (2). The modelling of unilateral contact conditions within this for-
mulation is addressed in the next two sections.

M(q) q̈+ggyr(q, q̇)+gint(q, q̇)+ΦT
q (pΦ+ kλ) = gext(t) (1)

k Φ(q, t) = 0 (2)

where q, q̇ and q̈ are the generalized displacements, velocities and acceleration co-
ordinates, M(q) is the mass matrix, ggyr is the vector of gyroscopic and complemen-
tary inertia forces, gint(q, q̇) is the vector of the internal forces, e.g. elastic and dissi-
pations forces and gext(t) is the vector of the external forces. According to the aug-
mented Lagrangian method, the constraint forces are formulated by ΦT

q (pΦ+ kλ)
where λ is the vector of Lagrange multipliers related to algebraic constraints Φ = 0;
k and p are respectively a scaling and a penalty factor to improve the numerical
conditioning.

Equations (1) and (2) form a system of nonlinear differential-algebraic equations.
The solution is evaluated step by step using a second order accurate time integration
scheme. For this study, the Chung-Hulbert scheme, which belongs to the family of
the generalized α-method, has been used (see [6], [2]). At each time step, a system
of nonlinear algebraic equations has to be solved using a Newton-Raphson method.
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3 Coupled Iterations Method for Node to Surface Contact
Element

For multibody simulation techniques based on a finite element approach, three ge-
ometrical configurations can be used to define the contact elements: node to node,
node to surface and surface to surface contact elements. The last configuration being
often related to mortar algorithms [19, 11].

In this section, a node to surface contact element, based on the coupled itera-
tion method, is presented. In contrast to uncoupled iterations, the contact problem
is solved at the same time as the other nonlinearities and no distinction is done be-
tween the degrees of freedom linked by contact and the other ones. An augmented
Lagrangian approach is used to define the kinematic constraints related to each con-
tact condition. The resulting system of equations is solved simultaneously for the
displacements and Lagrange multipliers.

This formulation is suitable for implicit nonlinear analysis and is able to model
contacts between a rigid structure and a flexible part (flexible/rigid contact) or be-
tween two flexible parts (flexible/flexible contact). Contact elements are created be-
tween the nodes on the contact surface of the first support and a flexible facet of a
finite element (in case of flexible/flexible contact) or a rigid master surface (in case
of flexible/rigid contact) on the second support. Bilateral but also unilateral contacts
can be represented. In this last case, the kinematic constraints are active in case of
effective contact and inactive when the two bodies are separated. Once the set of
active constraints has been determined, the equations of motion have the structure
of Eqs. (1) and (2). The contact algorithm can be decomposed in two steps.

The first step is a geometrical step, which consists in searching the projection
of each slave node on the master surface (Fig. 1), computing the normal distance
(dn) between the node and the surface, and measuring the displacement variations
(∆u1,∆u2) in the tangent directions during the current time step.

Fig. 1 Contact condition - projection of slave node on master surface

The virtual variations δdn, δ∆u1, δ∆u2 can be expressed as functions of the
variations of nodal unknowns q, which are the displacements of the slave nodes,
and displacements and rotations of the node linked to the rigid surface (flexible-rigid
contact) or the displacements of the nodes of the facet (flexible-flexible contact).
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δdn = nT B δq (3)
δ∆u1 = tT

1 B δq (4)
δ∆u2 = tT

2 B δq (5)

where n is the normal, t1, t2 are the tangents to the surface, B = ∂ (xS − xM)/∂q,
xS and xM being respectively the slave and master node positions expressed in the
absolute reference frame.

The second step sets the contact conditions whose expression depends on the
current status of the contact. For unilateral contacts, the case of an active or an
inactive contact can be distinguished in the normal direction. The friction coefficient
and the normal force enable to determine if the status is stick or slip in tangential
directions.

In order to assess the contact status, two simple tests based on the quantities σn
and σt are carried out. These quantities are defined as

σn = kλn + pdn (6)
σt1 = kλt1 + p∆u1 (7)
σt2 = kλt2 + p∆u2 (8)

σt =
√

σ2
t1 +σ2

t2 (9)

where λi are three Lagrange multipliers: one for the contact (λn) and two for the
friction (λt1 , λt2). k is a scaling factor and p is a regularization parameter.

For the behaviour in the normal direction, the bold line in Fig. 2 represents the
solution of the contact condition at convergence of the differential-algebraic system
of equation (Eqs. 1 and 2): either the normal distance dn being zero or the Lagrange
multiplier λn being zero. During the iterations of the Newton-Raphson procedure,
the system is not at the equilibrium and the contact criterion σn allows to determine
if the contact condition related to an active (see Sect. 3.1) or an inactive (Sect. 3.2)
contact has to be used. The dotted line σn = 0 divides the space in Fig. 2 in two
zones. If σn < 0, the node is not considered in contact and if σn > 0, the node is
considered in contact. The convergence property of this algorithm depends on the
slope (−p/k) of the line σn = 0. The scaling factor k being constant, the choice of the
regularization parameter p influences the convergence in some particular situations
but the solution at convergence will not depend on this regularization parameter (cf.
bold line in Fig. 2).

3.1 Inactive Contact

If the contact criterion σn is positive, there is no contact nor friction forces applied
on the nodes. The three Lagrange multipliers are set to zero. At the element level,
the internal forces are computed by:
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Active contact

Inactive contact

Contact criterion

Solution at convergence

Fig. 2 Contact criterion and solution

δq∗T Fint =−(δλn kλn +δλt1 kλt1 +δλt2 kλt2) (10)

with:

q∗ =

{
q
λ

}
(11)

3.2 Active Contact

When σn is negative, the contact is active and the kinematic constraint can be ex-
pressed by ϕ = dn. The virtual work principle enables to calculate the internal forces
at the element level:

δq∗T Fint = δdn(pdn + kλn)+δλn kdn (12)

At the equilibrium, the kinematic constraint is satisfied (ϕ = 0) and therefore the
normal distance dn is equal to zero. The Lagrange multiplier λn can be interpreted as
the contact force divided by the scaling factor k. This last parameter is often chosen
equal to the stiffness of the structural elements in order to have the same order
of magnitude in the various terms of the iteration matrix of the Newton-Raphson
process.

When the contact is active, two status are available for the friction behaviour:
either the node is sticking to the surface or the node is sliding. The friction criterion
σt defined in Eq. (9) is used to determine the friction status.
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3.3 Sticking Friction

If σt is smaller than the normal force σn multiplied by the friction coefficient µ ,
the node is sticking on the master face. The friction coefficient is a constant value,
no distinction between the static and kinetic friction coefficient is made. Two kine-
matic constraints equal to the variations of tangential displacements (ϕ1 = ∆u1 and
ϕ2 = ∆u2) are introduced. As for the contact in the normal direction, the kinematic
constraints are equal to zero after convergence (ϕ1 = ∆u1 = 0, ϕ2 = ∆u2 = 0). The
internal forces related to friction forces for each contact element in a sticking situa-
tion are computed from the vitual work.

δq∗T Fint = δ∆u1(p∆u1 + kλt1)+δ∆u2(p∆u2 + kλt2)

+δλt1 k∆u1 +δλt2 k∆u2
(13)

3.4 Sliding Friction

When σt > µ|σn|, the slave node is sliding on the master surface. The element forces
are computed from:

δq∗T Fint =
{

δ∆u1 δ∆u2 δλt1 δλt2
}

µ |σn|v1
µ |σn|v2

(µ |σn|v1 − kλt1)k/p
(µ |σn|v2 − kλt2)k/p

 (14)

In this case, the friction Lagrange multipliers are parallel to the variation of sliding
displacements (∆u1, ∆u2). The iteration matrix for a sliding friction is not symmet-
rical and it is recommended to use a non-symmetric solver.

3.5 Penalty Method

The augmented Lagrangian approach presented above is sometimes not able to find
a solution or can encounter great difficulties to converge in case of large discon-
tinuities during the simulation. For instance, if the relative normal velocity of the
colliding bodies is high at the contact establishment, an impact phenomenon occurs.
This contact formulation can not manage the strong discontinuity and the rebonds
after the first impact have often erratic magnitudes and frequencies. Likewise, the
switching between the stick and the slip is highly nonlinear for high speed systems.

In order to improve the convergence of the algorithm, the augmented Lagrangian
method can be replaced by a pure penalty method. In contrast to the Lagrangian
approach where the contact is infinitely rigid, the penalty allows a small penetration
between the two bodies that slightly relaxes the discontinuity. The penalty function
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can be linear or nonlinear and can be seen physically as a finite stiffness that is
active in compression but not in traction. To have a smoother response, it can also
be useful to account for damping in the contact model. The first step consisting of
the projection of the slave nodes on the master faces is unchanged compared with
Lagrangian approach.

A regularization is often used to avoid the discontinuity when the sign of the
relative sliding velocity shifts (see Fig. 3). The regularized friction coefficient µR
can be defined in several ways with sometimes complex functions. In this study, a
simple quadratic function is used:

µR(ξ̇ ) =


µ

(
2− |ξ̇ |

εv

)
ξ̇
εv

|ξ̇ |< εv

µ
ξ̇
|ξ̇ |

|ξ̇ | ≥ εv

(15)

where ξ̇ is the relative sliding velocity, µ is the friction coefficient and εv is the
regularization tolerance.

Fig. 3 Regularized friction coefficient

4 Continuous Impact Modelling

The continuous contact modelling is based on a continuous contact law that uses
a restitution coefficient. During impacts between rigid bodies, some kinetic en-
ergy is lost. Indeed, impacts can initiate wave propagation in the bodies which ab-
sorb parts of the kinetic energy until they vanish owing to material damping. High
stresses might also occur near the impact point and involve plastic deformation,
which also contributes to kinetic energy loss, as well as visco-elastic material be-
haviour. Macro-mechanically, these various sources of kinetic energy loss are often
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summarized and expressed by a coefficient of restitution. The loss of kinetic en-
ergy described by the coefficient of restitution depends on the shapes and material
properties of the colliding bodies as well as on their relative velocities. However,
the restitution coefficient cannot be computed within the multibody system simula-
tion. It has to be roughly estimated from experience, measured by experiments or
determined by numerical simulations on a fast time scale [20].

There exist different definitions for the coefficient of restitution: kinematic (eN),
kinetic (eP) or energetic (eE ):

eN = − ġne

ġns

(16)

eP =
∆Pr

∆Pc
=

∫ te
tc F dt∫ tc
ts F dt

(17)

e2
E = −Tr

Tc
=−

∫ te
tc F ġn dt∫ tc
ts F ġn dt

=−
∫ he

hc
F dt∫ hc

hs
F dt

(18)

where ġns and ġne are respectively the relative velocity between the two bodies in
normal direction before and after impacts; the time intervals [ts, tc] and [tc, te] corre-
spond to the compression and restitution phases; ∆Pc and ∆Pr are the impulse during
the compression and restitution phases; Tc and Tr are the deformation energies dur-
ing the compression and restitution phases; F is the contact force and h = −gn is
the penetration allowed between the two bodies.

An impact with e = 1 means no energy loss (complete elastic contact), whereas
e = 0 corresponds to a total loss of energy (plastic or inelastic contact), 0 ≤ e ≤ 1.

These three forms of the restitution coefficient are equivalent unless the configu-
ration is eccentric and the direction of slip varies during impact or if the bodies are
rough. Some differences can also appear in case of frictional contact or if several
impacts occur simultaneously (see [21] for more details).

4.1 Force Law

A penalty approach is used for this continuous contact model whereby a small pen-
etration h is allowed. The contact force is computed from this local penetration by a
force law.

F(h, ḣ) = k hn + c hn ḣ (19)

where k is the contact stiffness and c is a damping parameter.

In order to avoid a jump at the beginning of the impact and tension force at the
end of the impact, the classical viscous damping term (c ḣ) has been multiplied by
hn.
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As depicted in Fig. 4, this force law yields a hysteresis loop with hs = he = 0
for the force-penetration curve. The enclosed area represents the kinetic energy loss
during impact.

Fig. 4 Force law for continuous impact modelling

The parameters k and c have to be chosen in order to have realistic values for the
impact duration, the local penetration and the kinetic energy loss. One way to set
the damping parameter consists in formulating this coefficient as a function of the
restitution coefficient. According to the contact configuration, various expressions
are available in the literature (see for example [15]). For the contact considered
in this work between gear wheels and washers, the expression (20) seems relevant
and yields to a good approximation of the kinetic energy loss for large kinematic
restitution coefficients (e > 0.8 ).

c =
3(1− e2)

4
k
ḣs

(20)

where ḣs is the relative normal velocity between bodies at the contact beginning.
The force (Eq. 19) applied on the two bodies while there are in contact as well as
the contribution of this contact element to the global iteration matrix of the system
have to be specified in the contact subroutine. In order to compute the tangent stiff-
ness matrix and the damping matrix included in the iteration matrix of the contact
element, the incremental form of the virtual work principle can be used.

δdW = δdh F(h, ḣ)+δh dF(h, ḣ) (21)

δdW = δdh F(h, ḣ)+δh
(

∂F
∂h

dh+
∂F
∂ ḣ

dḣ
)

(22)

This last expression has to be handled in order to obtain Eq. (23) and to identify the
tangent stiffness matrix and damping matrix.
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δdW = δqT ∂Fint

∂q︸ ︷︷ ︸
KT

dq+δqT ∂Fint

∂ q̇︸ ︷︷ ︸
CT

dq̇ (23)

Here q is the vector of nodal degree of freedom used by the contact element. In
our current implementation, this vector contains the position parameters of the
node located at the center of the contact surface of two bodies candidate to con-
tact (qT = {xA yA zA xB yB zB}).

In summary, the tangent stiffness and damping matrices can be expressed in the
following form:

δdW = δqT
[(

−F
h
+

∂F
∂h

− ∂h
∂ ḣ

ḣ
h

)
n nT +

F
h

I+
∂F
∂ ḣ

n
ẋT

AB
h

I
]

︸ ︷︷ ︸
KT

dq

+δqT
[

∂F
∂ ḣ

n nT
]

︸ ︷︷ ︸
CT

dq̇
(24)

with xT
AB = {xB − xA yB − yA zB − zA}, the vector between nodes A and B; n is the

normal direction to the contact surface.

4.2 Friction Force

The friction force produced by the contact between the two rigid bodies can be
easily added to the contact element presented in the previous section. Its magnitude
is given by Eq. (25) where Fnorm is equivalent to the contact force ( Eq. (19) ).

Ff r = µR |Fnorm| (25)

This friction force is applied on a point M located at the middle of the segment AB
and its direction is aligned with the tangential velocity vector vt .

5 Description of TORSEN Differentials

The two essential functions of a differential are to transmit the motor torque to the
two output shafts and to allow a difference of rotation speed between these two
outputs. In a vehicle, this mechanical device is particularly useful in turn when the
outer wheels have to rotate quicker than the inner wheels to ensure a good handling.

The main drawback of a conventional differential (open differential) is that the
total amount of available torque is always split between the two output shafts with
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the same constant ratio. In particular, this is a source of problems when the driving
wheels have various conditions of adherence. If the motor torque exceeds the max-
imum transferable torque limited by road friction on one driving wheel, this wheel
starts spinning. Although they do not reach their limit of friction, the other driving
wheels are not able to transfer more torque because the input torque is often equally
split between the two output shafts.

The TORSEN differentials significantly reduce this undesirable side effect. This
kind of limited slip differential allows a variable distribution of motor torque de-
pending on the available friction of each driving wheel. For a vehicle with asym-
metric road friction between the left and right wheels, for example, right wheels are
on a slippery surface (snow, mud...) whereas left wheels have good grip conditions,
it is possible to transfer an extra torque to the left lane. That allows the vehicle to
move forward whereas it would be hardly possible with an open differential. How-
ever, the overall driving torque can not be applied on one output shaft while no load
is exerted on the second shaft. When the difference between the 2 output torques be-
comes too large, the differential unlocks and lets different rotation speeds but keeps
the same constant torque ratio.

When a TORSEN differential is used, the torque biasing is always a precondition
before any difference of rotation speed between the two output shafts. Contrary to
viscous coupling, TORSEN (a contraction of Torque-Sensing) is an instantaneous
and pro-active process which acts before wheel slip.

The differential can be used either to divide the drive torque into equal parts act-
ing on the traction wheels of the same axle, or to divide the output torque from the
gearbox between the two axles of four-wheels drive vehicles. This second applica-
tion is often called the transfer box differential or central differential.

As depicted in Fig. 5, the TORSEN differential contains a housing in two parts
as well as several gear pairs and thrust washers. Due to the axial force produced
by the helical mesh, several gear wheels can move axially and enter in contact with
the various thrust washers fixed on the case or housing. The friction encountered by
this relative sliding is at the origin of the locking effect of TORSEN differentials.
The second important contribution to the limited slip behaviour is due to the friction
between the planet gears and the housing holes in which they are inserted. When
one axle tries to speed up, all encountered frictions tend to slow down the relative
rotation and involve a variable torque distribution between the output shafts. The
biasing on the torque only results from the differential gearing mechanical friction.

This limited slip differential has four working modes which depend on the direc-
tion of torque biasing and on the drive or coast situation. According to the consid-
ered mode, the gear wheels rub against one or the other thrust washers which can
have different friction coefficients and contact surfaces.
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Fig. 5 Kinematic diagram, exploded view and cut-away view of type C TORSEN differential

6 Numerical Results

The two main kinematic constraints needed to model TORSEN differentials are gear
pairs and contact conditions. The formulation used to model each gear pair is avail-
able for describing flexible gear pairs in 3 dimensional analysis of flexible mecha-
nism. This gear element is developed in [4] and is a global kinematic joint defined
between two physical nodes: one at the center of each gear wheel which is repre-
sented as a rigid body. Nevertheless the flexibility of the gear mesh is accounted for
by a nonlinear spring and damper element inserted along the instantaneous normal
pressure line. Several specific phenomena in gear pairs which influence significantly
the dynamic response of gears are also included in the model: backlash, mesh stiff-
ness fluctuation, misalignment, friction between teeth. Contacts between the thrust
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washers and the circular lateral faces of gear wheels have been successively mod-
elled by the two contact formulation presented in this chapter.

A dynamic analysis of the type C TORSEN has been carry out when this compo-
nent is considered in the vehicle configuration. The other driveline devices such as
driveshafts are not represented in this work. Equivalent loads are applied on the dif-
ferential inputs and outputs: a torque is applied on the housing whereas the rotation
speed of sun gear and coupling are prescribed. The housing torque is equivalent to
the driving force coming out from the gear box and transmitted to the differential
housing through the propeller shaft. The prescribed rotation speeds can be seen as a
measure of the adherence properties on the front and rear axles.

The time evolution of these loads has been chosen in order to study the four work-
ing modes of the differential during the same simulation and the transient behaviour
at the switching time between two modes. Besides, in order to test the robustness of
the model, the torque on the housing is applied with fast increasing or decreasing
phases interrupted by steady state periods (see Fig. 6).

Fig. 6 Time evolution of torque and rotation speed of housing and output shafts of type C TORSEN
on vehicle configuration

Some numerical results specific to the contact formulations studied in this chapter
are presented in Sect. 6.1 for the coupled iterations method and in Sect. 6.2 for the
continuous impact modelling.

A previous work addresses the development of full type B and type C TORSEN
differential models. See Reference [22] for more details on the construction of theses
models and their global validation by comparison with experimental data.
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6.1 Flexible-Rigid Contact

In the differential model, the five thrust washers are modelled with finite elements
whereas the gear wheels are represented by rigid bodies. Therefore, the flexible-
rigid version of the coupled iterations method for node to surface contact (Sect. 3)
is used.

Owing to the high axial velocity of the gear wheels when the differential switches
from one working mode to another one, the augmented Lagrangian approach has to
be replaced by a full penalty method in order to allow the convergence of the in-
tegration algorithm as explained in Sect. 3.5. A damping force has also been used,
besides the linear penalty function. The penalty function enable small interferences
between the gear wheel and the thrust washer whereas the damping tends to slow
down the impact velocity. The chosen damping function is a linear function with
respect to the penetration velocity. The damping force has even been introduced be-
fore the effective contact to anticipate the latter and reduce the shock phenomenon.
This anticipating damping has been used to facilitate the convergence but has also
a physical meaning. Indeed, in real operation the film of lubricating oil between the
contacting surfaces tends to slow down the bodies before the contact and then plays
the role of a damper. The damping coefficient used in this model should be identified
with the oil properties to have a realistic damping behaviour. Nevertheless, in this
work the damping coefficient has been chosen in order to allow the convergence but
without a reference with the physical properties. The contact stiffness value used
to enable the small penetration has also been set only to ensure the convergence. If
this value is too large, the discontinuity is not sufficiently relaxed and if the value
is too small the penetration of the two contacting bodies is too high which is in
contradiction with the prescribed contact condition. A regularization of the friction
coefficient has been needed to avoid a large discontinuity when the relative rotation
between gear wheel and thrust washer changes direction.

Figure 7 illustrates the contact pressure of all contact elements introduced in the
model when the differential is in the drive to rear mode. The time evolution of con-
tact pressure is depicted in Fig. 8 where it can be observed that at each time and for
each working mode, three contact elements are active and two are inactive. The con-
tact between thrust washers #8 et #10 (cf. Fig. 5) is the only contact element always
active. The drive modes ([0;7] s and [16;24] s) involve the contacts between the sun
gear and the washer #7 and between the internal gear and the washer #11. On the
other hand, the contacts between the coupling and the washer #11 and between the
internal gear and washer #9 are active for the coast modes ([8;15] s and [25;32] s).
The friction is taken into account in the five contacts. Fig. 10 shows the spatial distri-
bution of power dissipated by friction. The analysis of stresses in the thrust washers
can be also provided by the simulation (Fig. 9). All these numerical data are useful
to design the TORSEN differential. For instance, the internal and external radius of
thrust washers or the friction coefficient of the contact can be adapted according to
the locking effect wanted for each working mode. The washer thickness could also
be modified thanks to the stress analysis. Further, the inclusion of this differential
model in a full vehicle where the car body, suspensions, driveshafts or tyres are
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Fig. 7 Contact pressure on thrust washers ( t = 3.5 s : Drive to rear mode)

represented, would allow to study the interaction between the differential and the
vehicle dynamics.

A particular attention must be put on the meshing of the thrust washers. The
kind of finite element used can influence the convergence properties and the results
accuracy. It could be noticed that considering the thrust washers with a volume
behaviour is better than with shell finite elements. Furthermore, it is better if the
contact surface is composed of quadratic elements which are thereafter extruded to
obtain hexahedron elements. In order to avoid tetrahedric elements in the mesh, the
geometry of the thrust washers has been slightly simplified to obtain a perfect ring
shape.

The main disadvantage of this rigid/flexible contact element is the high compu-
tational time needed owing to the important number of configuration parameters re-
quired by this contact formulation. Indeed, this contact condition requires to model
at least one of two contacting bodies with finite elements. For instance, in case of
volume elements, the number of generalized coordinates is more than three times
the number of nodes plus the Lagrange multipliers linked to the contact element
attached to each slave node. For some applications, it is not always necessary to
account for the flexibility of the bodies in contact. In this case, this contact element
increases the size and unnecessarily complicates the model.
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6.2 Rigid-Rigid Contact

The frictional contact formulation based on the continuous impact theory, described
in Sect. 4 of this chapter, has been implemented in the user element framework of
SAMCEF/MECANO. In order to test this new contact element and compare its per-
formance with the coupled iterations method for flexible-rigid contact, the TORSEN
differential has also been considered as the application system. The same kind of
loading and limit conditions have been used whereas the five contact conditions
have been replaced by the new contact elements.

Figure 11 shows the time evolution of the torque on the sun gear and coupling
when the drive to rear mode of the differential is active (first quarter of the simula-
tion depicted in Fig. 6). These torques can be seen as the reaction torque on the dif-
ferential output shafts linked to the sun gear and the coupling because their rotation
speed is prescribed whereas a torque is applied on the differential input (housing).

The spikes on curves of Fig. 11 represent the shocks due to impacts when the
gear wheels move quickly at the switching time between to working modes. With
the rigid/flexible contact formulation, the magnitude of these spikes is almost van-
ished due to the anticipating damping used to enable the algorithm convergence.
The effects of impacts are are also depicted in Fig. 12 which illustrates the axial
displacement of the sun gear. The rebonds of gear wheels against the various thrust
washers occur at each change of differential working mode. The magnitude and the



20 Geoffrey Virlez, Olivier Brüls, Nicolas Poulet, Emmanuel Tromme and Pierre Duysinx

frequency of these rebonds depends on the restitution coefficient and the contact
stiffness used for each contact element.
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Fig. 11 Reaction torque on the sun gear and the coupling

This rigid/rigid contact condition based on the continuous impact modelling is
suitable for global models of complex automotive components due to its robustness
and implementation simplicity. Besides the modelling of TORSEN differential, this
contact formulation could be easily extended to model the contact between plates in
clutch or between synchronization devices in gear boxes.

Compared with the previous contact element, the main advantage is the reduc-
tion of the computation time by a factor of five. Moreover, the transient behaviour
before and after the impact is better represented because it is not mandatory to
add an anticipating damping before the impact. The amount of numerical damp-
ing needed to enable the convergence is less than for the previous contact formula-
tion. A Hilbert-Hughes-Taylor integration scheme can be used whereas the Chung-
Hulbert method with the maximum of numerical damping allowed was necessary
for the rigid/flexible contact. The contact stiffness and the restitution coefficient are
the only two parameters needed for this contact element. Their value have to be
determined according to several criteria: material properties of the two contacting
bodies, geometry of the contact surfaces,... Most of the time, in order to find accu-
rate and reliable values for theses parameters, some physical experiments have to
be carried out. For intricate configurations, the experimental measures often require
a complicated set-up and expensive instruments. Another way to fix the restitution
coefficient and contact stiffness addresses the achievement of detailed numerical
simulations. These later are carried out on a faster time scale than the multibody
model simulation within the contact condition is included. Nevertheless, in both
case these operations are time consuming and request a lot of resources. This is one
drawback of this contact formulation based on the restitution coefficient. Currently,
neither experiments nor detailed numerical simulations have been carried out for
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the TORSEN differential model. For the five contact elements, the contact stiffness
has been chosen according to the Young’s modulus of the steal used for the gear
wheels and thrust washers. The restitution coefficient has been prescribed to a value
commonly used for contact between two metallic bodies (e = 0.8 ).

7 Conclusions

This chapter is about the modelling of unilateral contacts included in automotive
transmission components. These contacts are essential for the correct operation of
mechanical devices such as gear boxes, differentials or clutches. Physical phenom-
ena like impacts or stick-slip highly influence the dynamic behaviour of the full
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automotive driveline but they are particularly difficult to model accurately and effi-
ciently.

Two different contact formulations have been considered in this work. Both con-
tact elements have been used to represent the contacts between gear wheels and
thrust washers in a full TORSEN differential model. The friction has been taken
into account in all contact elements because friction torques are fundamental for the
locking effect of this kind of limited slip differential.

The first one uses the coupled iterations method and is able to model contact
between two flexible bodies modelled with finite elements or between a rigid body
and a flexible body. During the first step of this contact algorithm, each slave node
on the contact surface of the first body is projected on the master face of the second
body submitted to the contact condition. From this projection, an associated distance
sensor in the normal and tangential directions is created. The relative displacement
in theses directions allows to determine the contact status: inactive or active contact,
sticking or sliding contact. The second step addresses the definition of the contact
condition according to the contact status. An augmented Lagrangian approach is
used to express the three kinematic constraints. However if impacts occur, some
convergence problems can appear. For the simulation of the TORSEN differential,
the augmented Lagrangian approach has to be replaced by a full penalty method
in order to have a robust model. A dynamic simulation including the four working
modes has been performed and has been globally validated by comparison with
experimental data [22].

The second contact formulation implemented is defined between two rigid bodies
and is based on the continuous impact theory. With this method, a restitution coef-
ficient is used to account for the kinetic energy loss during the impact process. The
contact force is determined by an impact law which depends on the contact stiffness,
the restitution coefficient and the relative local penetration and penetration velocity
between the two rigid bodies. This second formulation is more robust to represent
the transient behavior close to the impact and enables to greatly reduce the number
of degrees of freedom as well as the computing time. However, in contrast to the
first contact formulation (flexible/flexible or rigid/flexible), the analysis of deforma-
tions and stresses in the contacting bodies is not available with this global contact
model.

For global applications like full automotive drivetrain systems, the two con-
tact formulations presented in this chapter could be used together inside the same
model. For instance, the coupled iterations method between flexible bodies could
be used for the contacts included within the transmissions devices accurately mod-
elled. While for the driveline components coarsely modelled, the rigid-rigid contact
formulation could be used to represent these contact conditions in a more global
way. Further, the two contact models could be extended in order to capture specific
phenomena such as stick-slip often encountered in mechanical transmission devices.
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